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Drinfeld Upper Half Plane
o K =TT|, where |F| = g.
e 0O = place at infinity
o A = F|T| = elements regular outside oo
o K, = completion of K at co =F((1/T))
o Oy = ring of integers in K
® Poo = the maximal ideal of Oy
o ( = f/{o\o
e Drinfeld upper half plane ) = C'\ K
— G Ly( K o) acts by fractional linear trans-
formations.
— It is a rigid analytic space.
o [or v = (ab) € GLy(Kso), mk € Z
and f : ) — C, define

(F | M=) = fr2)(det Y™ ez +d) "



Drinfeld Cusp Forms

e [' = congruence subgroup of GLg(A)

e [' has finitely many cusps, represented by
the orbits I'\P*(K).

e A rigid analytic function f : 2 — (' is
called a Drinfeld cusp form of weight k
and type m for I if it satisfies

i) f | v=fforall~veT;

k.m
(ii) f is holomorphic at all cusps;
(iii) f vanishes at all cusps.

¢ S m(I") = space of cusp forms.

o S]% .,(I") = subspace of double cusp forms.

e Shall take I' = I'{(T") and I'(T"). In this
case det [' = 1 and the spaces Sy, ,, (") are
independent of m.

dime Sg (1) = (K — 1)(gr + hr — 1)



The Tree 7

o Z, = the center of GLy(K o)

(g + 1)-regular tree on which G Lo(Ko)
acts by left translations.

o vertices of 7 =~ GL9(Kro)/GL2(Ox0) Zx
e directed edges =~ G Lo(K o) /T o Z00, Where

Too = {(UC‘C?) € GLy(Ox) : ¢ € Poo}

is the Iwahori subgroup of G Lo(Oxo).

e (g) = the edge coset represented by g €
GLy(Koo).

e T'wo paths in 7 are equivalent if they dif-
fer at only finitely many edges.

e An end of 7 is an equivalence class of in-
finite paths {eq,eo, ... }.

e There is a canonical bijection from the set
of ends to PY(K o), the boundary of Q.

e The rational ends are P1(K), correspond-
Ing to cusps.



Harmonic Cocycles

e VV(k, m) = vector space over C' with a ba-
sis XIYE277 0<j<k—2

o GLy(K) acts on Hom(V (k, m),C).

e A harmonic cocycle of weight £ and type
m for I is a function ¢ from the directed
edges of 7 to Hom(V (k,m), C') satisfy-
Ing

(a) For all vertices v of T,

Z c(e) =0;

e—v
(b) For all edges e of 7T, c(é) = —c(e),
where € = e with reversed orientation;
(¢) It is ['-equivariant, i.e.,

c(ve) = y(c(e))

for all v € T
o Hy, n(I') = space of harmonic cocycles



Cusp Forms and Harmonic Cocycles

e Building map : {2 — 7, commuting with
the action of G Lo(K o).

e It maps the annulus

V={ze0:1<|z2| <q}

to a directed edge ep, and vV to ~yeq for

o f(2)dz = ) ;c 7 a;2'dz holomorphic C-
valued differential on V'

o Let Rese, f(2)dz = a_1, and

Resyeyf(2)dz = Reseyg(u)du,

where f(z)dz = f(yu)dyu = g(u)du.

e Define Res : S, pp(I') — Hp, (1) by
Res(f)(e)(XIYk—277) = Rese2? f(2)dz
for0 <7 <k—2.

e Teitelbaum: Res is an isomorphism.

Identify the two spaces.



This allows us to view a Drinfeld cusp form
as a vector valued left I'-equivariant function
on GLo(Kso)/TsoZoo. When k = 2/ it is a
left [-invariant C-valued function. There is
a suitable basis of Hy ,,,(I") which take values
in Z/pZ, and hence they can be lifted to C-
valued automorphic forms on G Lo(Ag).

o I'ry = I'stabilizer of an end [s] represent-
ing a cusp of 1.
e Bockle:
(a) V(k, m)r[s] is one-dimensional.
(b) I'fg acts freely on src([s]) with finitely
[5]

many orbits, represented by edges e;”,
5]
g
(c) Let f € Sg (') and ¢ = Res(f). Then
fe S]% . ([) iff for any cusp [s],
ls

> ele)(gs) =0

1=1

5|

s

for any gs € V(k, m)
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N
—

Py dimcsgm(f‘)
PY dimcsl% m(F)
=(k—=2)(gr+hp—1)+gr—1

if k> 3.



Hecke Operators
o' =T1(T) and I'(T)
o = (P) # (T) is a prime ideal of A,
P0)=1,degP =d
e The Hecke operator at *J3 is

Bp= PG
2 _be A degb<d ((1) e )J

e Transport its action from Sy, ,,(I') to Hy, ,, (T')
Tpcle) = P (F9) e (£ e)

Cx ) e ()

be A,deg b<d

Shall study the behavior of Tsy for degree
one prime ideal 3 # (T') on cusp forms and
double cusp forms.



Cusp Forms for I'((7)

e A fundamental domain of I'{(T)\7 is a
path connecting two cusps, [co] = ((1))
and [0] = ((1)), containing no stable ver-
tices and one stable edge vg := (({ 4 )).

e A harmonic cocycle is determined by its
value (in Hom(V (k,m), ")) at .

[

dime Sp, p(I'1(T)) =k — 1

dim¢ S%,m I (T»

Y

0,

V(k,m) ol =« xk-2 5

Si,m(ﬁ(T)) = {c € S m(I"(T) :
c(70)(Y*72) = e(y)(XF72) = 0}.
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Skm(l1(T))— Case 1. k Small
e Assume ¢ > k > 2. For0 < j < k —2
and B = (P) with P =1+ T,
Tipe(yo) (XY H=270)
= Aj(P)c(0) (XIYE=27),

where

J k—2—
\(P) = S () (3 ) - P
k—2— k 2—
_ me{J —J} (7 (l)( l ])(—aT) .

e deg \;(P) <min{j,k—2—j}.

Note that \y(P) = Ap_o(P) = 1 and

)\j(P) = )‘k—2%j<P) forall0 <7 < k—2.
efor 0 < 3 < k — 2 and any k, define a

harmonic cocycle ¢; by specifying it value

at g by:

cj(y0)(XIYF—277) =1
and

()X YR 2 =0 for 145

11



Theorem 1. Let B be a prime ideal of A
generated by P with P(0) =1 and deg P =
1. Suppose q > k > 2. Then

(1) Each c;, 0 < j < k — 2, is an eigen-
function of Ty with eigenvalue \;(P);
and

(2) The Hecke operators at the ideals of de-
gree one are stmultaneously diagonal-
ized on Sy, p,(I'(T')) with respect to the
basis cj, 0 < j < k—2.

Conjecture. Same assumptions as above
except deg P = d > 1. Let 6 be a root of
P. Then each c;, 0 < 7 < k —2, 1s an
ergenfunction of qu with eigenvalue

H)\ +0qT

Consequently the Hecke operators are Si-
multaneously diagonalized on Sy, ,,(I'1(T)).

Conjecture verified for d = 2.

12



Remark 2. If we factor the polynomial

deg \;(1+T)
N+T) = ][ @+6D),
s=1
then
deg \;(1+T)
NPy = ] P6sD).
s=1

Observe that the degree of A;(P) above is at

most d(k — 2)/2. This may be regarded as
the Ramanujan conjecture on Drinfeld cusp
forms.

Theorem 3. Let P = (P), P(0) =1, be a
degree one prime ideal of A. If q+2 > k >
4, then cj, 1 < j < k — 3, are eigenfunc-
tions of Tz on S]% L (T1(T) with eigen-
value \;(P). Canséquently the Hecke op-
erators for degree one prime ideals are si-
multaneously diagonalized on S£7m<F1(T))
with respect to the basis ¢j, 1 < 7 < k—3.
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Sk.m(I'1(T))— Case II. k Large
e bor i = 07 17 ", g — 27 let Sk,m(F1<T)>Z
be the subspace generated by

€0 Ci(g=1)2 " O 2t 1))

s0 that g (I'1(T)) = B Spn(T1(1))i

e Fach S, ,,,(I'1(T')); is invariant under Tig
for P of degree one. With resp. to the
basis above, the action of Tgz can be rep-
resented by an explicit matrix.

e The degree one Hecke operators may or
may not be diagonalized.
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Example 4. ¢ = 2 and kK = 5. There is only
one poly. P = 1+7T', and only one subspace.
T 18 represented by the matrix

1 00 0
T2 17273
TT171°)°
000 1
Thus Tgp has eigenvalue 1 of multiplicity two
with two linearly independent eigenfunctions
cg and c3, and eigenvalue 1 + T° 3/2 of mul-
tiplicity two but only one linearly indepen-
dent eigenfunction T/ 2¢1+4co. Hence Iy 18
not diagonalizable on S5 ,,(I'1(7")). Further,
since ¢; and co span the space ng(f‘l),
this shows that gz is not diagonalizable on

ngm(Fl(T)) either.
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Cusp forms for I'(T)

e A fundamental domain of I'(T)\7 con-
tains g+1 rays, corresponding to the cusps
loo] = ((1)) and [r] = (}), r € F, onestable
vertex ((1J 9) and g + 1 stable edges v, :=

((15)), r € Fyand yo0 := ((47))-
e A harmonic cocycle for I'(T") is determined

by its values at v, r € I, since

C(Voo) + Z c(yr) = 0.

relf
°
dime S m(I'(T)) = (k — 1)g,
dimg 3, (1(T)) = 0
and

dimg S7, (I(T)) = (k—2)q—1 for k > 3.

V(kym) il =< yh=2 >
Vik,m) Tl =< (X —rY)F-2 > |
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52 (P(T)) = {c € Sy m(T(T)) :
c(Yoo)(Y572) = 0 and
c(v)((X —rY)*=2) = 0 for all r € F}.

e In view of this, use the basis
(X —rYYYF 277 0<j<k-2
for V' (k,m) to describe the value of c(vy).

(different bases on different directed edges)

e Compute the action of T; g with resp. to
the new bases.

o Let ¢ € S, (I'(T)) be an eigenfunction
of Tsp, where P # (T') has degree 1. If it
is not a double cusp form, then the eigen-
value is 1.

e For ¢ > k > 2, the functions ¢; in
Sk.m(I'1(T)) lift to eigenfunctions in
Skm(L(T)) with eigenvalues A;(P).
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Theorem 5. Let P # (T') be a degree one
prime ideal of A. For ¢ > k > 2 the dis-
tinct eigenvalues for the Hecke operator
Tig on S (I(T)) are the distinct \;(P),
0<53<k—-2.

This theorem is proved by using the following
fact.

Let ¢ be an eigenfunction of Tgy with eigen-
value A # A\p(P) for all 0 < n < k — 2
Put

Z(r,5) = e(y)(X —rY )y =277,
Then
(A = M (P))Z(r, )
= k2 A (b )2 (b, ),
where A&m € K depends only u and n.

This expression also leads to a description
of the A\, (P)-eigenspace. More precisely, we
have
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Theorem 6. Suppose ¢ > k > 2, |3
(P) # (T) degree one. Then X\i(P), 0
i

< k — 2, are the eigenvalues of Tyg on
Skym(F(T)). For 0 <n <k —2, set
Ap={i:0<i<k—=2and \;(P) = (P)}
and denote the integers in [0, k—2|\ Ay, by
lop < --- <li. Let c be an eigenfunction in
Hy, o (U(T)) with eigenvalue Ap(P); write

Z(b,u) = c(3p)((X — by )iyk=2-m)

Then c is determined by Z(b,u) with u €
Ay and b € F subject to the conditions

0= »  Cui,P)) (b—r)"""Z(b,u)
0<u<k—2 b=£r
)\’u(P):)\n(P)

for 1 € Ay and r € F. The remaining
Z(b,1)’s are determined by

Z(b,ly)

B Z)\ (Opg)uil”(P) Ag“) D scF(s — b)lv—uZ(S’ u)

k2 AP S s — b (s )

19
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fromv =1t tov =0. Here Cy(i, P) and

A,Ef) are explicitly given elements in K.
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Example. S3 ,,(I'(T
* \(P) =M(P) =
dim¢r 53 m( (T)

)
dimg S3,,,(I(T))
e Only one relation

ZZ(b,O):ZZ(b’l) for all r €T

beF btr
e Solve the system

Z(0,1) \ c
/ Z(a,1) /C
M| Z@1) | =]|c],

\Zaw L) \¢

where M 1s the coeflicient matrix

100 ... 0
0io... 0
M=100%... 0 |C
a

000 . 1
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with

(S WS R
a a? ad ad—1

1 0 1 1 1
1—CL 1_1a2 .« o o 1—%9_2

_ 1

O — 1 1_aq_2 O 1_CL “ e 1_aq_3

1 11 '

\1 l—a  1-a? 1-a? 0 )

and ¢ = ) g Z(0,0).

1 0
1
i J
ovo(}) and v; = a ,
1 4(4—2)

9 =1,...,q—1, are q linearly independent
eigenvectors of C' with the eigenvalues 0
and j, resp.

e Since [ has characteristic p, this shows
that the nullity of M is q/p.

olfc=) 1cpZ(b,0) = 0, then we obtain
(g — 1) + q/p linearly independent eigen-
vectors for Tas.
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0
ca

e When ¢ # 0, v= | ca® | isa solution
ca‘j_l

of the system.

Proposition 7. Suppose ¢ > 3 and char-
acteristic p. For a degree one prime tdeal
B # (1), 1 is the only eigenvalue of Tig
on S3m(I'(T')). The eigenspace of Ty has
dimension q+q/p, hence Ty is not diago-
nalizable on S3.,(I'(T)). But Ty is diag-
onalizable on S%)m(F(T)).

23



Example. Sy m( (7))

e \o(P) =X(P)=1and \{(P)=2—-P.
dimg Sy (D(T)) = 3¢
dimg Sél,m( (T)) =2q — 1.

e T'wo relations on 1-eigenspace

IRCUED I (_”’,;?2

belF b#r
and
Z(r,1) =) (b-
belF b7é7°
for all r € F.
e (2 — P)-eigenspace contains only double
cusp forms.

e Relations are Z(r,2) = 0 for all r € F and

b, 1
Z(T,O):—QZZb<’ ) for all r € F.

e So (2 — P)-eigenspace is ¢g-dim’l.
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Proposition 8. Suppose ¢ > 4 and char-
acteristic p. For a degree one prime ideal
B =(P)#(T), 1 and 2 — P are the two
distinct eigenvalues of Tig on Sy (I'(T)).
The 1-eigenspace has dimension q+2q/p if
p > 2 and dimension q+q/p if p =2. The
(2— P)-etgenspace has dimension q. Thus
Ty is not diagonalizable on Sy m,(I'(T')).
But T on Sim(F(T)) is diagonalizable.
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Example. Sj ,,(I'(T
* \(P) = A3(P)
dimg S5,m(F(T) = 4q,
dimg S57m( (1)) =3q — 1.
First assume p > 2 so that 1 # 3 — 2P.
e Three relations on 1-eigenspace

Z(r,1) = &5 Zbe]}?‘(b - T)Z(b 0)

)

1 and

Zb#?" —r
Z(b,3
Zb;«ér ))
1 1 Z(b,3
Z(r,2) = 52(?} T)QZ([) O)+2 Z b(— r)’
belF b#r
and
Z(b,3)
> Z(b,0)=Y Y
belF b#r
forallr e .

e (3 — 2P)-eigenspace contains only double
cusp forms.
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e Relations are Z(r,3) = 0,

_ > Z(b,1) ZQZZT(%)

bR botr
and
> Z(b,2)=0
belF
for all r € FF.

Proposition 9. Suppose ¢ > 4 and char-
acteristic p > 2. For a degree one prime
ideal B = (P) # (T'), 1 and 3—2P are the
two distinct eigenvalues of Tyg on Sy (I(T)).
The 1-eigenspace has dimension q + 3q/p
if p > 3 and dimension q + q/p if p =
3. The (3—2P)-eigenspace has dimension
q + q/p. Further, neither on S5, (I'(T))
nor on ngm(F(T)) is Ty diagonalizable.
Proposition 10. When p = 2, 1 1s the
only eigenvalue of Ty on S5.,(I(T)) and
neither on Ss p,(I'(T)) nor on S%)m(I’(T))
1s o diagonalizable.
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