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Abstract. | construct some smooth Calabi{Yau threefolds in character istic
two and three that do not lift to characteristic zero. Theset hreefolds are pen-
cils of supersingular K3-surfaces. The construction depen ds on Moret-Bailly's

pencil of abelian surfaces and Katsura's analysis of genera lized Kummer sur-

faces. The threefold in characteristic two turns out to be no nrigid.
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Introduction

A fundamental result in deformation theory states that each in nitesimal de-
formation of a compact complex Kahler manifold Y with trivial dualizing sheaf
extends to a deformation of arbitrarily high order. In other words, the base of the
versal deformation is smooth. This result is due to several athors (see Bogomolov
[4], Kawamata [26], Ran [32], Tian [38], Todorov [39]).

It is open whether or to what extend this holds true over grourd elds k of
characteristic p > 0. | gave a su cient condition for unobstructedness involving
crystalline cohomology groups and formal liftings to charateristic zero [33]. Deligne
[6] proved that any K3-surface lifts projectively to characteristic zero. In contrast,
Hirokado [1€] found a smooth threefold in characteristicp = 3 that does not admit
a formal lifting. Here the deformations over the Witt vectors W = W (k) are
necessarily obstructed.

1991 Mathematics Subject Classi cation. 14328, 14330, 14J32,14K10.
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2 STEFAN SCHROER

A natural question to ask: What is the relation between obstructions for defor-
mations over Artin k-algebras and deformations over Artin W -algebras? Unfortu-
nately, there are almost no examples that could shed some Iig on the situation.
The goal of this paper is construct some interesting new exaples of Calabi{Yau
threefolds Y in characteristic p = 2 and p = 3 that do not formally lift to charac-
teristic zero.

Our examples are pencils of supersingular K3-surfaces ovéne projective line.
The construction draws from the theory of supersingular abdéian surfaces and gen-
eralized Kummer surfaces. The starting point is Moret-Bailly's nontrivial pen-
cil of abelian surface [[ZD]. It turns out that my threefold Y in characteristic
p = 2 has some nontrivial deformations overk-algebras. This seems to be the
rst example of nonliftable Calabi{Yau manifolds with nont rivial deformations. It
would be interesting to know whether or not the Hodge{de Rhamspectral sequence
HT(Y; §)) H"3(Y; ) degenerates.

The paper is organized as follows: In the rst section | condiler threefolds with
trivial canonical class that are bered in supersingular K3-surfaces. At this stage
we do not care about existence and merely deduce some propes from our as-
sumptions. In Section 2 we shall see that it is impossible toift such threefolds to
characteristic zero, even in a formal way. We turn in Section3 to the existence
guestion. Here we use an approach of Moret-Bailly to constrat threefolds with
trivial canonical class that are bered in supersingular abelian surfaces. The con-
struction works precisely at the primesp = 2 and p = 3, but the two cases have
di erent features. This becomes clear in Section 4: Here theassociated family of
Kummer surfaces easily gives examples, in characteristip = 3, of our nonliftable
Calabi{Yau threefolds. This approach fails, however, in characteristic p = 2 due to
results of Shioda and Katsura. We deal with this problem in Setion 5: Discarding
Kummer surfaces, we work with generalized Kummer surfacesybreplacing the sign
involution by an automorphism of order three. We compute the discriminant of the
intersection form in Section 6, which relies on descent thery and theta groups. It
turns out that discriminant jumps in pencils. This is crucial in Section 7: Here we
construct the desired nonliftable Calabi{Yau threefold for p = 2. The nontrivial de-
formations are detected by jumping discriminants. In the last Section we compute
the Artin{Mazur formal group 3.

Acknowledgement. | wish to thank Stefan Maller-Stach, Klaus Kunneman, Uwe

Jannsen, and Jean-Marc Fontaine for helpful discussions. &am also grateful to the
referee, who suggested several simpli cations and pointedut some errors in the
rst version.

1. Calculation of invariants

Let k be an algebraically closed ground eld of characteristicp > 0. Suppose
Y is a smooth proper threefold with! y = Oy, endowed with a smooth morphism
f Y ! P! such that all geometric bers Y;, t 2 P! are K3-surfaces with Picard
number (Y;) = 22. We shall see in the following sections that such threefld
actually exists in characteristicsp = 2 and p = 3. In this section | merely collect
some consequences from the assumptions.

We start by computing the Hodge numbersh® (Y) = hi(Oy):

Proposition 1.1.  We haveh®(Oy) = h3(Oy) =1 and h(Oy) = h?(Oy)=0.
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Proof. Clearly h°(Oy) = 1 becauseY is connected. The Leray{Serre spectral
sequence fof : Y ! P! gives an exact sequence

HI(PLf Oy)! HYY;Ov)! HOPLRY Oy):
The bers Y; are connected, soOp: ! f Oy is bijective, and the term on the
left vanishes. The cohomology groupsH 1(Y;;Oy,) vanish for all t 2 P!, hence

Rf Oy = 0 by semicontinuity, so the term on the right vanishes as wel. We
concludeh!(Oy) = 0. The remaining Hodge numbers follow from Serre duality.

Smooth proper n-folds X with ! x = Ox and h'(Ox) = :::= h" 1(0Ox)=0
are called Calabi{Yau n-folds. They play an important role in the classi cation of
schemes with trivial canonical class[[3] and mirror symmety. Our Y is an example
of a Calabi{Yau threefold.

Proposition 1.2.  The algebraic fundamental group 1(Y;y) vanishes.

Proof. Lety 2 Y be a closed point andz 2 P! be its image. According to [T3],
Expos X, Corollary 1.4, we have an exact sequence

1(Yz;y) ! 1(Y;y) ! 1(P;2):

The K3-surface Y, and the projective line P! are simply connected, so the same
holds for Y.

Let 2 P! be the generic point. ThenY is a K3-surface over the function eld
( ). Choose an algebraic closure of( ) and let Y be the corresponding geometric
generic ber.

Lemma 1.3. The Picard group Pic(Y ) is free of rank (Y ) =22, and the inclusion
map Pic(Y ) ! Pic(Y ) is bijective.

Proof. To simplify notation, set S = Y and K = (), let K K K be
separable and algebraic closures, and writ§& = S K andS=S K. First note
that the map Pic(S) ! Pic(S) is bijective, because the Picard scheme Pigcy is
smooth and 0-dimensional.

According to Tsen's Theorem, we have BrK) = 0. This implies that the injec-
tion Pic(S) Pic(S=K) is bijective, where the right hand side denotes the group of
rational points in Pic s—x . Note that Pic( S=K) = Pic( S)¢, whereG = Gal( K=K ) is
the Galois group. By assumption, Pic(S) = Pic( S) is free of rank 22, so it remains
to check that G acts trivially on Pic( S). The following argument suggested by the
referee proves this:

Fix a prime power I" with | 6 p and consider the constructible sheaf » onY,
which is constant. Its direct image R?f ( |») is a constructible sheaf, and locally
constant becausd :Y ! P! is smooth ([8], Chapter |, Lemma 8.13). Then it must
be constant becauseP! is simply connected. Passing to the generic ber, we infer
that the G-action on H?(S; |n) is trivial. Using the Kummer sequence, we deduce
that G acts trivially on Pic( S) as well.

Proposition 1.4.  The Picard group Pic(Y) is a free group of rank (Y) =23.

Proof. The closure of any Cartier divisor onY is a Cartier divisor on Y, because
Y is locally factorial. Therefore the restriction map Pic(Y) ! Pic(Y ) is surjective.
An invertible Oy -module that is trivial on Y is trivial on some open neighborhood
of Y . It is then trivial on the preimage of some nonempty open subst U P!,
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becausef : Y ! P! is a closed map. Hence it comes from a Cartier divisor
supported by the preimage ofP* U. In other words, the sequence

0! Pic(PY)! Pic(Y)! Pic(Y)! 0

is exact. By LemmalL3, Picy ) is a free group of rank (Y ) = 22, and the
statement follows.

We now turn to the Brauer group Br(Y) = H?(Y;Gp,), where the cohomology
is taken with respect to theetale topology.

Proposition 1.5.  The Brauer group Br(Y) is annihilated by p.

Proof. SetS=Y andlet S=Y the geometric generic ber. It follows from [L7],

Corollary 1.8 that the restriction map Br( Y) ! Br(S) is injective. The Leray{Serre

spectral sequence for the structure morphisnmg : S'! Spec ( ) yields a spectral
sequenceH " (;R3g Gm:s)) H'*5(S;Gms). The stalk (R'g Gns) = Pic(S) is

a nitely generated free group of nite rank, so H( ;R g Gm.s ) = 0. The group

H2(;9 Gms)=Br( ) vanishes by Tsen's Theorem. It follows that the edge map
Br(S) ! HO9;R2g Gns) is injective. The latter group is contained in Br(S).

Now S is a K3-surface with Picard number = 22 over an algebraically closed
eld. Artin's argument for [1]] Theorem 1.7 shows that the abelian group Br(S) is

annihilated by p.

Next we calculate the I—agic Betti numbers h(Y) = dim q Hi(Y:Q)) and the
Euler characteristic e(Y) =  ( 1)'b(Y), where | is any prime number di erent
from p.

Proposition 1.6. The |-adic Betti numbers b = h(Y) and Euler characteristic
are as follows:bp = by =1,and b, = by = bs =0, and b, = by = 23, and e = 48.

Proof. Obviously by = 1 becauseY is connected. PropositionCLP implies that
H1(Y;z=I"Z) = 0 for each n > 0, henceb, = 0. To proceed, consider the Leray{
Serre spectral sequence

HT (PSR (1)) =) HIS(Y; n):
The constructible sheavesRsf ( ) are constant, by the same argument as in
the proof of LemmalL3. It follows from the proper base changaheorem that
RSf ( n) =0 for s odd, because then the K3-surface¥; satisfy HS(Y;; n) =0.
Therefore the spectral sequence must degenerate. Moreoved " (PY; RSt ( n))
vanishes forr odd becauseP! is simply connected.

From this we immediately deduceH3(Y; ») = 0 and hence bz = 0. The mod-
ule H2(Y; n) is isomorphic to the sum of H?(P!; |»), which has rank 1, and
HO(P';R?f ( |n)), which has rank 22. The latter holds because by the stalks
R2f ( )¢ = H2(Y; n) have rank 22. Consequentlyb, = 23, and the remaining
Betti numbers follow from Poincae duality.

We nally observe that Y carries an ample invertible sheaf:
Proposition 1.7.  The schemeY is projective.

Proof. It su ces to check that the morphism f :Y | P! is projective. The generic
ber Y is a regular surface, hence there is an ample invertibl®©y -module L .
Extend it to an invertible Oy -module L and x a point t 2 P1. The specialization
map Pic(Y ) ! Pic(Y;) has nite cokernel, because all bers have Picard nhumber
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=22. HenceL C > OforanycurveC Y;. WealsohaveL; Ly=L L > 0.
This implies that L; = Ljy, is ample, and thereforeL is f -ample.

2. Nonliftability

We keep the assumptions from the preceding section. We say #t our Calabi{
Yau threefold Y admits a formal lifting to characteristic zero if there is a complete
local noetherian ring R with residue eld R=m = k containing Z as a subring,
together with a proper at formal R-schemezZ! Spf(R) with closed ber Zo =Y.
For example, a smooth proper scheme&X admits a formal lifting to characteristic
zero ifH?(X; x)=0. The rst main result of this paper is:

Theorem 2.1. The Calabi{Yau threefold Y does not admit a formal lifting to
characteristic zero.

Proof. Suppose to the contrary that there is a formal lifting Z! Spf(R) to charac-
teristic zero. We may assume thatR is integral, say with eld of fractions R Q.
Choose a descending sequence of ideais= 1o 13 ::: so that I,=lp+1 have
length one. LetY, Z be the in nitesimal neighborhood of Y de ned by the ideal
In+1 Oz. The exact sequence

HI(Y;Oy)! Pic(Yas1) ! Pic(Ya)! H2(Y;Oy)

implies that the restriction map Pic(Z) ! Pic(Y) is bijective. According to Proposi-
tion [L7], there is an ample invertible Oy -module, so Grothendieck's Algebraization
Theorem tells us that Z is algebraizable. Write Z = Z" for some smooth proper
g:Z! SpecR). Note that Pic( Z) = Pic( Z) = Pic( Y). In particular, the dualizing
sheaf! ;_r is trivial, and the generic ber Z over R is a Calabi{Yau threefold in
characteristic zero.

Now Hirokado's argument [19] yields a contradiction: Usingthat the constructible
sheavesR3g ( n) are constant, we deducebs(Z ) = b(Y) = 0. On the other
hand, the Hodge{de Rham spectral sequence for degenerates, hencédys(Z )
h39(z ) = 1, contradiction.

As a consequence, the deformation functoby is not formally smooth. Here Dy
is the functor which associates to an Artin algebraR over the Witt vectors W (k)
the set Dy (R) of isomorphism classes of proper atR-schemesY together with an
identi cation Yo' Y.

Remark 2.2. The 1-dimensional Calabi{Yau manifolds are the elliptic curves,
and Grothendieck showed that any smooth proper curve lifts b characteristic zero
(3], Expos lll, Corollary 7.4). The 2-dimensional Calabi{Yau manifolds are the
K3-surface. According to Deligne [[6], every K3-surface Its to characteristic zero.
Hirokado's [19] counterexample showed that one cannot hopfor any general result
like this in higher dimensions. The upshot of this paper is that nonliftability might
be quite frequent for Calabi{Yau manifolds.

3. Moret-Bailly's pencil of abelian surfaces

The task now is to construct pencils of K3-surfacesY as in Section[l. In this
section we take a rst step into that direction by constructi ng a pencil of abelian
surfaces with similar properties.

Fix an algebraically closed eld k of characteristic p > 0.
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Let A be the superspecialabelian surface, that is, A is a 2-dimensional abelian
variety isomorphic to the product of two supersingular elliptic curves. Note that
A does not depend, up to isomorphism, on the choice of the supsingular elliptic
curves by [3T], Theorem 3.5. Itsa-number

a(A) =dim  Homg ( p;A)

equalsa(A) = 2, and we have an embedding of group schemes, 2 A. Actually,
Oort proved in [31], Theorem 2 that an abelian surface is supespecial if and only
if its a-number isa = 2.

Fix an integer n 1 and an exact sequence

1) 0!0 m( N!0 210 m(n)! O

Such extensions correspond to pairs of sectionss 2 H °(P!; Op: (n)) without com-
mon zeros. LetX%= A P! be the constant relative abelian variety overP?, and
H X O the relative radical subgroup scheme of height htd) = 1 whose p-Lie
algebra is isomorphic to

Lie(H=P') = Op:( n) O .*=Lie( ,?=P")=Lie( X =P");

as explained in [14], Expos Vlls, Theorem 7.2. Here the inclusiorOp:( n) O Pf
comes from the extension[{lL). This works because both Lie biket and p-th power
operation are trivial for Lie( 2).

The quotient X = X %H is a relative abelian surface oveP!, whose bers X,
t 2 P! are supersingular abelian surfaces. This construction iswk to Moret-Bailly
[28], who considered the casa = 1.

Proposition 3.1. We haveLie(X=PY) 'O p( np) O p(n).

Proof. Moret-Bailly showed this for n = 1. In the general case, the familyX ! P!
comes from the family with n = 1 via pullback along the map (r;s) : P* | P! of
degreen. For the convenience of the reader | recall Moret-Bailly's aguments:

First note that Lie( X=P%) is dual to the conormal sheafN,-x o restricted to the
zero sectionP!  H. To see this we use cotangent complexes (s€€[16], Expos
VIII, and [Z1]). Consider the commutative diagram of cotangent complexes

Ly=prin ! Lizp ! L=x
L X
©? ?id

Lxoox Jn ! Lhx ! Lh=x o

in the derived category of perfect complexes omd . Here the rows are distinguished
triangles coming from the two compositionsH ! X | PlandH ! X°! X. The
vertical map on the left is the base change map induced from th cartesian diagram

H 1 X 0
0 2
2 2
y y
Pl | X

0

This base change map is a quasiisomorphism according to ]2 Ghapter Il, Corollary
2.2.3, becauseTor O (Ox0;0p) = 0 for r > 0 sinceX®! X is at. It then
follows that there is a quasiisomorphismL,_c.ju ! L,y of 1] in the derived
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category, and the induced bijection on cohomology yields tk desired identi cation

1 P
xeptJH ' Np=x o.

To calculate the latter, we may replace X% by X %= G
composition of closed embeddings
2 0 2
p; Pt pX Ga;Pl
as explained in [Z8], page 136. Let);V 2 HO(P!; Op:(1)) be homogeneous coor-
dinates, and write G, 2 = Speck[x;y]. Let R = K[x;y;U; V] be the homogeneous
coordinate ring for X% and I R the homogeneous ideal foH X% Then
I = (yP;xP;sx ry), wherer;s are the two homogeneous polynomials irJ;V of
degreen de ning Lie(H) Lie(X =P = Lie( X °¢P). The Hilbert{Burch Theo-
rem (seel[¥], Theorem 20.12) tells us that

2

.p Via the canonical

) 0! R(n R(M)'>R R R(N!* 1! 0
is an exactosequence of gradelél-modliles where the maps are given by the matrices
0 rP
",=@ry  sx sP A and '1= yP; xP; sx 1y
xP (ry sx)P1?

Indeed, the entries of rP' ; are the 2 2-minors of' , with the appropriate signs
(note that the sequence in [28] on page 137 corresponding t@)is slightly incorrect).
Tensoring the resolution with the residue ring R = R=(X;y), we obtain an exact
sequence

RCn) R(np)!'?>R R R(n)!'I=(xy)l ! O
which in turn gives an exact sequence
0! R(np)! R R R(N!*I=(xy)l! o

The map on the left is de ned by the transpose of ¢P; sP;0), and its cokernel is
the gradedR-module R(np) R( n). The letter de nes the locally free Op: -module
Op:(np) O pi( n), which by construction is dual to Lie(X=P?).

This has an interesting consequence for the dualizing sheafy :

Corollary 3.2. The dualizing sheaf! x is trivial if and only if either p =3 and
n=1,orp=2andn=2.

Proof. We have! y-p1 = Ox (np n) by Proposition 3.1 and ! p = Op( 2), SO
I'x = Ox(np n 2). Consequently! x is trivial if and only if n(p 1)=2, and
the result follows.

We shall see in the following sections how to obtain fromX as above some
interesting Calabi{Yau threefolds.

4. A pencil of Kummer surfaces

We now examine the family X ! P! of abelian surface constructed in the pre-
ceding section in the special casp = 3 and n = 1. This is the rst of the two cases
where! x is trivial.

Sincep 6 2 and k is algebraically closed, the kernepX X of the multiplication
by two map [2] : X | X consists of sixteen disjoint sections. We may also view
2X as the relative xed point scheme of the sign change map [1] : X ! X. Let
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Z = X=[ 1] be the corresponding quotient scheme. It inherits a braton z ! P!

whose bersZ; are singular Kummer surfaces. LetD Z be the reduced singular
locus andD Z be its closure. By atness, each ber D, is the reduced singular
locus. The sixteen singular points onZ; are rational double points of type A;. The

blowing up of D; yields the minimal resolution. Let X ! Z be the blowing up
with center D Z. Then Y is a smooth threefold, and the bersY; of the induced
family Y | P! are Kummer K3-surfaces.

Proposition 4.1.  We have (Y;) =22 for everyt 2 P!,

Proof. SinceE is supersingular, the Picard number ofA is (A)=6,s0 (B;)=6
as well. It then follows from [37], Proposition 3.1 that (Y;) =16 +6 = 22.

Proposition 4.2.  The dualizing sheaf! y is trivial.

Proof. Let 2 P! be the generic point. Then!y is trivial, because Y is a K3-
surface. Hence! y = Oy (m) for some integerm. The relative dualizing sheaf
| y=z is supported by the exceptional locus ofY ! Z. It must be trivial, because
it is trivial on the generic ber. We conclude ! ; = Oz(m). The canonical map
f:X 1 Zisetale on X ,X, so the invertible sheaved x and f (! z) coincide
outside ,X . SinceX satis es Serre's condition (S;) and ;X X has codimension
two, we must have! x ' f (! z) by [18], Theorem 1.12. Consequentlym =0, and

I y must be trivial.

We conclude that Y satis es the assumptions from Section 1, sor is a Calabi{
Yau threefold with b, = 23 that does not admit a formal lifting to characteristic
zero.

Note that the preceding approach does not work forp = 2, because thenZzZ;
is a rational surfaces with an elliptic singularity (see [24, Corollary 2.12, or [23],
Theorem A, or [36], Proposition 1). We shall sidestep this poblem in the next
sections.

5. Generalized Kummer surfaces

In this section we construct somegeneralized Kummer surfaces This terminol-
ogy is due to Katsura [24], and denotes K3-surfaces arisingsaminimal resolutions
of quotients of abelian surfaces by nite group actions. Katura studied mainly the
casep 3. Throughout we work in characteristic p= 2. Let B be an abelian sur-
face. According to [23], Theorem A, the corresponding singlar Kummer surface
B=[ 1] is birational to a K3-surface if and only if B is ordinary, and a rational
surface if and only if B is supersingular. To obtain K3-surfaces from supersingula
abelian surfaces, we shall replace the sign involution [1] by an automorphism of
order three.

In this section our ground eld k contains F4, but is not necessarily algebraically
closed. LetE be the supersingular elliptic curve given by the Weierstras equation
x3 = y?+ y and x a primitive third root of unity 2 F4 Let' :E! E be
the automorphism given by (x;y) 7! ( x;y ). This de nes an action of G = Z=3Z
on E. The induced representation onH%(E; %) is scalar multiplication by
becausedx is an invariant di erential form on E. The action on E has three xed
points, namely (0;0), (0;1), and 1 . Each xed point x 2 E comes along with
a representations y : G ! Aut (X)(mx:mf) taking values in F, (x) The
generator' maps to 2 F, under each x becausemy=m2 = 1(x).
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Now consider the superspecial abelian surfacd = E E, endowed with the
actonof Gvia =("' ). Let , A be any embedding of group schemes.

Proposition 5.1. The subgroup scheme , A is stable under theG-action.

Proof. We have to check that ( ) = 2 as subschemes ifA. The origin x 2 A
is clearly a xed point for . Let m O ax be the maximal ideal. The rst order
in nitesimal neighborhood of x is the spectrum of R = k m=m?. As remarked
above, acts via scalar multiplication by onm=m?. HenceG leaves any subscheme
of SpecR) invariant.

We see that the G-action on the superspecial abelian surfacA = E E descends
to a G-action on the supersingular abelian surfaceB = A= ,. Its xed points
are easy to determine: We saw that' has precisely three xed points. In turn,

Al Ahas9=3 3 xed points, and the same holds onB. These xed points
correspond to the singularities onB=G, which is a proper normal surface.

Proposition 5.2. The singularities on B=G are rational double points of typeA..

Proof. It su ces to check this for the origin x 2 A, because we may replace any
xed pointof ' :E ! E by the origin of E. Let E be the formal completion at the
origin y 2 E, which is a formal group isomorphic to G, becauseE is supersingular.
Hence there uniformizeru 2 O¢., such that the multiplication E E ! E is given
by the formal group law u 7! u+ u® In turn, there is a regular system of parameters
u;v2 O, suchthatu7! u+ u®andv 7! v+ v%is the formal group law for A.

Write  , = Speck[ ]. Theaction , A! Aisgivenbyu 7! u+i andv 7! v+]
for somei;j 2 k that do not vanish both, say j 6 0. A power seriesf (u;v) is
invariant under the ,-action if and only if f (u;v) = f (u+i;v +j ). For example,
x®= u? and y°= u+ vi=j are -invariants. Using that Oy, is a free module of
rank two over Og., by [34], page IV-37, Proposition 22, we infer thatx%y°2 Og.,
is a regular system of parameters. The induceds-action has (x9) 2x% and

(y9 y° modulo m?, wherem O g, denotes the maximal ideal. Using
Lemma 5.4 below, we nd another regular system of parameterx;y 2 og;x with

(x)= 2xand (y) = y. The G-invariants are then generated by x3;xy;y2,
and this means that B=G acquires a rational double point of type A,.

A local computation shows that blowing-up the reduced singdar locus in a ra-
tional double point of type A, yields the minimal resolution, and the exceptional
divisor consists of two smooth rational ( 2)-curves intersecting transversely.

Theorem 5.3. The minimal resolution S of B=G is a K3-surface.

Proof. The G-action on B has the following four properties: First, it has no xed
curves. Second, the generator of5 has some isolated xed points. Third, all
singularities on B=G are rational singularities by Proposition 5.2. Finally, the
induced G-action on H%(B;! g) = k is trivial. To see this choose a xed point
x2 B. Letm O g be the maximal ideal. We saw that the k-linear G-action on
m=m? is diagonizable with eigenvalues; 2. Using det(m=m?) = 2 (x), we infer
that G must act via 1 = 2 on global 2-forms.

Assuming p 6 2, Katsura showed that under the preceding four conditionsthe
minimal resolution S of B=G is a K3-surface ([24], Theorem 2.4 and Lemma 2.7).
Actually, he showed without any assumption on the characterstic that ! s is trivial,
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and that S is neither abelian, hyperelliptic, nor quasihyperelliptic. It then follows
from the classi cation of surfaces that S is either a K3-surface or a nonclassical
Enriques surface [5]. The latter exists only in characteriic p = 2. An Enriques
surface, however, has by de nitionl-adic Betti number b, = 10. On the other hand
we haveb,(S) > 18, due to the exceptional curves coming from the nine ratioal
double points of type A, on B=G. Therefore, S must be a K3-surface.

We used the following fact in the proof for Proposition 5.2. linclude a proof for
lack of reference.

Lemma 5.4. Let R be a regular local noetheriank-algebra andf : R'! R an
k-automorphism of nite order m > 0 prime to the characteristic p. It k con-
tains a primitive m-th root of unity , then there is a regular system of parameters
ug;:::;ug 2 R” and integersni;:::;ng such thatf (u) = "u;.

Proof. Let m R be the maximal ideal. The inducedk-linear map on m=n? is
diagonizable with eigenvalues of the form "', becausem is prime to pand 2 k.
Hence there is a regular system of parameterns; 2 R whose classes modulm? are
eigenvectors for the eigenvalues"'. Suppose we have a homogeneous iddal R
with f (u;j) Miu; modulo 1. If I 60, then choose a homogeneous subidedl ( |
so that | = J + ku', with the usual multindex notation u' = uf:::uly. Then
f (uih, " + yu' modulo J for somey 2 k. We distinguish two cases: Ifm divides
e= linj, then the congruence

ui= M) ™+ yd' @+ f+ i+ 8™ Dy = g+ yum
modulo J impliesy = 0. If m does not divide e, then the congruence
fui+xu)  Mu+yu+x = M+ xu)+d(y+x(® 1)

modulo J shows that me may choosex 2 k so that y + x( ¢ 1) = 0 and then
replaceu; by u; + xu'. The principle of noetherian induction nishes the proof.

6. Discriminants and Artin invariants

We keep the notation as in the preceding section, such thath = E E and
B = A= , for some embedding » A. We saw that the minimal resolution S
of B=G is a K3-surface, so Picg) is a free group of rank (S) 22. The goal of
this section is to calculate the discriminant of this intersection pairing on Pic(S).
It turns out that it depends in a subtle way on the position of , A, and this
will be crucial in Section 7.

First, we examine the e ect of the isogenyg: A! B on Picard groups. Consider
the following four elliptic curves C; A: SetCi; = E O0OandC, =0 E, let
Cs = ¢ bethe diagonal subscheme, an@€, = - the graph of the automorphisms
":E! E. Notethat g\ - isthe xed scheme of' : E! E, which consists
of three reduced points, henceC; C4 = 3.

Let Vo be the free abelian group generated by theC;. To simplify calculations,
we introduce another basisC? for Vs as follows: SetC?= C; fori = 1;2, and
CiO =C Cp C,fori = 3;4. The corresponding intersection matrix has an
orthogonal decomposition

M 2 1

@ (cocH= 7 ; 2t
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hence disc{/a) = 3. It follows that the map Va ! NS(A) is injective, and we
may regard V5 as a subgroup of both PicA) or NS(A).
The exact sequence ® ,! A! B! 0 induces an exact sequence

0! Hom( 2;Gm)! Picd, ! Picgec ! O

by [30], Theorem 1 on page 143. So Pi&) ! Pic(A) is injective, and we can form
the intersection Vg = Vi \ Pic(B) inside Pic(A). Note that we may regard Vg as
either a subgroupVg  Pic(B) or as a subgroupVg  Pic(A).

Proposition 6.1.  The group Va=V\g is annihilated by 2.

Proof. Given an invertible Oa-module L, let K (L) A be the kernel of the mor-
phism A ! Pic,(l:k, x 7V T,(L) L -. According to [29], Corollary 4.1.1 and
Theorem 2.3 we haveL = g (N) for some invertible Og -module N if and only
if 2 K(L). For Li = Oa(Ci) we have K(L;) = C; and K (L, 2y =2¢G, by
considering the quotient morphism A !  A=C;. Obviously we have , 2C;, so
L, ? liesin V.

The group Vg is closely related to Pic(S) and Pic(B=G):
Proposition 6.2.  The map Pic(B=G) ! NS(A) factors throughVg  NS(A).

Proof. We have (B=G) 4 because (S) 22 and there are 18 exceptional
curves for the resolution of singularitiesS ! B=G. The elliptic curves C; A

are G-invariant, and 2C; are »-invariant. Let h : Al B=G be the canonical
morphism and D; = h(C;). The Dj B=G are integral Weil divisors. Since the
singularities on B=G are rational double points of type A,, the Weil divisors 3D;

are Cartier. By construction, h (3D;) = n;C; for some integersn; 1. It follows

that Pic(B=G) ! NS(A) factors over NS(A)\ (Va Q). Since disc(/p) = 3is

square free, the subgroupVa  NS(A) is a direct summand, so the map factors
over V, and therefore overVg as well.

The subgroupVs  Va depends on the position of , A. Let x 2 A be the
origin, and choose a regular system of parametens; v 2 O,“\;X such that u 7! u+ u®,
v 7! v+ VOis the formal group law for the formal group A". Write , = SpecKk] ].
Then the embedding , ! A" is of the formu 7! u+i andv 7! v+ | for
some ;j) 2 A%(k) f Og. The subgroup scheme , A depends only on the
homogeneous coordinatesi(: j) 2 PY(k). Let us regard the F4-valued points
P1(F,4) as a subset of thek-valued points P*(k).

Proposition 6.3.  Setv=dimg,(Va=W). Then v = 3 if the homogeneous coordi-
nates satisfy (i : j) 2 PY(F4), and v = 4 otherwise.

Proof. Consider an invertible O -module of the form L = OA(P i4:1 niCiO), where
n; 2 f 0;1g and at least one coe cient n; is nonzero. The idea is to check whether
2 A might be contained in K(L) A. First note that K (L) is a nite group
scheme of length (L)? if (L) 6 0, and of dimension > 0 otherwise, according to

[30], page 150. The Riemann{Roch Theorem ana? = n; gives

7
(L)=( nCd?=2=nin, n3z ng+ ngng
i=1
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If (L)is oddthenK (L) is an nite group scheme of odd length, hence , 6 K (L).
The number (L) is odd except if (ny;:::;ny) is of the form

(1;0;0,0); (0;1,0;0); (1,1,4,0); (1;1,0;1); (L;L,L1):
In thqge cases we compute the group schem&s(L) A. In the rst four cases we
have f:l niC’= C; forsome 1 | 4, and henceK (L) = C;.

It remains to treat the last case ', C% Modulo 2Va  Pic(A), this divisor is
linearly equivalent to

5 c=c?+c? 3c? 3ci
o] i4:1 CiO 2 Vg if and only if C 2 Vg. Consider the graphCs = .. of the
automorphism' 2=" 1:E ! E. SinceCs is G-invariant and 2Cs is ,-invariant,
some multiple of O (Cs) 2 Pic(A) is the preimage of some class in Pi&=G). By
Proposition 6.2, we must haveCs 2 Vo NS(A). But then C must be numerically
equivalent to Cs, becauseC C; = Cs C; for 1 i 4. In turn, we have
K (Oa(C)) = K(Oa(Cs)) = Cs.

Now we are done: Recall that' : E'! E was de ned on a ne coordinates by
(x;y) 7' (x;y). An easy calculation shows that ( : j) 2 P1(F4) holds if and only
if o A is contained in precisely oneC; from the elliptic curves C; = E 0,
Co=0 E,Ci3= g,Cs= .,and Cs = 2. In this situation we have
Vg =2Va + ZCj and v =3. If (i :j) 62P1(F4), then Vg =2VA and v = 4.

We come to the main result of this section:

Theorem 6.4. The group Pic(S) of the K3-surface S is free of rank (S) = 22.
The discriminant d 2 Z of the intersection pairing on Pic(S) is d = 22 if the
homogeneous coordinates satisfyi : j) 2 P*(F4), and d= 2% otherwise.

Proof. We haved = 2" for some integern 0 as explained in [1], page 556.
To determine this integer it suces to compute the discrimin ant of the 2-adic
intersection form Pic(S) Z, up to units. The intersection matrix with respect to
the exceptional divisors for the resolution of singularitesS! B=G is

M 2 1

- 1 2

Its discriminant is the unit 27 2 Z,, hence PicB=G) Z, Pic(S) Z;isan orthog-
onal direct summand, and it su ces to compute the discriminant of Pic(B=G) Z,.

| claim that the inclusion Pic(B=G) Z, Vs  Z, from Proposition 6.2 is
bijective. Indeed: If g: B! B=G denotes the projection map, we haveg g (D) =
3D for any divisor D B=G by the projection formula. This implies that the
inclusion Pic(B=G) Vg, which has nite index, becomes bijective after tensoring
with Z,. Moreover, the discriminants of the intersection forms on Rc(B=G) and
Vs  Pic(B) dier only by a power of the 2-adic unit 3 2 Z,.

For our purpose it suces to compute the discriminant of Vg endowed with
the intersection form from Vg Pic(B). Let us write VY for the same module
Vg, but endowed with the intersection form from Vg Pic(A). Then disc(Vg) =
2 4disc(VY). Indeed, if h : A1 B denotes the projection map, then 2{ L) =
(La La)forany L2 Pic(B).

This does it: We have disc{/a) = 3 and Vo=V ' (Va Z2)=(Vs Z>).
According to [35], Corollary on page 49, this gives

disc(Ve Zp)=disc(Va Z;) ord(Va=\g)2= 3 2%;
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wherev = dim g, (Va=W ). Using Proposition 6.3, we infer that up to 2-adic units
Pic(B=G) has discriminant 223 4 =22 if (i : j) 2 PY(F4), and 224 4 = 24 other-
wise.

For a K3-surface in characteristicp > 0 with Picard number = 22 and dis-
criminant d= p? ©, the integer ¢ is called the Artin invariant . We see that our
K3-surface S has Artin invariant  ¢(S)=1or (S)=2.

7. Nonrigidity

Let k be an algebraically closed eld of characteristicp = 2. Up to isomorphism,
there is only one supersingular elliptic curveE, which is given by the Weierstrass
equation x® = y>+y. SetA=E E and X°= A P!, and choose an exact
sequence

010 m( 2)'D 210 wm(@! 0

given by two homogeneous quadratic polynomialg;s 2 HO(P!; Op:(2)) without
common zeros. As explained in Section 3, this de nes a relate subgroup scheme
H X9 whose quotientX = X%H has! x = Ox. As in the preceding section,
the group G = Z=3Z acts on E, hence diagonally onA, and the induced berwise
actionon X ?! P! descends to a berwise actiononX ! P!. SetZ = X=G and let
Y ! Z be the minimal resolution of singularities. The same argumats as in Section
4 show that! y = Oy, and that the bers Y; for the induced bration f : Y ! P!
are K3-surfaces with Picard number (Y;) = 22. So the smooth threefoldY satis es
the assumptions of Section 1, hence is a Calabi{Yau threefdlin characteristic p = 2
without any formal lifting to characteristic zero. In parti cular, the deformations
over the W (k)-algebras are obstructed. However, we shall see that therare many
unobstructed deformations overk-algebras.

Proposition 7.1. The ber Y; has Artin invariant (Y;) = 1 if and only if the
homogeneous coordinates satisfyr (t) : s(t)) 2 PY(F4), and o(Y;) =2 otherwise.

Proof. This follows from Proposition 6.4 and the de nition of Y, as the minimal
resolution of the quotient of Xy = X &=H; by G.

Choose homogeneous coordinatds= ( to : t1) for P* and consider, for example,
the caser = tZ and s = t2. Then (r : s) = (t3 : t2) is F4-valued if and only if
(to : t1) is F4-valued, and there are precisely 5 such points o®!.

Now consider the case thatr = t3 + atot; and s = t2, wherea 2 k is a nonzero
element. The quotientr=s = (to=t;)%+ a(to=t;) = P (to=t1) is given by the separable
polynomial P(x) = x? + ax, henceP(x) = b has two distinct roots for eachb2 F,.
This means that there are precisely 8 points orP* with t; 6 0 for which (r(t) : s(t))
is F4-valued, plus the additional point (1 : 0).

This observation leads to nontrivial deformations over the formal power series
ring R = k[[T]]: Consider the two quadricsr = t3+ Ttot; ands = t? with coe cients
from R. It is easy to see that the construction of our Calabi{Yau threefolds carries
over to a relative situation, so the two quadricsr;s de ne a family Y | SpecR)
of threefolds. The second main result of this paper is that ths are nontrivial
deformations:

Theorem 7.2. The deformation Y ! SpecR) is not formally isomorphic to the
trivial deformation Yo R! SpecR).
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Proof. Suppose to the contrary that these deformations are formalf isomorphic.
Then they are isomorphic, and in particular their generic geemetric bers Y_ and
Yo L are isomorphic, wherel is the algebraic closure ok((T)). But we saw above
that the Yo L has 5 bers overPﬁ whose Artin invariant is ¢ = 1, whereas Y,
has 9 such bers, contradiction.

8. The Artin{Mazur formal group

We now go back to the situation in Section 1, such thatY is a smooth proper
threefold with !y = Oy endowed with a smooth morphismf : Y ! P! whose
geometric bers are K3-surfaces with = 22 in characteristic p > 0. The goal of
this section is to compute the Artin{Mazur formal group ¥ of such Calabi{Yau
threefolds. Let me recall some de nitions: If A is a local Artin k-algebra with
maximal ideal | A, we may view the sheaf 1 +I ¢ Oy as an abelian subsheaf
of (A ¢ Oy) . This gives a functor of Artin rings 3 (A) = H3(Y;1+1  Oy).
Artin and Mazur proved in [2], Proposition 1.8 that, for schemes likeY, this functor
is representable by a 1-dimensional formal group.

Proposition 8.1.  The Artin{Mazur formal group 3 of our Calabi{Yau threefold
Y is isomorphic to the formal additive groupG,.

Proof. The referee suggested the following direct argument: LeW = W (k) be
the ring of Witt vectors, and W K be its quotient eld. It follows from [25],

Corollary 1 that the I|-adic Betti numbers b for the projective smooth schemeY
coincide with the W -rank of the crystalline cohomology groupsH ' (Y =W;Oy-y ). In
particular, H3(Y=W;Oy-w) K =0. On the other hand, the part of the F -crystal
H3(Y=W;Oy-w) K whose slopes fall into the interval [Q1) is the Dieudonre
module for the maximal p-divisible quotient of the formal group 3 (compare [22],
Remark 5.13 and [2], Corollary 3.3). It then follows from the classi cation of 1-
dimensional formal groups that 3 = G..

It follows from a result of Geer and Katsura ([10], Proposition 16.4) that the
Frobenius operatorF on the Witt vector cohomology H3(Y; W, Oy ) vanishes for all
i 1. Indeed, the Witt vector cohomology H 3(Y; WOy ) is the Dieudonre module
for the formal group 3.
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