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1. INTRODUCTION

A complex manifold X is said to be hyperbolic (in the sense of Brody) if every
analytic map from the complex plane C to X is constant. From Picard’s “little”
theorem, an entire function missing more than two values must be constant. It
is equivalent to say that P!\ {0,1,00} is hyperbolic. Picard’s theorem also show
that a Riemann surface of genus one omitting one point and Riemann surfaces
of genus at least 2 are hyperbolic. The higher dimensional case is a much more
difficult problem. It was proved by Siu and Yeung [20] that an abelian variety
omitting a very ample divisor is hyperbolic. A deep conjecture is that complex
manifolds of general type are hyperbolic. It was also conjectured by Kobayashi [16]
and Zaidenberg [22] that the complements of “generic” hypersurfaces in P" with
degree at least 2n + 1 are hyperbolic. There have been many results related to
this conjecture. We will only mention a few here. This conjecture was verified by
Green [14] in the case of 2n + 1 hyperplanes in general position. More generally,
Babets [4], Eremenko-Sodin [12] and Ru [18] independently showed that ™\ { 2n+
1 hypersurfaces in general position} is hyperbolic. When n = 2, the conjecture is
correct for the case of four generic curves (cf.[10]). For the case of three generic
curves Oy, Cy, C3, Dethloff, Schmacher, and Wong ([10], [11]) showed that P? \
U3_,C; is hyperbolic if deg C; > 2 for i = 1,2,3. When one of the C; is a line they
show that any holomorphic map f : C — P2\ U3_, C; is algebraically degenerate if,
up to enumeration, d; = 1, do > 3 and ds > 4.

Similar questions can be asked in the case of non-archimedean ground fields.
Let K be an algebraically closed field of arbitrary characteristic, complete with
respect to a non-archimedean absolute value | |. A variety X over K is said to
be K-hyperbolic if every analytic map from K to X is constant. In contrast to
the situation over the complex numbers, it is much easier to study hyperbolic
problems over non-archimedean ground fields. For example, an non-archimedean

entire function with no zero is constant, i.e., P!\ {0,00} is hyperbolic. The
1
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non-archimedean Picard’s theorem asserts that any curve of genus at least 1 is
K-hyperbolic. It was proved by Cherry that abelian varieties over K are K-
hyperbolic(cf. [6] and [7]). As an easy consequence of the second main theorem of
Ru [19], P\ { n + 1 hypersurfaces in general position} is K-hyperbolic. Similar to

the conjecture of Kobayashi and Zaidenberg, we assert the following

Conjecture. Let Di,...,D,, ¢ < n, be ¢ distinct generic hypersurfaces in P (K).
P\ UL, D; is K-hyperbolic if }7_, deg D; > 2n.

The purpose of this note is to set up the basics to study non-archimedean an-
alytic curves into projective varieties and introduce some recent results in this
direction. The key ingredients include the non-archimedean Nevanlinna theory,
some fundamental theorems from algebraic geometry, and the construction of dif-
ferential forms (more generally, jet differential forms). In Section 2, we introduce
the non-archimedean Nevanlinna theory and show that P™ \ {n + 1 hypersurfaces
in general position} is K-hyperbolic. In Section 3, we give a simple proof of the
non-archimedean Picard’s theorem for smooth plan curve of genus at least one. In
Section 4, we will show the non-archimedean Kobayashi-Zaidenberg conjecture for
the case of n-components. In Section 5, we will show a non-archimedean Schwarz
Lemma for the case of symmetric product of 1-forms which will imply the non-
archimedean Picard’s theorem for curves and imply that an abelian variety over K
is K-hyperbolic. In Section 6, we will introduce a most recent result in [2] and show
how to construct a jet differential forms in P? with logarithmic poles along a curve.
Finally, we will conclude the non-archimedean Kobayashi-Zaidenberg conjecture for
P2,

2. NON-ARCHIMEDEAN NEVANLLINA THEORY

Let K be an algebraically closed field of arbitrary characteristic, complete with
respect to a non-archimedean absolute value | |. An typical example of such fields
is C, which is the p-adic completion of the algebraic closure of the field of p-adic

numbers @),

Non-archimedean analytic function. An infinite sum converges in an non-
archimedean absolute value if and only if its general term approaches zero. So an

expression of the form

h(z)zzanz’z an € K
j=0
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is well defined whenever
lanz"| — 0, as n — oo.

Such functions are called (non-archimedean) analytic functions (at a neighborhood
of z). If h is analytic on K, then h is called a (non-archimedean) entire function.
If h(z) = Z;io anz"™, a, € K, is an entire function then for each real number

0 < r, we define
||, == sup |a;|r?
J

=sup{|h(2)| : z € K with |z| =r} (triangle inequality of ||)

= sup{|h(2)| : z € K with |z| <r}. (maximum modulus principle)
Note that | |, has the following properties:

Proposition 1. Let hy and ho be entire functions, then

(1) |h1 + h2|r S ‘hll'r' + |h2|7';
(2) |hiho|r = |h1y|hel-

The central index v(r, f) is defined by
v(r,h) = 5?23({”‘ lan|r™ = |hl,}.
Note that in the special case of r = 0 with h(0) = 0, we define
v(0,h) = inf{n : a,, # 0}.
We have the following Poisson-Jensen formula. (cf. [9] or [15])

Poisson-Jensen Formula. The central index v(r, h) increases as r increases, and

satisfies the formula
"v(t,h) —v(0,h
log ||, = log |a,(0,n)| + / wdt +v(0,h)logr.
0
We also recall the following theorem. (cf. [9] or [15])

Weierstrass Preparation Theorem. There exist a unique monic polynomial P
of degree v(r,h) and a non-archimedean analytic function on B[r] (= {|z| < r})
such that h = gP, where g does not have any zero inside B[r], and P has exactly
v(r,h) zeros, counting multiplicity.

Now, we consider (non-archimedean) analytic maps into projective spaces. Let
f: K — P"(K) be a non-archimedean analytic curve. Let f = (fo,..., fn) be a

reduced representative of f, where fy,..., f,, are entire functions on K and have
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no common zeros. The Nevanlinna Characteristic Function Ty(r) is defined by
T¢(r) = log||f||r, where

||f|‘T = max{|f0|T7 (LY |fn|r}

The above definition of Ty(r) is independent, up to an additive constant, of the
choice of the reduced representation of f. Let Q be a homogeneous polynomial
(form) in n 4 1 variables with coefficients in K. We consider the entire function
Qo f=Q(fo,..., fn) on K. Let n¢(r, Q) be the number of zeros of Qo f in the disk
BJr], counting multiplicity. If Qo f # 0, set

Nf(T’,Q) AT nf(t’Q);nf(O’Q)dtJrnf(O,Q)logr;
d
mg(r,Q) = log |C|2J:||J:| .

The functions Ny(r, D) and my(r, D) are referred to as the counting and proximity

functions, respectively. The Weierstrass Preparation Theorem shows that

nf(T,Q):V(T7QOf),

and the Poisson-Jensen Formula implies that

Ny(r,Q) =1og|Q o f|, —log|ay0,gor)!-

Therefore, we have the following Nevanlinna first main theorem in non-archimedean

fields.

First Main Theorem. Let f : K — P" be an analytic map and let QQ be a

homogeneous form of degree d. If Q o f #Z 0, then for every positive real number r,

my(r, Q) + N¢(r,Q) = dTy(r) + O(1).

Forms Q1, ..., Qq, ¢ > n, are said to be in general position if no set of n+ 1 forms
in this system has common zeros in C"*! — {0}.

The following Second Main Theorem is the simplest version since it contains
no ramification term and follows easily from the first main theorem. This is very

different from the complex case.

Second Main Theorem. Let f: K — P*(K) be a non-archimedean analytic
curve, and let Q1,...,Qq, ¢ > n, be forms in n + 1 variables with coefficients in K
and are in general position. If Q; o f are not identically 0 for 1 < j < g, then, for

any real number r > 1,

3 %’g) < nTy(r) + O(1).
j=1
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We now include a proof by Ru [19].

Proof. Let d be the least common multiple of deg @1, ...,deg Q4. It is easy to see
that we may reduce the theorem to the case when deg Q1 = - - - = deg ), by showing
the theorem for Q?/ deg @i

Suppose that deg@; = d for 1 < ¢ < q. Given a real number 0 < r < co. By

rearranging indices if necessary, we may assume that

(1) |Q1°f|rS‘Q2of‘T§"'§|quf|r

Since @1,..., Q4 are in general position, by Hilbert’s Nullstellensatz that for any
integer k, 0 < k < n, there is an integer my > d such that
n+1

mk = szk Loy ..y T QZ(l‘O)"'? )7

where b, 1 < i < n 4+ 1, are homogeneous polynomials with coefficients in K of

degree my, — d. Therefore,

|f’€‘77“mc S C”f”:“nkid max{|Q1 o f|7“a EES) |Qn+1 © f|7’}7

where C'is a positive constant depends only on the coefficients of by, 1 <i <n+1,
0 < k < n, thus depends only on the coefficients of Q;, 1 < i < n + 1. The above
inequality then yields

(2) I£1l < Cmax{|Q1 0 flrs ., [Qns1 0 flr}-

By (1) and (2),
d

SO PAlE [RAlE
H\ o fly = Co ”HI o flr

Jj=1

Therefore,

q n
Z mf<rv QJ) < Z mf(r7 QJ) + O<1)'
j=1 j=1
Since the counting function is positive, it follows from the First Main Theorem that

> mg(r,Q;) < ndTy(r) + O(1).

j=1

Therefore, we have
q
Z (r,Q;) < ndTs(r) +O(1)
that completes the proof. |

The Second Main Theorem implies the following.
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Theorem 2. Let Q1,...,Q4 be a collection of homogeneous polynomials in n + 1
variables over K. Assume that ¢ > n+1 and Q1,...,Q, are in general position.
Then any non-archimedean analytic map f: K — P*"(K)\ U;Z:l{Qj = 0}, must be
constant. In other words, P"(K)\ Ui_;{Q; = 0} is K-hyperbolic.

Proof of Theorem 2. For an analytic map f : K — ]P)"(K)\U?:l{Qj =0}, N¢(r,Qj) =
0 for all 1 < j < gq. The First Main Theorem then gives that

my(r,Q;) = (deg Q;)Ts(r) + O(1).
It then follows from the Second Main Theorem that
qTs(r) < nTy(r)+ O(1).

Since ¢ > n+ 1, this is implies that T¢(r) < O(1) which implies that f is constant.
(I

Remark. A particular case of this theorem is that a nowhere vanishing non-

archimedean entire function must be constant.

Exercise:

(1) Let h be an non-archimedean entire function. Prove that h is constant if
|| < O(1) for all r.

(2) Let f : K — P"(K) be an analytic map. Prove that f is constant if
Ty(r) < O(1).

3. NON-ARCHIMEDEAN PICARD’S THEOREM FOR ALGEBRAIC CURVES

In this section we will discuss non-archimedean analogs of Picard’s Theorems for
non-archimedean analytic maps to algebraic curves. In the early 90’s, Berkovich [5]
developed a new theory of non-archimedean analytic spaces. Berkovich’s theory is
based on ideas of spectral theory. Using his theory and rather involved uniformiza-
tion theory of algebraic curves over non-archimedean ground fields, Berkovich proved
a non-archimedean analog of Picard’s Theorem. Later, a more elementary proof
based on the work of Green [13] was given in [8] where they used the tools from non-
archimedean Nevanlinna theory. We will only present the proof for non-singular
plane curves, so the readers can grasp the ideas easily. We will also assume that
the characteristic of K is zero, even everything in this section also work for the case
of positive characteristic.

The following is a non-archimedean analog of Nevanllina’s Lemma on the Loga-

rithmic Derivative, but it is much easier and more powerful.
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Lemma 3 (Logarithmic Derivative Lemma). Let h be a non-archimedean analytic
function on the open disc B(R). Then, for 0 <r <R,

h(™) 1
|T|r <

Here h(™) denotes the n-th derivative of h.

e

Proof. Write h as a power series h(z) = Y po axz*. Then
W (z) =Y aplk(k —1) - (k —n+ 1))z
k=n

Because [k(k —1)---(k —n+ 1)] is an integer, it has absolute value < 1, and so
k h
(™)), = sup |ag||[k(k — 1)+ (k —n+ D)]Jr*F" < supy [ar|r™ ﬁ

d

The main idea of Green is to compare the characteristic functions of two ana-
lytic maps. Let f : K — P™ be an analytic map. We have defined its character-
istic function in the previous section by taking a reduce representation. When we
take a different projective representation (not necessarily a reduced representation)
(fo, -, fn) of f, we will need to make some modification on the characteristic func-
tions. Denote Z; the set of common zeros of fy, ..., f, counted with multiplicity.
Then the characteristic function is defined by

MWﬂMW—Zmé-
2€Z;

This definition extends the previous one and we have the following

Proposition 4. Let f = (fo, ..., fn) and g = (go, -.-, gn) represent the same analytic
map from K to P". Then

[Ty (r) = Ty (r)] < O(1).

The proof follows easily from the Poisson-Jensen’s Formula. We leave it as an
exercise. It also can be found in [8].
We now state the non-archimedean analog of the Picard’s Theorem for algebraic

curve.

Theorem 5 (Picard’s Theorem). If f is a non-archimedean analytic map from K

to a projective algebraic curve of genus g > 1, then f is constant.

Proof. We will only prove the case when the curves are a smooth plane curves and
the characteristic of K is zero. A complete proof of the general case can be found
in [8].
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Assume from now that C' is a smooth irreducible plane curve. Then it is the
zero set of a homogeneous polynomial P(Xg, X7, X5) with coefficients in K. Let
f + K — C be a non-constant non-archimedean analytic map. Then there is a
reduced representation f = (fo, f1, f2) and P(f) = P(fo, f1, f2) = 0. By the Euler
formula, we have

JoBo(f) + [iPL(f) + f2P2(f) = (deg P)P(f) = 0,

where P; = %. By taking derivative on P(f) = 0, we have

foPo(f) + fiP(f) + faPa(f) = (P(f)) = 0.

It then follows from the Cramer’s rule that

h f2 2 fo fo f1’
“ AR AN
Po(f) Pi(f) Py(f)
Denote by
Wf:(’ fi fe 2 fo fo fi )
fo L7V Sl fo f|)C
and

OP o f=(Ro(f), Pr(f), Po(f))-
Then (3) implies Wy and P o f define same analytic map from K into C' C P2.
By Proposition 4,
(4) Tw, (r) = Topor(r) + O(1).
Since C' is non-singular, Py, P;, P> has no common zero along C. Therefore,
(5) Topos(r) = (deg P — 1)Ts(r) + O(1).(Exercise)

On the other hand, rewriting the determinant

! ! - J1
fi [ T\ fi
and applying Lemma 3, we get

(6) Ty, (r) < 2T¢(r) — logr.
By (4), (5), and (6), we obtain
(deg P —3)Ty(r) < —logr + O(1).

which is impossible since deg P > 3. This shows that f must be constant.

In general, a projective curve is birational to an irreducible plane curve with at
worst ordinary double points as singularities. To complete the proof, one needs to
modify the computation of Typo¢(r) as Py, P1, and P, may have common zeros.
We refer the proof to [8] and [13]. O
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We also record the following non-compact Picard’s theorem which is used all the

time for the proof of non-archimedean hyperbolicity.

Lemma 6. Let C be an irreducible projective curve. Then C\ {two distinct points}

is K-hyperbolic.

Proof. 1t follows from the non-archimedean Picard’s theorem that C'is K-hyperbolic
if the genus of C' is at least one. It then suffices to consider when the genus of C' is
zero. Let &y, &1 be two distinct points in C. Then there exist a birational surjective
morphism 7 : P! — C. For a given analytic map f: K — C\ {&, &}, it induces
an analytic map f : K — P\ {7~ (&), 7 1(&1)} with f = 7o f. Without loss
of generality, we may assume that (0,1) and (1,0) in 7 (&) Un~1(&). Then f
can be identified as an analytic function with no zero which can only be a constant

function. Therefore, f is also constant. This concludes the proof. a

4. TOWARD THE NON-ARCHIMEDEAN KOBAYASHI-ZAIDENBERG CONJECTURE:

n-COMPONENTS

It follows from Theorem 2 that P™\ {n + 1 hypersurfaces in general position} is
K-hyperbolic. We now consider when the number of the omitted hypersurfaces is

fewer than n 4+ 1. W note that the results in this section is contained in [3].

Definition. Let P,..., P, ¢ < n, be non-constant homogeneous polynomials in
n + 1 variable over K.
(1) Pi,..., P, are in general position if the codimension of N{_,{P; = 0} is q.
(2) (P, ..., Py) is a regular sequence of K[Xy, ..., X,] if P; is not a zero divisor
of K[Xo, ..., Xn]/(P1,..., Pi—1) for each 1 < i < g.

Clearly, the condition that P, ..., P, are in general position is equivalent to that

(P1, ..., P,) is a regular sequence of K[Xo, ..., Xp].

Theorem 7. Let Py,..., P, 2 < g < n, be non-constant irreducible homogeneous
polynomials in n + 1 variables, and assume that Pi,...,P; are in general position.
Then the image of a non-constant analytic map f : K — P™ \ UL_,{P;, = 0} is

contained in a subvariey of P" of dimension n —q+ 1.

Proof of Theorem 7. Denote by d; := deg P; and let [ be the least common multiple
of dy, ...,d;. Replacing P; by Pid%, we may assume that dy =--- =d; = d.

Let (fo,..., fn) be a reduced representation of f, ie., fo,..., fn are K-analytic
functions with no common zero and f = [fo : ... : fn]. Then f : K — P"\

Ul {P; = 0} implies that P;(fo,..., fn) (1 < i < g) is an analytic function with
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no zero. By the non-archimedean Picard’s theorem, P;(fo,..., fn) is a non-zero
constant for each 1 <+¢ < g. Therefore, there exist non-zero constant cs, ..., ¢4 such
that P;(f) —c¢;P1(f) =0 for 2 < i < ¢g. In other words, the image of f is contained
in N_{P, — ¢;P, =0}.

Next, we will show that (P> — coP,...,P; — cqP1) is a regular sequence of
K[Xo, ..., X;,] which implies immediately that the the dimension of N{_,{P,—¢; P, =
0} is n — ¢+ 1 and conclude the proof.

We now show that [Py —co Py, ..., P;—cyP1] is a regular sequence of K[ Xy, ..., Xp].
It suffices to show that [P, P, — coP, ..., Py — ¢, P1] is a regular sequence. Sup-
pose it is not, then there exists an ¢ (2 < i < ¢) such that P, — ¢;P; is a
zero divisor of K[Xo,...,Xp]/(P1, P2 — 2Py, ..., P,_1 — ¢;—1P;). Then there ex-
ists G € K[Xq, ..., X;;] which is not in the ideal of (Py, P, — 2Py, ..., P,_1 —¢;—1Py)
such that (P; —¢; P1)G is an element in the ideal (Py, Py —co Py, ..., Pi_1 —c¢;—1Py) of
K[Xy, ..., X;]. This implies that GP; is in the ideal of (P, ..., P;_1) of K[Xo, ..., X,].
Since (Py, P, —coPy, ..., Py — i1 Py) = (Py, ..., Pi_1) asideals, G ¢ (Py, ..., Pi_1).
This shows that P; is a zero divisor of K[Xq, ..., X,,]/ (P4, ..., Pi—1) which contradicts
that fact that (Pi, ..., P;) is a regular sequence of K[Xo, ..., X,]. d

Next we will study the case of P omitting n hypersurfaces. Certainly, the
assumption of in general position is not enough in this case. The following is an

example:

Example. Let H; = {X; = 0} for ¢« = 1,..,n. Then f(z) = (z,1,...,1) is a
non-constant K-analytic map into P \ Ul_,H,. Therefore, P™ \ U?_, H; is not
K-hyperbolic.

We will impose the following assumption in the case of n-components.

Definition. Nonsingular hypersurfaces Dy, ..., D, in P"(K) intersect transversally
if for every point x € N1 D;, N?_1Op, » = {z}, where Op, , is the tangent space
to D; at x.

Theorem 8. Let Dy, ..., D,, be nonsingular hypersurfaces in P"™(K) intersect transver-
sally. Then P™ \ Ul D; is K-hyperbolic if degD; > 2 for each 1 <i <n.

Remark. The assumption on the degree of the hypersurface is sharp. For example,
in the case of P2, we may choose D1 = { Xy = 0} and Dy = {XZ+X?— X2 = 0} and
let f(z) = (1, 2, z). Clearly, fis a non-constant analytic map into P2\ {D;UD,}. For
general P, we may choose D1 = {Xo = 0}, and D; = {X§ +anX? 4+ +a;n X2 =

0} with a;1 +---+ai, = 0 for 2 < i < n. These hypersurfaces intersect transversally
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provided every n — 1 by n — 1 submatrix of the matrix (a;;), 2 <i<n,1 <j<mn,
has rank n — 1. Clearly, the analytic map f(z) = (1, z, 2, ..., 2) does not intersect

any of the hypersurfaces D;, 1 <i < n.

Proof of Theorem 8. Assume that there exits an analytic map f : K — P"\U, D;.
By Theorem 7, we see that the image of f is contained in an irreducible curve C.
Then f is an analytic map from K into C \ U, D;. If C N {U}-,D;} consists
at least two points, then it follows from Lemma 6 that f is a constant. It then
remains to consider when C' N {U'; D;} consists exactly only one point z. Since
dim C + dim D; —n > 0, we have C N D; # @ for each i. This can only happen
when z € N?_, D; and C N D; = {z} for each i. By Bezout’s theorem, we have

(C,D;), =degC.deg D; > deg D; > 2

for each i. Therefore, ©c, N Op, , 2 {x} for each i. Since N, Op, , = {z},
this shows that C' must have at least 2 different tangent lines at the point z. Let
7 : C' — C be the normalization of C. Then #n '(z) > 2. If f: K — C\ {z}
then its lifting f : K — C misses 7~ 1(z) containing at least 2 points thus f is a

constant and so f =mo f is a constant. a

Definition. Let D be a curve of degree d > 3 in P2. A nonsingular point x of D
is said to be a mazimal inflexion point if there exits a line intersect D at x with

multiplicity d.

Theorem 9. Let Dy and Dy be nonsingular projective curves in P2. Assume that
D1 and D intersect transversally and deg D1 < deg Dy. Then P2 \ {D1U Dy} is
K-hyperbolic if and only if either deg D1,deg Dy > 2 or deg Dy = 1, deg Dy > 3

and D1 does not intersect Do at any maximal inflexion point.

Remark. A generic curve Dy of degree at least 4 have no maximal inflexion point.
If the curve Dy has degree 3 then it has at most 9 maximal inflexion points, then
we can choose a generic curve D; of degree at least 1 such that D; does not cut Do
at any maximal inflexion points. Therefore, the conditions of above theorem are

satisfied for generic curves.

Corollary 10. Let D; and Dy be distinct generic curves in P2. If deg Dy +
deg Dy > 4 then P2\ {Dy U Dy} is K -hyperbolic.

To show the theorem, we first give some cases that P? \ {D; U Do} fails to be
K-hyperbolic.

Lemma 11. P2\ {D; U Dy} is not K-hyperbolic if
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(i) deg D1 =1 and deg D2 < 2 or
(ii) deg Dy = deg Dy = 2 and Dy and Dy intersect tangentially.

Proof. To show the theorem, we will construct non-constant analytic map f from K
into P2\ {D; U Dy} which implies that P2\ {D; U D5y} is not K-hyperbolic. For case
(i), we first consider when deg D; = deg Dy = 1. After linear change of coordinates,
we may assume that D1 = {Xo = 0} and Dy = {X; = 0}. Let f(2) = (1,z,2),
then D;(f) = D2(f) = 1. In other words, f is a non-constant analytic map from
K into P2\ {D; U Dy}. Next, we consider when deg D1 = 1 and deg Dy = 2. Then
the intersection of Dy and D5 contains at most two points. If it contains one point,
then Dy is tangent to Do at this point. After change of coordinates, we may assume
that D; = {Xo = 0} and D; N Dy = (0,0,1). Both conditions force the defining
condition of D to be of the form {agXZ + a1 X? + as Xo X1 + a3 Xo X2 = 0}. Since
Dy is non-singular, it has to be irreducible. Therefore, we may further assume
that a3 # 0 and a3z # 0. Without loss of generality, we let a3 = 1. Now let
f(z)=(1,2,1—ag—azz—a122). Then D1(f) = Do(f) = 1, which shows that f is
a non-constant analytic map from K into P2 \ {D; U Dy}. If Dy and Dy contains
two points, then D; cannot be a tangent line of Dy. Again, we may assume that
(0,0,1) is one of the intersection points of Dy and D, and { X, = 0} is the tangent
line to Do at (0,0,1). The previous arguments show that the defining equation of
Dy is ag X2 + a1 X7 + a2 X0 X1 + XoX2 = 0 with a; # 0. Since (0,0,1) € Dy, it is
defined by by Xy + b1 X7 = 0. We may also assume that b; = 1 since D; is not the
tangent line {Xo = 0} of Dy which implies that b; # 0. Now let f(z) = (0,1, z),
then D1(f) =1 and Da(f) = a1 # 0 that concludes this case.

For case (ii), we may assume that Dy and Dy intersect tangentially at « = (0,0, 1)
and L = {X( = 0} be the common tangent line to Dy, Dy at the . Then similarly,
Dy = {ap X3+ a1 X? + a2 X0 X1 + Xo X2 = 0} and Dy = {boX? + b1 X7 + b2 X0 X1 +
XoXo =0} with a3 # 0, by #0.

When deg D1 = deg Dy = 2 and D, and D intersect tangentially at = = (0,0, 1),
and assume L = {Xy = 0} be the common tangent line to Dy, Dy at the z. Then
Dy = {agX¢+ a1 X? +aaXo X1 + XoXo = 0} and Dy = {bg X2 + b1 X + b2 X X1 +
XoXo = 0} with a; # 0, by # 0. Take f(z) = (0,1,2) then D1(f) = a1 # 0 and
Ds(f) = by # 0 which completes the proof. a

Proof of Theorem 9. If deg Dy,deg Dy > 2 then it follows from Theorem 8 that
P2\ {D; U Dy} is K-hyperbolic. We now consider when deg D; = 1, deg Dy > 3
and D; does not intersect Dy at any maximal inflexion point of Dsy. Let f: K —

P2\ {D; U Dy} be an analytic map. If it is non-constant, then by Theorem 7, the
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image of f is contained in an irreducible plane curve C'. In other words, we have an
analytic map f : K — C\ {D; U Dy}. By Lemma 6, C N {U",D;} can consist of
only one point, otherwise f must be constant. Let C' N {U,D;} consists exactly
only one point z. If deg C' > 2 has degree at least 2 then by Bezout’s theorem, we

have
(C,D;)y =C-D;=degC -degD; > degC > 2

for ¢ = 1,2. Then the arguments in the proof of Theorem 8 show that f must
be a constant. Therefore, it remains to consider when degC' = 1. In this case,
(C,Ds); = deg Dy and x € Dy N Dy. This implies that x is a maximal inflexion
point of Dy and D; intersects Dy in x, which is impossible by the hypothesis. In
conclusion, f must be constant.

For the converse part, we have shown in Lemma 11 that P2\ {D; U Dy} is not
K-hyperbolic if deg D; = 1 and deg Do < 2. It then remains to show for the case
when deg Dy = 1, deg D1 > 3 and D; does intersect Ds at an maximal inflexion
point of Dy. Without loss of generality, we let (0,0,1) is a maximal inflexion
point of Dy and L = {Xy = 0} is the tangent line of Dy at = (0,0, 1). Then the
intersection multiplicity of L and Dj at  equals deg D5, and therefore LN Dy = {2}
by Bezout’s theorem. On the other hand, as Dy intersects Dy transversally Dy # L.
The arguments in Lemma 11 degree imply that D; is defined by bXy + X;. Let
f=1(0,1,2) : K — P2, Then D;(f) = 1 and the image of f is contained in L.
Since LN Dy = {z} and z = (0,0,1) ¢ f(K), f(K)N Dy = . This shows that in
this case P2 \ {Dy, Do} is not K-hyperbolic. O

5. NON-ARCHIMEDEAN SCHWARTZ LEMMA: THE CASE OF 1-FORMS.

Schwarz Lemma is one of the standard steps to show a variety is hyperbolic. It is
a very powerful tool in the non-archimedean case. It will imply that curves with a
regular 1-form and abelian varieties are non-archimedean hyperbolic. For starters,
we will first present the proof for the simplest case of differential 1-forms. The
readers who have more background in algebraic geometry should have no problem
to generalize the results to symmetric product of 1-forms as well as jet differential
forms.

Let X be a compact smooth projective curve and assume that there is a non-
trivial global regular 1-form w on X Locally, on a small enough affine neighborhood
U of a smooth point z, w = a(z)dx where a(x) is a regular function on U.

Since X is projective, it is contained in some projective space P". For P", we may

cover each coordinate neighborhood U; = {Z; # 0} = {(20, ..., zi—1, L, Zit1, ..., Zn) | 2; €
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K for j # i} by closed ball of the type |z — a| < r where 2z and a are in U; with the
coordinate in Z; equal 1. A closed ball is affinoid. It is also easy to show that there
exists a finite subcovering U of this covering of P"*. Moreover, Ux = {UNX |U € U}

form an affinoid covering of X.

Theorem 12 (Schwarz Lemma). Let X be a non-singular projective curve defined
over (K,| |). If X admits a non-trivial global regular 1-form w then w(f, f') =0
for all analytic map f: K — X.

Proof. Let w be a regular differential one form on X. Choose a finite affine open
covering V for X such that for each point P € X there is an open set V € V such
that w|y = 0d¢ where 0, ¢ € Ox(V), i.e., rational functions of X regular on V.
Choose an affinoid U € Ux such that UNV # (). Then 6 and ¢ is regular on UNV.
For an analytic map f: K — X, we have for f(z) eUNV

w(f(2), f'(2)) = 0(f(2))de(f(2)) = 0(f(2))(6(f(2))) dz

(¢(f(2))
-9 WAAR))) 4
Since 6 and ¢ are regular on U NV, they are bounded on U NV as U is affinoid.

There exists a constant cyny such that |0(f(2))o(f(2))| < cuny foe all z with

Z.

f(z) e UNV. Since there are only finitely many U and V', there exists a constant ¢
such that cyny < cfor all U and V. On the other hand, it follows from the Lemma

of Logarithmic \%\ < ‘71‘ Putting everything together, we have

Since f is an analytic map defined on K, we may choose |z| — oo that conclude that
0(f(2))(¢(f(2))) = 0. Therefore, w(f, f') = 0 and f' = 0. Since the characteristic

of K is zero, this also implies that f is constant. a

The previous arguments can be carried over to any compact non-singular projec-
tive variety admits a non-trivial global regular m-fold symmetric product of 1-form,
ie. HO(X,O™T*X) # 0. We have the following similar result.

Theorem 13. Let X be a non-singular projective variety defined over (K, | |). If
X admits a non-trivial global regular m-fold symmetric product of 1-form w then
w(f, f') = 0 for all holomorphic map f: K — X.

A regular vector bundle F over a projective variety X of dimension n is said to

be spanned if global regular sections span the fiber F, over every point x € X.
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Theorem 14. Let X be a non-singular projective variety and f : K — X be
an analytic map. If O™ T*X is spanned for some positive integer m then f is

constant.

Proof. Let x1,...,z, be a local coordinate system of a point P € X. Since O™ T*X
is spanned for some positive integer m, there exists a global regular m-fold symmet-
ric product of 1-form w;, 1 < ¢ < n such that w;|y = dx;@s where V is an affine open
neighborhood of P. By Theorem 13, w;(f, f’) = 0 that implies that (x; 0 f)'(z) =0
for 1 <i < n and z such that f(z) = P. As x1,..., 2z, are local coordinate system,
this shows that f’(z) = 0 for all z. Therefore, f is constant. O

Corollary 15. An abelian variety A defined over a non-archimedean field K is

K -hyperbolic.

6. NON-ARCHIMEDEAN SCHWARTZ LEMMA: THE CASE OF LOGARITHMIC JET

DIFFERENTIAL FORMS.

Let X be a smooth variety of dimension n. We shall denote by J*X the k-th jet
bundle of X. These bundles are defined as follows. Let H,,x € X, be the sheaf of

germs of analytic curves:
H. = {f : B(r) — X is holomorphic for some r > 0 and f(0) = =}

where B(r) = {|z], < r} is the disc of radius r in C,. Define, for k € N, an
equivalence relation by designating two elements f, g € H,, as k-equivalent (written
[~k g)if

£7(0) = g, (0)
for all 1 < p <k, where f; = z; 0 f, 2, ..., 2, are local analytic coordinates near
x and f}p) = 0P f;/0C is the p-th order derivative relative to the variable { € C,.
The sheaf of parameterized k-jets is defined by:

JkX = UwEXHm/ ~k -
Elements of J*X will be denoted by j*£(0) = (£(0), f (0), ..., f*)(0)).
We set J°X = Ox. It is clear that J'X = TX but, in general, for k > 2, J¥X is

not locally free. There is, however, a natural K*-action on J*X defined via param-

eterization. Namely, for A € C* and f € H,, a map fy € H, is defined by f\(t) =

FO). Then j*£3(0) = (f2(0), £3(0), -, £7(0)) = (£(0), A (0), ..., ¥ £*)(0)). So
the K*-action is given by

A= 3R F(0) = (F(0), A (0), ..., AFF)(0)).



16 JULIE TZU-YUEH WANG

Note that even though J¥X is not a vector bundle, the zero section (that is,
f@(0) =0 for all i = 1,..., k) still makes sense.

For the tangent bundle TX we have the dual T*X = QY which is the sheaf

associated to the presheaf
Qf = {w: TX|y — C, analytic |w(\-j3'f) = (' f), ) € C,}.

Analogously, we define for positive integers m, k, the sheaf of germs of k-jet differ-
entials of weight m, denoted J;" X, to be the sheaf associated to the presheaf

TU = {w: J*X|y — C, analytic | w(\j*f) = Amw(%f), A € Cp}.

Note that J§ X = T*X = QL. We also set J"X = Ox for all m.

We now recall the definition of 7" X (log D) where X is a nonsingular projective
variety and D is an effective divisor. We use J* X (ID) to denote the sheaf of k-jet
differential of weight m with poles of order at most [ along D. Then, J;" X (log D)
is the subsheaf of U2 7" X (D) such that locally in an open neighborhood U with
¢ a defining function for D on U, we have ¢w and ¢dw regular on U for all w €
J X (log D). In application, we usual require that D to be simple normal crossing

which means that if D splits into a sum of nonsingular irreducible components
D=Di+ -+ Dy,

and at each point x in the support of D, the local defining function for the com-
ponents of D meeting at X can be taken as part of a system of local coordinates
at . For example, if X = P" and D is the sum of ¢(< n) irreducible smooth
hypersurfaces in general position, then D is a simple normal crossing divisor.

The non-archimedean Schwarz Lemma for 7 X (log D) can be deduced similar

to the case of symmetric product of 1-forms. We refer to [2] for a complete proof.

Lemma 16. (Non-archimedean Schwarz Lemma) Let X be a projective variety and

f: K — X be an analytic map. Then

w(g*f) =0
for allw € HY(X,JmX) or HY(X, J" X (log D)), where D is an effective divisor

with simple normal crossings.

A deeper result related to the study of K-hyperbolicity is the following theorem
in [2].

Corollary 17. Let X be a projective variety and assume that H°(X, 7" X) # {0}
(resp. HY(X,J"X (log D)) # {0}) for some m and k. Then the image of every
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holomorphic map f: K — X (resp. f: K — X \ D) is contained in a subvariety

Y in X of strictly lower dimension.

Corollary 18. Let V be an irreducible hypersurface of P"™ with degree at least 2n.
Then the image of every holomorphic map f: K — P"\'V degenerates properly.

Proof. Let (Zy, ..., Zy) be the projective coordinates on P", and z; = Z;/Zy, 1 <
i <n. Let P(Zy, ..., Z,) be the defining equation of D. Let
dry---dx,
P(l,z1, .y 2n)
It is clear that w has no pole on the open set Uy = {Z, # 0}. Now if y; = Z;/Z;,

w =

j=0,...7,..,n are coordinates on U; ={Z; # 0}, then

; 1
Yo Yo

which gives

dxi _ dyi dyo . . dl‘j . dyo
o R
i Yi Yo Tj Yo
Therefore, in term of {y;},
d dzy,
w
P, 2y, ...,zp)
degP w1 ¥i—1 1 Y1 Yndyo dyi _ dyo
_yO Yo Yo Yo Yo Yo Yo Hi?éj( Yi yo)

P(yo, - Yj—1, 1, Yj+15 s Yn)
which clearly has no poles on U; if deg P > 2n. Therefore, we may conclude
that H°(X, J"X (log D)) is not trivial, and the previous corollary implies that f
degenerates properly. a

Corollary 19. Let D be a generic plane curve of degree at least 4, then P2\ D is
K -hyperbolic.

Proof. Let D be a generic plane curve of degree d. Let f be a holomorphic map
from K to P2\ D. Then the image of f is contained in an irreducible curve C. It
follows from Xu’s result in [21] that C' N D contains at least d — 2 distinct points.
This yields that the image of f is contained in C' omitting at least two points which

can only happen when f is constant. a

Remark. We have showed in Corollary 10 that P2\ D; U D5 is K-hyperbolic if D;
and D are generic and deg Dy +deg Do > 4. It also follows from [1] that ]PQ\U?:lDi
is K-hyperbolic if ¢ > 3 and Dy, ..., D, are in general position. Together with this
corollary, we have the following: P2\ U?_, D; is K-hyperbolic if Dy,...,D, are generic
and deg Dy + - - +deg D, > 4.
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