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2 LECTURE NOTE ON LOCAL LANGLANDS CONJECTURE 

1. LOCAL LANGLANDS CORRESPONDENCE FOR GLn(F) 

The references for this section are [Tat79], [How77], [Moy86] and [Zel80]. 

1.1. Notation. Let F be a nonarchimedean local field of characteristic zero, OF ring of 

integers, PF := W F0F the maximal ideal, fF be the residue field of F, which is a finite field 

of q elements. Let p denote the characteristic of fF • For simplicity, we shall assume that 

p is odd. 

The chain of op-modules 

2 1 -1-2'''CPFCPFCOFCPF CPF C", 

forms a filtration of F. If x is a nonzero element of F, then there exists a unique k E Z 

such that x E P~ <, p~+1 and we define a map 

ordj : F X -----+ Z 

by ordF(x):= k. Define the norm map 

'.IF: F X -----+ <ex by IxlF := q-ordF(x). 

We have a filtration of subgroups of F X : 

... C V 3 C V 2 C V 1 C VO C F X 

F F F F 

where 

. \{X EF X lordF(x)=O} if i =0;V 1 . ­
F·-· . 

1+P~ := { 1+ x Ix E P~ } if i 2:: 1. 

1.2. Weil Group and Weil-Deligne Group. Let F be an algebraic closure of F. The 

Weil group WF of F is the subgroup of Galois group r := Gal(FI F) defined by the 

commutative diagram: 

1 -----+ IF -----+ WF -----+ Z -----+ 1 

II 1 1 
1 -----+ IF -----+ r -----+ Gal(FUrIF) -----+ 1 

where IF := Gal(FIFur) is the inertia group of F and Fur is the maximal unramified 

extension of F in F. Hence we have an isomorphism Gal(Fur I F)=::. Gal(fFIfF) where fF 
is an algebraic closure of fF' Fix an element CF in WF which maps to Fr of Gal(fFlfF) 
where Fr is the Frobenius automorphism of fF' Such an element CF is called a geometric 

Frobenius element. We have the disjoint union decomposition 

WF =UC;IF • 

keZ 

Theorem 1.1 (Local Class Field Theory). Let W;b denote the abelianization of WF ' i.e., 

WF modulo theclosure ofits commutatorsubgroup. Then 

Wab '" F X 
F - . 
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Let II(GL1(F)) denote the set of isomorphism classes of irreducible admissible rep­

resentations of GL1(F) ~ F X 
• Let <p(GL1(F)) denote the set of isomorphism classes of 

homomorphisms from WF to GL1(<C) ~ <C X (the "dualgroup" of GL1(F)). Theorem 1.1 

indicates a natural bijection between II(GL1(F)) and <P(GL1(F)). This is the Local Lang­

lands Correspondence for GL1(F). 

Let 

W; := WF x SLi<C) 

be the Weil-Deligne group of F. The product topology makes W; a locally compact 

group, and the inclusion WF ~ T induces a natural homomorphism 

W; --.. WF --.. I' 

with dense image.
 

Let pI: W; ~GLn(<C) be an n-dimensional representation of W;. Define
 

[IW!;1/2 0] ) p(w):= pI ( w, 1/2 
o IwlF 

exp(N):= p' (1, [~ ~]). 
Then p: WF ~ GLn(C) is a representation of the Weil group WF , N is a nilpotent endo­

morphism of <cn and 

p(w)Np(wt1 = IwlFN 

for all w E WF • Hence a representation of W;- can be presented by a pair (p,N) sat­

isfying above conditions. The representation p' of W; is irreducible if and only if the 

representation p of WF is irreducible and N =O. 

Let II(GLn(F)) denote the set of isomorphism classes of irreducible admissible repre­

sentations of GLn(F). Let <p(GLn(F)) denote the set of isomorphism classes continuous 

homomorphism W; ~ GLn(<C) (the "dualgroup" of GLn(F)). 

Theorem 1.2 (Local Langlands Correspondence for GLn(F)). There exists a naturalbi­

jection 

II(GLn(F)) +-+ <p(GLn(F)) 

such that 1! E II(GLn(F)) issupercuspidal ifand only if the corresponding pI E <p(GLn(F)) 

is irreducible. 

The homomorphism pI is called the Langlands parameter of the representation tt, 

1.3. Tame Local Langlands Correspondence of Supercuspidal Representations of 

GLn(F). Let IIO(GLn(F)) C II(GLn(F)) denote the set of isomorphism classes of ir­

reducible supercuspidal representations of GLn(F). Let <pO(GLn(F)) C <p(GLn(F)) de­

note the set of isomorphism classes irreducible n-dimensional representations of W;. 
Note that the set <pO(GLn(F)) is equal to the set of isomorphism classes of irreducible 

n-dimensional representations of WF • 
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Definition 1.3 (Howe). A pair (E, if;) is called an admissible pair ofF ofdegree n if E is 

an extension field of F of degree n and if;: EX ---+ <C x is a character of Ex such that 

•	 if there is extension field E' and a character if;' of E'" such that F :::; E' :::; E and 

if; = if;' 0 NrE/E" then E' = E; 

•	 if if;lui = if;' oNrE/E,lui where F :::; E' s E and if;' is a character of Vi, then E / E' 

is unramified. 

Two admissible pairs (E1, if;1) and (E2, if;2) are said to be equivalent if there is a field 

isomorphism h: E1 ---+ E2 over F such that if;1= if;2 0 h lEx. 
I 

By Theorem 1.~, we have W;b ~ EX, thus if; is regarded as a character of WE' 

Proposition 1.4. Assumethat gcd(n, p) = 1. Let (E, if;) bean admissible pair ofF ofdegree 

n. 

(i) Theinducedrepresentation Ind~ if; isan irreducible representation ofWE ofdegree 

n. 

(ii) The map p': (E, if;) J-+ Ind~ if; induces a bijection between the set ofequivalence
E 

classes ofadmissible pairs ofF ofdegree n and thesetofisomorphism classes ofirre­

ducible representations ofWE ofdegree n. 

Now we want to construct an irreducible supercuspidal representation n(E, if;) of 

GLn(F) from an admissible pair (E, if;) of F of degree n 

Proposition 1.5 (Howe). Let (E, if;) be an admissible pair, Eo := E, and, for i ~ 1, let 

E, / F be the minimal subextension ofE / F such that if;Iu! factor through the norm NrE/E.·
E	 I 

Then, for each i ~ 0, there exists a character if; i ofEt satisfying thefollowing conditions: 

(1) for almostall i, if; i = 1; 

(2) if; = rri~O if;i 0 NrE/E
i
' 

The Howe factorization associates to an admissible pair (E, if;) a chain of field exten­

SIOn 

F<£. «t: < ... «t: <E 
Jr Jr_1 J1 

where ij are those i not in (1)of Proposition 1.5. 

Regard E as an n-dimensional vector space over F. Then P~ is a lattice in E for any k. 
Let 

A := EndE(E) = Mn(F), 

0A := {x EA Ix(p;) ~ P; for each integer k}, 

PA := {x EA I x(p;) ~ p;+l for each integer k}. 

Note that A x = GLn(F). Multiplying by an element of E is clearly a vector space endo­

morphism of E over F. Hence, E is regarded as an F -subalgebra of A. It is clear to see 

that oA n E = 0E and PA nE = PE' 
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Define 

Ai := Endj, (E) c A, 
I 

S:= EX(OA nA 1r (1 +I:p~ nA2i+1)· 
i;:::l 

Note that S is a compact modulo center open subgroup of GLn(F). 

Proposition 1.6 (Howe). To an admissible pair (E, cf;), wecanassociate a representation ( 

ofS such that the induced representation 

tt = n(E, cf;) := c.lnd~Ln(F) (. 

isan irreducible supercuspidal representation of GLn(F). 

Proposition 1.7 (Moy), Assume that gcd(n,p) = 1. Everyirreducible supercuspidal repre­

sentation of GLn (F) is oftheform n(E, cf;)for some admissible pair (E, cf;) ofdegree n. 

So now we have a bijection (under the assumption gcd(n,p) =1)between rrO(GLn(F)) 

and cPO (GL (F)) given by n 

n(E, cf;) ~ p'(E, cf;) 

where (E, cf;) is an admissible pair of F of degree n. 

1.4. Local Langlands Correspondence for GLn(F). Let G := GLn(F). Suppose n = 
m r tentatively. For the partition n = m + m + ... + m (r times) and for an irreducible 

supercuspidal representation 'I of GLm(F), we call a representation of GLm(F) x .. , x 

GLm(F) of the form 

b.:= {r;,r;l·IF'''' ,r;l·I;-l} 
='I ® 'II· IF ® r;l'l~ ® ... ® '11·/;-1 

a segment of length r. Let P be a parabolic subgroup of GLn(F) with Levi factor 

GLm(F) x ... x GLm(F). 

The induced representation Ind~Ln(F\b.) is reducible. 

Proposition 1.8. Let b. bea segmentfor GL; (F). The induced representation Ind;(b.) has 

a uniqueirreducible quotient Q(b.) 

The unique irreducible quotient Q(b.) is called the Langlands quotientof the induced 

representation Ind;(b.). 

l-n 

Example 1.9. If n = 1 + 1 + ...+ 1 is a partition of n and 'I =1'17, then P =B, the 

Borel subgroup, and 
l-n 3-n n-l 

b. = I'I~ ® I'I~ ® ... e '·1/ . 
Then Q(b.) is the Steinberg representation or the special representation. Here we have one 

segment of length n. 
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Two segments 

.601 := {171'1711'IF'''',1711'1;1-1} 
1}

.602 := {172' 1721· IF' ...,1721'li­

are said to be linked if .601 ¢ .602' .602 ¢ .601 and .601U .602 is a segment. We say that .601 
precedes .602 if .601and .602 are linked and if 172 =1711'1~ for some positive integer k. 

Example 1.10. {17,17I·IF,17I·I}} and {17I'IF,17I'I},17I'I~} are linked and the first precedes 
the second. 

Proposition 1.11 (Bernstein-Zelevinski). Given segments .601" •• , .6o assume thatfor i <r 

j, s, does not precede .60r 
(i)	 The induced representation Ind;(Q(.601)®·· ·®Q(.6o ) ) admitsa uniqueirreducibler 

quotientQ(.601' ... , .6or ). 

(ii)	 If .6o~ , ... ,.6.~ is anothercollection ofsegments satisfying the "does not precede" con­

dition, then Q(.601, ... , .60 r) ~ Q (.6o~ , ... , .6o~) ifand only if r = s and .6o~ = .6.-r(i) 

for some permutation 'r. 

(iii)	 Every irreducible admissible representation tt of GL (F) is isomorphic to somen
 

Q(.6.1, ••• , .6or )·
 

(iv)	 The induced representation Ind;(Q(.601) ® ... ® Q(.6. ) ) is irreducible ifand only ifr 

no two ofthesegments .6oi and .6. j arelinked. 

Example 1.12. The trivial representation is isomorphic to 
n-l n-3 I-n 

Q(I'17,1,17,···,1,\7)· 
Here we have n segmentseach of which has length 1. 

Denote by epo the set of isomorphism classes of irreducible finite-dimensional repre­

sentations of Wp • Call a segment in epo any subset .60' of the form 

.6.' ={(/, (/\.IF"'" (/1'1~-1} 

for some kEN. 

To eachsegment .6./, define 

(/(.6. /) =a E9 (/I·IF E9 ... E9 (/1·1~-1. 

Let Vi be the space of the representation (/I·I~. Define N(.6o/) 
E Endc(E9:==-~ Vi) via 

N(.6o/)lv = 0 and N(.6o/): Vi -+ Vi - 1 be the identity isomorphism for i = 1,... ,k -1,
o 

i.e., N is of the block form 
o 0 0 

I 0 0 

o ... I 0 
L 

Finally define r(.6o/) := ((/(.6o/),N(.6o/)) be an object in ep, i.e., a finite-dimensional repre­

sentation of W;. Wemay denote r(.6./) by a ®sp(k) 
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Proposition 1.13. (a) The representations T(~/) ofW; are indecomposable and mutu­

allynon-isomorphic, and each indecomposable representation ofW; isof thisform. 

(b) Each representation ofW; decomposes into thedirect sum T(~~)Ea" ·EaT(~~). This 

decomposition is uniqueup topermutation. 

Suppose now a bijection between IIQ(GLm(F)) and <pQ(GLm(F)) is given for any rn, 

Then we can obtain a bijection between II(GLn(F)) and <p(GLn(F)) as follows. Let 

IT be an irreducible admissible representation of GLn(F). By Proposition 1.11, IT ~ 

Q(~l"'" ~r) for some segments ~1"" '~r' Suppose 

~={'7''7I'IF''''''7I'I;-1} 

is a segment for some irreducible supercuspidal representation '7 of GLm(F) for some 

rn, Then there is an irreducible m-dimensional representation (J of the Weil group WF 

corresponding to '7. Then we have a segment ~I = {(J, (J I· IF , ... ,(J1'1;-1} and an object 

T(~/) =((J(~/),N(ts.')). Then the direct sum 

T(~~) E9 T(~;) Ea··· Ea T(~:) 

is an n-dimensional representation of W;. The correspondence 

Q(~l'''' '~r) +-+ T(~1) E9". E9 T(~r) 

is the desired bijection between II(GLn(F)) and <p(GLn(F)). 

Example 1.14. Let X be a character of F X
• We also regard X as a one-dimensional 

representation of WF • The the induced representation 

Ind;(x] 'I~ ® xl'l~ ® xl, IF e X) 

of GL4(F) has 8 irreducible constituents. The Langlands parameters and their corre­

sponding representations are 

<"P(GL4(F)) II(GL4(F)) 

X I'I~ Ea X I'I~ Ea XI· IF Ea X Q( [X I'I~], [X I'I~], [X I· IF ], [X]) 

(xl'l~ ®sp(2))E9 xl, IF Ea X Q([xl'I~,xl'I~],[xl· IF]' [X]) 
xl'l~ E9(xl· IF ®sp(2)) E9 X Q([xl'I~], [xl'IF,xl'I~], [X]) 
xl'l~ E9 xl'l~ Ea(X ®sp(2)) Q([xl'I~], [xl'I~], [x,xl·IF]) 
(xl'l~ ®sp(2)) E9 (X ®sp(2)) Q([xl'I~,xl'I~], [x,xl·IF]) 
(xl· IF ®sp(3)) E9 X Q([xl'IFlXI'IF,xl'I~], [X]) 
xl'l~ Ea(X ®sp(3)) Q([xl'I~], [X,xl'IF,xl'I;;]) 
X ®sp(4) Q([xl'IF,xl'I~,xl'I~,xl'I~]) 
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2. LOCAL LANGLANDS CONJECTURE IN GENERAL 

The references for this section are [Bor79], [Vog93], and [GR06]. 

2.1. Representations of rational forms. Suppose F is a nonarchimedean local field of 

characteristic zero, Fis an algebraic closure of F, and 

r:= Gal(F / F) 

is the Galois groups. Let G be a connected reductive algebraic group defined over F. For 

simplicity we assume that G has trivial center. An F -rational structure or a rational form 

of G is a homomorphism 

zr : I' -----+ Aut( G(F)) 

compatible with the action of I' on F. In this case the group of F -rational points is the 

common fixed points of all the automorphisrns 

GU := G(F)u(r). 

Notice that G(F) acts by conjugation on the set of all F -rational forms of G; the 

orbits, of which there are finitely many, are called equivalence classes of rational forms. 

We have 

Gg·U =gG u g-I . 

for g E G(F) . 

We say that o is inner to a' if for each y E I' the automorphism (]"(y)(]"'(y-I) is inner, 

i.e., it is given by conjugation by an element gy of G(F). Equivalent rational forms 

are necessarily inner to each other. The relation of being inner therefore partitions the 

equivalence classes of rational forms into a finite number of pieces; each piece is called 

an inner class of rational forms. We assume that G is endowed with an inner class Ctf' of 

rational forms. 

Example 2.1. The odd special orthogonal group S02n+1 (n:::: 1) has two rational forms, 

which form an inner class: 

SO(V) dimension of V Witt index of V quasi-split 

S02n+1 2n+ 1 n Yes 

S02n+1 2n+ 1 n-1 

Example 2.2. The even special orthogonal group S02n (n :::: 2) has the following rational 

forms and inner classes: 

SO(V) dimension of V Witt index of V quasi-split 

S02n 
SO­2n 

2n 

2n 

n 

n-2 

Yes 

SO'2n 
SO'2n 

2n 

2n 

n-1 

n-1 

Yes 

Yes 
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Note that in the second class, two groups are F-isomorphic even if their F-rational forms 

are not equivalent. 

A representation ofa rational form of G is a pair (n, 0'),with 0' a rational form of G 

and tt is an admissible representation of GU. The group G(E) acts on representations of 

rational forms by 

g.(n, 0') = (n 0 Adg-t,g.O'). 

We write II(Gj F) for the set of equivalence classes of irreducible representations of 

rational forms in the class ce. Choose a representative O'i (i = 1, ... , r) for each rational 

form in the inner class ce. Then II(Gj F) may be identified with the disjoint union of 

the sets of irreducible admissible representations of each of the rational forms GUi: 

r 

II(GjF) ~ UII(Gui). 
i=l 

2.2. L-groups. Let G be a reductive group defined over F and let T be a maximal split 

torus in G. Define 

X =X(T):= Hom(T,GL1) , 

Y = Y(T) := Hom(GLl' T). 

Both X and Yare free abelian group of the same finite rank and there is nondegenerate 

painng 

(,} : X x Y -----+ Z. 

Let ~ c X be the set of roots and ~v C Y be the set of coroots. The quadruple 

W:= (X,~, Y,~ V) 

is called the rootdatum associated to the group G. Let vG be the complex points of the 

algebraic group whose root datum is 

wV := (Y,~v,X,~). 

vG is called the dualgroup of G. 

Example 2.3. We have 

G VG 

GL GLn(C)n 

SLn PGLn(C) 

S02n+l SP2n(C) 

SP2n S02n+l(C) 

S02n S02n(C) 
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The inner class C(j of rational forms of G determines an L-group for G. This is a 

pro-algebraic group L G endowed with a short exact sequence 

1 ----+ vG ----+ L G ----+ I' --+ 1 

and a v G-conjugacy class ~ of splittings 

V3:r--+ L G 

where v 3 E ~. If C(j includes the split form of G, then LG is just the direct product 

vGxr. 

Write W := W(~, ~V) for the group of automorphism of X* generated by the various 

reflection Sa' and WV:= W(~V,~) for the group of automorphism of X* generated by 

the SaY' Then 

W~WV wl-+(w-1y. 

This isomorphism carries sa to SaY' 

2.3. Langlands Parameters. Recall that the Weil-Deligne group W; := WE X SL2(C). 

A continuous homomorphism 

cp: WE X SL2(C) --+ LG 

is called admissible if the following conditions are satisfied: 

• cp is a homomorphism over WE' i.e., the following diagram commutes: 

WE X SL2(C) ~ LG 

1 1 
WE ~ r 

• cp(WE ) consists of semisimple elements of LG 

• cp ISL (iC) is an algebraic representation. 
2

Two admissible homomorphisms cp and cpt are equivalent if there is a element g E vG 

such that 

cp'(t) =gcp(t)g-1 

for all t E WE X SL2 (C). 

Let ~(G/F) denote the set of equivalence classes of admissible homomorphisms 

cp: WE X SL2(C) ----+ LG. 

Conjecture 2.4 (Langlands). Suppose G is a connected reductive algebraic group over F 
endowwith an inner class ofF-rationalforms. Then to each equivalence class cp E 4>( G/ F) 

ofLanglands parameters is associated a set of representations II<p E II(G/ F), called the L­

packet ofcpo This correspondence should havethefollowingproperties. 

(1) The sets II<p partition II(G/ F). 
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(2) Ifa isa rationalform ofG, then the set 

I1qJ(U):= {n E I1(GCT) I(n,u) E I1 }so 

isfinite. If a isquasi-split, it is nonempty. 

(3) The following three conditions on ep areequivalent: 

(a) somerepresentation in IIqJ issquare-integrable modulocenter; 

(b) all representations in II issquare-integrable modulocenter;so 
(c) the image ofcP isnot containedin any proper Levi subgroup of LG. 

Example 2.5 (Unramified Representations). Suppose for simplicity that our fixed inner 

class of P-rational forms of G includes the split form. A Langlands parameter cp may 

therefore identified with a continuous homomorphism 

CPo: W; ----+ vG 

carrying WF to semisimple elements and [g 0] =::: c algebraically to unipotent elements. 

The parameter is called unramified if epo is trivial on IF' An unramified Langlands pa­

rameter may be identified with a pair (y, N) such that 

• y:= epo(Fr) is a semisimple element of vG; 

• N is a nilpotent element of v9 := Lie(V G); and 

• Ady(N) = qFN . 

Fix B ::) T a Borel subgroup and a maximal torus defined over P. Principal series 

representations correspond to continuous complex characters of the group TCT. The 

characters of TCT may be identified as 

TCT ~ X*(T) ®z Hom(PX, eX). 

Here the last Hom is the group of continuous complex characters of the locally compact 

group F": A character of F" is called unramified if it is trivial on the group UF = UJ. 

These characters may be identified as 

TCT =:::X*(T)®'71 Hom(P X jUF,e X 
) . unram UJ 

Because F" j UF is naturally isomorphic to Z, this last Hom may be identified with ex: 

TCT ~X*(T)® ex. 
unram Z 

On the other hand, fix vB::) "T a Borel subgroup and a maximal torus in »c. Once 

these choices are made, the definition of the dual group provides a natural identification 

X*(VT) =:::X*(T). 

We find that 

T CT =:::X (VT)® ex ~ -r. 
unram * z 

That is, given our fixed choices of Borel subgroups and maximal tori, there is a natural 

bijection: 

{unramified principal series representations of GCT } -+---+- {elements of vT} 



12 LECTURE NOTE ON LOCAL LANGLANDS CONJECTURE 

Definition 2.6. Suppose cp is a Langlands parameter. Define the centralizer Z»c(cp) in vG 

of cp to be the subgroup of vG consisting of elements which commutes with the image of 

cpo Let A~ denote the finite group Zvc(cp)/Z~c(cp)"ofconnected components of Zvc(cp). 

A complete Langlands parameter is a pair (¢' T),'with ¢ a Langlands parameter and T an 

irreducible representation of A~ 

Conjecture 2.7. There isa naturalbijection 

II~ +-+ IrrA~. 
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