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2 LECTURE NOTE ON LOCAL LANGLANDS CONJECTURE

1. LocAL LANGLANDS CORRESPONDENCE FOR GL,,(F)
The references for this section are [Tat79], [How77], [Moy86] and [Zel80].

1.1. Notation. Let F be a nonarchimedean local field of characteristic zero, oy ring of
integers, py := @0, the maximal ideal, f; be the residue field of F, which is a finite field
of g elements. Let p denote the characteristic of fz. For simplicity, we shall assume that
2 is odd.

The chain of 0-modules
wcprcplcocprlcpic

forms a filtration of F. If x is a nonzero element of F, then there exists a unique & € Z

such that x € p’; ~ pf’“

and we define a map
ordg: F¥* — Z
by ordgz(x) := k. Define the norm map
|[p: F* —C* by |x| := g7,
We have a filtration of subgroups of F*:
- CcUcUlcUlcU)CF*
where
{x € F* | ordp(x)=0} ifi=0;
T+pt={1+x|xep,} fi>1.

Up =
1.2. Weil Group and Weil-Deligne Group. Let F be an algebraic closure of F. The
Weil group Wy of F is the subgroup of Galois group I' := Gal(F/F) defined by the
commutative diagram:

1T — i — W — Z — 1

I l l
1 — I; — T — Gal(F"/F) — 1

where I := Gal(F/F™) is the inertia group of F and F* is the maximal unramified
extension of F in F. Hence we have an isomorphism Gal(F*/F) ~ Gal(?F /) where I'F
is an algebraic closure of fz. Fix an element {r in W; which maps to Fr of Gal(fF /fz)
where Fr is the Frobenius automorphism of f;. Such an element {j is called a geometric

Frobenius element. We have the disjoint union decomposition
W= J .
keZ
Theorem 1.1 (Local Class Field Theory). Let Wi° denote the abelianization of Wy, i.e.,

Wi modulo the closure of its commutator subgroup. Then

b
Wb~ F,
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Let II(GL,(F)) denote the set of isomorphism classes of irreducible admissible rep-
resentations of GL,(F) ~ F*. Let ®(GL,(F)) denote the set of isomorphism classes of
homomorphisms from Wy to GL,(C) ~ C* (the “dual group” of GL,(F)). Theorem 1.1
indicates a natural bijection between II(GL,(F)) and ®(GL,(F)). This is the Local Lang-
lands Correspondence for GL,(F).

Let

W/ := Wy x SLy(C)
be the Weil-Deligne group of F. The product topology makes W, a locally compact
group, and the inclusion Wy < I" induces a natural homomorphism

W/

e — Wy —T

with dense image.
Let p': Wy —GL,(C) be an n-dimensional representation of Wy. Define

o Tl o
Aw=r <“”[ 0 vwv,‘!zD
A

Then p: W — GL,(C) is a representation of the Weil group W, N is a nilpotent endo-
morphism of C” and
p(w)Np(w)™ = |w|sN

for all w € W. Hence a representation of Wy can be presented by a pair (o, N) sat-
isfying above conditions. The representation p’ of W, is irreducible if and only if the
representation p of Wy is irreducible and N =0.

Let II{GL ,(F)) denote the set of isomorphism classes of irreducible admissible repre-
sentations of GL,,(F). Let ®GL,,(F)) denote the set of isomorphism classes continuous
homomorphism Wy —GL,(C) (the “dual group” of GL, (F)).

Theorem 1.2 (Local Langlands Correspondence for GL,(F)). There exists a natural bi-
Jection

I(GL, (F)) — &(GL,(F))
such that o € I(GL,,(F)) is supercuspidal if and only if the corresponding p’ € ®(GL,,(F))

is irreducible.
The homomorphism p’ is called the Langlands parameter of the representation 7.

1.3. Tame Local Langlands Correspondence of Supercuspidal Representations of
GL,(F). Let II%GL,(F)) C II(GL,(F)) denote the set of isomorphism classes of ir-
reducible supercuspidal representations of GL,(F). Let ®(GL,,(F)) C ®(GL,(F)) de-
note the set of isomorphism classes irreducible #-dimensional representations of W;.
Note that the set ®°(GL,,(F)) is equal to the set of isomorphism classes of irreducible

n-dimensional representations of Wy.
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Definition 1.3 (Howe). A pair (E,¢) is called an admissible pair of F of degree n if E is
an extension field of F of degree # and ¢: EX — C* is a character of E* such that
o if there is extension field E’ and a character ¢’ of E™ such that F < E’ < E and
¢ =¢' oNrg g, then E' = E;
o if |y = ¢'oNrg p/|ys where F < E’' < E and ¢’ is a character of Uy, then E /E’
is unramified.
Two admissible pairs (E;,¢,) and (E,, ¢,) are said to be equivalent if there is a field
isomorphism h: E; — E, over F such that ¢; = ¢, 0 h|gx.

By Theorem 1.1, we have Wb ~ EX, thus ¢ is regarded as a character of W.

Proposition 1.4. Assume that gcd(n, p) = 1. Let (E, ) be an admissible pair of F of degree
n.
(i) The induced representation Ind& ¢ is an irveducible representation of Wy, of degree
n.
(1) The map p': (E,¢) — Ind‘;z ¢ induces a bijection between the set of equivalence
classes of admissible pairs of F of degree n and the set of isomorphism classes of irre-

ducible representations of Wy, of degree n.

Now we want to construct an irreducible supercuspidal representation 7(E, ) of
GL,(F) from an admissible pair (E, ¢) of F of degree

Proposition 1.5 (Howe). Let (E,¢) be an admissible pair, Ey := E, and, for i > 1, let
E;|F be the minimal subextension of E |F such that ¢|U£ Jactor through the norm Nrg ..
Then, for each i > O, there exists a character ; of EX satisfying the following conditions:

(1) foralmostall i, §; = 1;

@ ¢= Hizo ¢i ONrE/E,-'

The Howe factorization associates to an admissible pair (E, ¢) a chain of field exten-
sion
F<E <E; <--<E <E

where i; are those i not in (1) of Proposition 1.5.

Regard E as an n-dimensional vector space over F. Then pé is a lattice in E for any k.
Let

A:=Endg(E)=M,(F),
04 ={x€A]| x(pé) - pg for each integer £ },
p={x€A] x(plz.) c pi_"'l for each integer k£ }.
Note that A* = GL,,(F). Multiplying by an element of E is clearly a vector space endo-

morphism of E over F. Hence, E is regarded as an F-subalgebra of A. It is clear to see
that o, NE =0z andp,NE =p.
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Define
Al = EndEi (E) C A)
S=EX(0,NA)*(1+ D P, NAy, ).

i>1

Note that § is a compact modulo center open subgroup of GL,,(F).

Proposition 1.6 (Howe). 7o an admissible pair (E, ), we can associate a representation

of § such that the induced representation
n=n(E, )= c-Ind?L"(F)(.
is an irreducible supercuspidal representation of GL,,(F).

Proposition 1.7 (Moy). Assume that gcd(n, p) = 1. Every irreducible supercuspidal repre-
sentation of GL,,(F) is of the form 1(E, ) for some admissible pair (E, ) of degree n.

So now we have a bijection (under the assumption ged(7, p) = 1) between II°(GL,, (F))
and ®°(GL,,(F)) given by
n(E,¢) — P/(E’ 2
where (E, ¢) is an admissible pair of F of degree 7.
1.4. Local Langlands Correspondence for GL,(F). Let G := GL,(F). Suppose n =
mr tentatively. For the partition n = m + m +--- + m (r times) and for an irreducible

supercuspidal representation 7 of GL,,(F), we call a representation of GL,,(F) X -+- X
GL,,(F) of the form

A=yl lpeonl- 57
=787 [p®n|-[z & &7 ;
a segment of length 7. Let P be a parabolic subgroup of GL, (F) with Levi factor
GL,,(F)x---xGL,,(F).
The induced representation IndgL”(F)(A) is reducible.

Proposition 1.8. Let A be a segment for GL,,(F). The induced representation Indg(A) has
a unigue irreducible quotient Q(A)

The unique irreducible quotient Q(A) is called the Langlands quotient of the induced

representation Indg(A).

1=n
Example 1.9. f n=14+1+-.-+ 1 isapartition of z and 7 = |- |7 , then P = B, the
Borel subgroup, and
ton 3on nol
A:I-le' ®|‘|1:2 ®"'®,'|FZ .
Then Q(A) is the Steinberg representation or the special representation. Here we have one

segment of length 7.
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Two segments

r—1
A= {771!771|'|F""’771|'|1-‘ }
=1
Ay =1y ol k- mal - IF}
are said to be linked it A; & A,, A, ¢ Ay and AjUA, is a segment. We say that A,

precedes A, if Ay and A, are linked and if 7, = 7;|- % for some positive integer k.

Example 1.10. {n,7]-|z,7|-[3} and {n]-|z,7|-|%,7|- |3} are linked and the first precedes
the second.

Proposition 1.11 (Bernstein-Zelevinski). Given segments A,,...,AA, assume that for i <
7> A; does not precede A
(i) The induced representation Indg(Q(Al)tSJ- --®Q(A,)) admits a unique irreducible
guotient Q(A,,...,A,).
(i) I AL,..., Al is another collection of segments satisfying the “does not precede” con-
dition, then Q(A,,...,A,) ~ Q(A%,...,Al) if and only if r = s and A} = A ;
for some permutation .
(iil) Every irreducible admissible representation 7t of GL,(F) is isomorphic to some
QA A,).
(iv) The induced representation Indg( Q(A)®--®Q(A,)) is irreducible if and only if
no two of the segments A; and A are linked.

Example 1.12. The trivial representation is isomorphic to
=t on3 Lo
Q(l IFZ ’l' IFZ ""’l'lpz )
Here we have 7 segments each of which has length 1.

Denote by ®° the set of isomorphism classes of irreducible finite-dimensional repre-

sentations of W. Call a segment in ®° any subset A’ of the form
AN ={o,0| |- 0| Ii'l}
for some E€N.
To each segment A’, define
o(A)y=o@®o|- ;@ ®0| |§_1.
Let V; be the space of the representation |- |;.. Define N(A') € Endc(@f’;ol V;) via

N(A")|y, =0and N(A'): V; — V,_; be the identity isomorphism for i = 1,...,k — 1,
1.e., N is of the block form

0 0 0
I 0 0
0 ... I 0

Finally define 7(A’) := (0(A’), N(A')) be an object in , i.e., a finite-dimensional repre-
sentation of W;. We may denote 7(A’) by o ® sp(k)
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Proposition 1.13. () The representations T(A') of Wy are indecomposable and mutu-
ally non-isomorphic, and each indecomposable representation of Wy is of this form.
(b) Each representation of W, decomposes into the direct sum t(2])@---@7(A!). This

decomposition is unique up to permutation.

Suppose now a bijection between II°(GL,,(F)) and ®°(GL,,(F)) is given for any .
Then we can obtain a bijection between II(GL,(F)) and ®(GL,(F)) as follows. Let
7 be an irreducible admissible representation of GL,(F). By Proposition 1.11, 7 ~
Q(A4,...,A,) for some segments A,...,A,. Suppose

A={pl gl 157

is a segment for some irreducible supercuspidal representation 7 of GL,,(F) for some
m. Then there is an irreducible 7-dimensional representation o of the Weil group Wy
corresponding to 7. Then we have a segment A’ ={o,0||f,...,0]- II;_l} and an object
7(A")=(o(A"),N(A")). Then the direct sum

rADe(A) e &7(A)
is an n-dimensional representation of Wy. The correspondence
Q(Al)‘ . ’Ar) - T(AI) SRR T(Ar)
is the desired bijection between II(GL, (F)) and ®(GL,(F)).

Example 1.14. Let y be a character of F*. We also regard y as a one-dimensional
representation of W. The the induced representation

Ind7 (x| @yl F®xl - ® )
of GL,(F) has 8 irreducible constituents. The Langlands parameters and their corre-

sponding representations are

&(GL,(F)) I(GL,(F))

xl-hexl-Leyl oy QU1 B Ll 121, Le - £ T D)
(xl-Eoss@)exl- oy  Qlxl-Exl-B1Ixl 1] [xD
xl-Fel-lresp@ey  QUxl L Ixllmxl- 2 x]D
xlRoxl-Fo(xresp?2)  Qxl-BLIxl-ELIxnxl D)

(xI-Zesp@)@(x®sp(2) Qx| xl-BLIexl 16D
(x|-lr@spB) @y Q! 1p x -l x| 31, [x D)
x| 1z @ (x ®sp(3)) QU l- 1. [xoxl- e x| 12D)
X ®sp(4) Q! lr x| o x| 13 2115 D)
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2. LOCAL LANGLANDS CONJECTURE IN GENERAL
The references for this section are [Bor79], [Vog93], and [GRO6].

2.1. Representations of rational forms. Suppose F is a nonarchimedean local field of

characteristic zero, F is an algebraic closure of F, and
® I':= Gal(F/F)

is the Galois groups. Let G be a connected reductive algebraic group defined over F. For
simplicity we assume that G has trivial center. An F-rational structure or a rational form

of G is a homomorphism

o:T — Aut(G(F))

compatible with the action of I' on F. In this case the group of F-rational points is the

common fixed points of all the automorphisms
G == G(F)"".

Notice that G(F) acts by conjugation on the set of all F-rational forms of G; the
orbits, of which there are finitely many, are called equivalence classes of rational forms.
We have

GE7 = gG7g™.
for g € G(F).

We say that ¢ is inner to o if for each y €I the automorphism o (y)o’(y~") is inner,
Le., it is given by conjugation by an element g, of G(F). Equivalent rational forms
are necessarily inner to each other. The relation of being inner therefore partitions the
equivalence classes of rational forms into a finite number of pieces; each piece is called
an inner class of rational forms. We assume that G is endowed with an inner class & of

rational forms.

Example 2.1. The odd special orthogonal group SO,,,,; (% > 1) has two rational forms,

which form an inner class:

SO(V) dimensionof V' Wittindex of V' quasi-split

SO,,41 2n+1 n Yes

SOZ_"_H 2n+1 n—1

Example 2.2. The even special orthogonal group SO,,, (# > 2) has the following rational

forms and inner classes:

SO(V) dimensionof V' Witt index of V' quasi-split

SO,, 2n n Yes
SO;, 2n n—2

SO}, 2n n—1 Yes
SO/, 2n n—1 Yes

2n




LECTURE NOTE ON LOCAL LANGLANDS CONJECTURE 9

Note that in the second class, two groups are F-isomorphic even if their F-rational forms

are not equivalent.

A representation of a mational form of G is a pair (rt,0), with o a rational form of G
and 7 is an admissible representation of G°. The group G(F) acts on representations of

rational forms by
g(m,0)=(noAd,-1,g.0).

We write II(G/F) for the set of equivalence classes of irreducible representations of
rational forms in the class €. Choose a representative o; (i = 1,...,7) for each rational
form in the inner class €. Then II(G/F) may be identified with the disjoint union of
the sets of irreducible admissible representations of each of the rational forms G%:

,
I(G/F)~] JI(G").
i=1
2.2. L-groups. Let G be a reductive group defined over F and let T be a maximal split

torus in G. Define

X =X(T):=Hom(T,GL,),
Y =Y(T):=Hom(GL,, T).

Both X and Y are free abelian group of the same finite rank and there is nondegenerate
pairing

()X XY —Z.
Let A C X be the set of roots and A C Y be the set of coroots. The quadruple

¥:=(X,A,Y,AY)

is called the root datum associated to the group G. Let VG be the complex points of the

algebraic group whose root datum is
W= (Y,A%, X, A).
VG is called the dual group of G.

Example 2.3. We have

G G
GL, GL,(C)
SL, PGL,(C)

SOzn41 Sp2,(C)
SP2n 50,,+1(C)
SOZn SOZn (C)
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The inner class € of rational forms of G determines an L-group for G. This is a

pro-algebraic group £ G endowed with a short exact sequence
1—VG—IG—T—1
and a ¥ G-conjugacy class 9 of splittings
Vé:T—1G

where V& € 2. If € includes the split form of G, then LG is just the direct product
VG xT.

Write W := W(A, AV) for the group of automorphism of X * generated by the various
reflection s,, and WY := W(AY,A) for the group of automorphism of X, generated by
the s,v. Then

WaWw'  we (v ).

This isomorphism carries s, to s,v.

2.3. Langlands Parameters. Recall that the Weil-Deligne group W, := Wy x SLy(C).

A continuous homomorphism
@: Wp xSL,(C)— LG

is called admissible if the following conditions are satisfied:
e ¢ is a homomorphism over Wy, i.e., the following diagram commutes:
W, x SL,(C) —— LG
W, ——T
e o(Wr) consists of semisimple elements of LG
® ¢lsic) is an algebraic representation.
Two admissible homomorphisms ¢ and ¢’ are equivalent if there is a element g € VG
such that
p(t)=gop(t)g™!

for all t € W x SL,(C).
Let ®(G/F) denote the set of equivalence classes of admissible homomorphisms

@: Wz x SL,(C) — *G.

Conjecture 2.4 (Langlands). Suppose G is a connected reductive algebraic group over F
endow with an inner class of F-rational forms. Then to each equivalence class ¢ € ®(G/F)
of Langlands parameters is associated a set of representations 11, € I(G/F), called the L-
packet of @. This correspondence should have the following properties.

(1) The sets IT, partition I(G/F).
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() If o is a rational form of G, then the set
O, (0)={nell(G°)|(m,0)€Il,}

is finite. If o is quasi-split, it is nonempty.
() The following three conditions on ¢ are equivalent:
() some representation in 11, is square-integrable modulo center;
(b) all representations in 11, is square-integrable modulo center;
() the image of ¢ is not contained in any proper Levi subgroup of -G.

Example 2.5 (Unramified Representations). Suppose for simplicity that our fixed inner
class of F-rational forms of G includes the split form. A Langlands parameter ¢ may
therefore identified with a continuous homomorphism
@0t W; — VG

carrying W to semisimple elements and [ § 3] = C algebraically to unipotent elements.
The parameter is called unramified if ¢, is trivial on Ir. An unramified Langlands pa-
rameter may be identified with a pair (y, N) such that

e y:= ¢(Fr) is a semisimple element of ¥ G;

e N isanilpotent element of Vg := Lie(YG); and

° Ady(N) =qgpN.

Fix B O T a Borel subgroup and a maximal torus defined over F. Principal series

representations correspond to continuous complex characters of the group 7°. The

characters of T9 may be identified as
T% ~ X*(T) ®, Hom(F*,C).
Here the last Hom is the group of continuous complex characters of the locally compact

group F*. A character of F* is called unramified if it is trivial on the group Ur = Uy.

These characters may be identified as

T°  ~X*(T)®, Hom(F*/U,,CX).

unram

Because F* /Uy is naturally isomorphic to Z, this last Hom may be identified with C*:

T°  ~X*(T)®,C".

unram

On the other hand, fix VB D VT a Borel subgroup and a maximal torus in ¥G. Once

these choices are made, the definition of the dual group provides a natural identification
X,(YT)~X*(T).

We find that

7o ~X('T)®,C*~VT.
That is, given our fixed choices of Borel subgroups and maximal tori, there is a natural
bijection:

{unramified principal series representations of G’ } «+— {elements of ¥ T}
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Definition 2.6. Suppose ¢ is a Langlands parameter. Define the centmlizer Zv(¢) in VG
of ¢ to be the subgroup of VG consisting of elements which commutes with the image of
@. Let A, denote the finite group Zvg(p)/ VA G(ga)'of connected components of Zvg(¢).
A complete Langlands parameter is a pair (¢, 7),-with ¢ a Langlands parameter and 7 an

irreducible representation of 4,

Conjecture 2.7. There is a natural bijection

H¢ <—>IrrA¢.
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