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Preface

One of the core problems in materials science is how do the interactions between electrons
in a solid give rise to properties like magnetism, superconductivity, and metal-insulator transi-
tions? Our ability to solve this central question in quantum statistical mechanics is presently
limited to systems of a few hundred electrons. While simulations at this scale have taught us a
considerable amount about certain classes of materials, they have very significant limitations,
especially for recently discovered materials which have mesoscopic magnetic and charge order.

In this lecture, we begin with an introduction of Hubbard Hamiltonian and quantum Monte
Carlo simulations. The Hubbard Hamiltonian is a simple and effective model that has suc-
cessfully captured many of the qualitative features of materials. We then present numerical
methods for the computational kernels of quantum Monte Carlo simulations, Parts of the
lecture notes contents some of our recent work.

This lecture note, assembled in a limited time, is still a work in progress. Your comments
and suggestions are welcome.
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Lecture 1

Hubbard model and QMC simulations

1.1 Introduction

The Hubbard model is a simple and fundamental model to study one of the core problems in
materials science: How do the interactions between electrons in a solid give rise to properties
like magnetism, superconductivity, and metal-insulator transitions?

In this lecture, we introduce the Hubbard model and outline quantum monte carlo (QMC)
simulation to study many-electron systems. Subsequent lectures will describe computational
kernels of the QMC simulation.

1.2 Hubbard model
The Hubbard model is defined by the Hamiltonian:
H=Hk+H,+Hy,

where H, H, and Hy stand for kinetic energy, chemical energy and potential energy, respec-
tively, and are defined as the followings:

Hie = —t Z (CIU_Cjo—-i-C}L-UCiO—),
(Z’J>’g-

Hy = —p ) (nig +niy)

1 1
e = 03 (=3) (3)

and
e ; and j label the spatial sites of the lattice,

e the operators c;rg and c;, are the creation and annihilation operators for electrons located

on the ith lattice site with z component of spin o = +(up) or —(down), respectively.

e The operators n;, = cggci(, are the number operators which count the number of electrons
of spin ¢ on site 1.



e The hopping parameter ¢ controls the kinetic energy of the electrons, and is determined
by the overlap of atomic wave functions on neighboring sites,

e (i,j) represents the electrons only hopping to nearest neighboring sites.

e The term Un;in;— represents an energy cost U if the site i has two electrons on it
(nonzero only if both n; and n;— = 1), it therefore describes a local repulsion between
electrons.

The expected value of a physical observable £, such as the density-density correlation,
spin-spin correlation or the magnetic susceptibility x (see section 1.7), is given by

e M
(€) =Tr<5 7 ) (1.2.1)
where Z is the so-called partition function and is defined by
Z = Te(e”PM),
and f = kBLT is proportional to the inverse of the temperature T' and kp is Boltzmann’s

constant. Note that “Itr” is a trace over the Hilbert space describing all the possible occupation
states of the lattice, i.e.,

Te(e ™) = 3" (ile ™) (1.2.2)

2
where |1;) are any orthonormal basis of the Hilbert space. The trace does not depend on
the choice of the basis. One possible basis choice is the “occupation number basis” described
below.

In a classical problem where H = E is the energy, a real number, then exp(—SFE)/Z is
the probability. In a quantum mechanics problem, as we shall see, we will need to recast the
operator exp(—(H) in to a number. The ”path integral” method to do this was introduced by
Feynman.

Remark 1 The creation operators c}a and the annihilation operators c;; have the anticommu-
tation relations:

{ng, C;O',} = 5j7l50'70"7
{C}U, c}g,} 0,
{Cjaa clrf’} = 03
where the anticommutator of two operators {A, B} is defined to be AB + BA.

If we choose j = [ and ¢ = o/ in the second anticommutation relation, we conclude that
(c} )2 = 0. That is, one cannot create two electrons on the same site with the same spin. Thus
the anticommutation relations imply the Pauli principle. If the site or spin indices are different,
the anticommutation relations tell us that exchanging the order of the creation (or destruction)
of two electrons introduces a minus sign. In this way the anticommutation relations also
guarantee that the wave function of the particles being described is antisymmetric, another
attribute of electrons (fermions). Bosonic particles (which have symmetric wave functions) are

described by creation and destruction operators which commute.



Remark 2 According to Pauli principle, for electronic particles, there are four states at every
site:
no particle,

)
| 1) one particle with spin up,

| 1) one particle with spin down,

| 1) two particles with different spin directions.

Therefore the dimension of the Hilbert space is 4.
A different notation is also used to describe the states if the spin-direction can be omitted:

|0) :  no particle,
|1) :  one particle.

The actions of the basic operators on the states are (here we omit the i,o indices):

c: [0)=0, [1)=]0),
ch: |0y =11), |1) =0, (1.2.3)
n: [0)=0, [1)=]|1).

The last equation of (1.2.3) shows that the states |0) and |1) are the eigen-states of the operator
n.

These eigenenergies immediately illustrate one key aspect of the physics of the Hubbard
model: The single occupied states | 1) and | |) are lower in energy by U/2 (and hence more likely
to occur). These states are the ones which have nonzero magnetic moment m? = (ny — n ).
One therefore says that the Hubbard interaction U favors the presence of magnetic moments.
As we shall see, a further question (when ¢ is nonzero) is whether these moments will order in
special patterns from site to site.

Remark 3 The operator nyn describes the potential energy of the two electrons with different
spin directions if the two electrons are at some site:

nimy : |> :0, |T> :0,
4 =0, [1h =]t

The operator c;rciﬂ describes the kinetic energy of the electrons on nearest neighbor sites:

(1.2.4)

cleiyr = 00) =0, [o1) = [10),
110) =0, [11) =¢[[10) =0,

therefore if there is one particle on the i+ 1th site, and no particle on the ith site, the operator
c;-rcH_l will destroy the particle on the i + 1th site and create one particle on the ith site, so we
say the electron hopes from site i + 1 to site i after the action of the operator c;-rciﬂ.

1.2.1 Hubbard model when no hopping

Let us consider a special case of the Hubbard model, namely, there is only one site and no
hopping i.e. ¢ = 0. Then the Hamiltonian # is

H=0 (o= ) (o= 1) st ),



Note that the states |0),] 1),| |),| TJ) are eigen-states of the operator n,, and therefore also
the eigen-states of the Hamiltonian #:

HIo) = 410, =10 (k+5) 10,

M) =G0~ (et G) 10, AN = 11— 2ul 1),

Note the eigen-states are orthogonal and normalized, and based on the eigen-states 1; = |0),
| 1Y, | 4), | 1)), the Hamiltonian H can be diagonalized :

U
1
U U
v _ 4 _)
H— ((ilH];) = GRS . 1.2.5
((ilH1;)) U (utY) ) (1.2.5)
T 2m
Hence the operator e #7 can also be diagonalized:
e PH e_UTBdiag (1, U2+ BU/2HH) 62“’3) . (1.2.6)
The partition function Z is computed by
Z="Ta(e #™) = S (ile M) =5 (1426507 4 208 (1.2.7)

)

In this occupation number basis, the operators He 5%, nTe_fB%, nw‘ﬂfﬂ and nan_m{ are

e PH e*UTBdiag (%, (—p — %)eﬁ(U/ZJru)’ (—p — g)eﬁ(U/Hu), (% — 2,[1,)62”ﬁ>

4
'I’LTeiﬁH = eiﬁH{Oa ]-7 07 ]-} — erTBdia'g (0’ eﬁ(U/2+/'L) ? 0’ 62”ﬁ>
et = eBH(0,0,1,1) —s e~ diag (0, 0, eB(U/2+u),e2u,3>
nne P = e BH 0,0,0,1} — erTBdia 0,0,0, P
1y &

Therefore, the trace of the operators are given by the following:

Tr(’z'-[e—ﬁﬂ) = 7 (% +2(—p — %)eﬂ(U/Hu) + (% _ 2u)62”5> :

Tr((ng + ni)e_m{) e (265(U/2+u) + 262u,3> ’
]
Tr(nTnie*ﬁfH) = 1P
By the definition, the following physical observables can be computed exactly:

1. The one-site density p = (n4) + (n}) to measure the average occupation of each site:

n ny)e PH
p = (o) oy = G

2¢(2H1)8 | 9218

1+ 2e(5+1)B 4 g2u8



Potential energy E
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Figure 1.1: Potential energy E for t =0,u =0

In particular, when there is no chemical potential, i.e., u = 0, p = 1. One refers to this
as “half-filing” because the density is one-half the maximal possible value.

2. The one-site energy E = (H):

Tr(He P%
B o= (= X "D
Tr(Z)
U @2uAU)e(5B gy e2m8
4 1+ 2e(51)B 4 (208
In particular, when there is no chemical potential, i.e., u =0, p=1. E = % -5
2(1+e" 72 )
3. The double occupancy (n4n,) is
( > Tr(nTn\Le_fBrH) e2nB
n+n - = .
[ Tr(Z) 1+ 92e(7+1)8 + e2u8
In particular, when there is no chemical potential, i.e., p = 0, (n4n)) = ﬁ. Note
2(1+e2

that as U or § = 1/T increase the double occupancy goes to zero.

1.2.2 Hubbard model when no Coulomb interaction

When there is no Coulomb interaction (U = 0), the two spin spaces are independent of each
other (#H breaks into two separate pieces in which 1 and | terms never occur together). In this



case we can consider each spin separately. If the spin is omitted, the Hamiltonian H becomes:

7-[——thc]+ccZ an

(i,)
Since the number operator n; = cgci, the Hamiltonian H can be rewritten as a bilinear form:
H =T (—tK — pl)é,

where I is the identity matrix, the matrix K describes the hopping relationship (i, j), and

C1
- 02 .
CN
For one dimensional (1D) lattice of N, sites ,
0 1 1
1 0 1
K=K, =
1 1 0 Ny x N,

7

This form of K incorporates “periodic boundary conditions (pbc)” in which sites 1 and N, are

connected by ¢. The use of pbc reduce finite size effects.
For two dimensional (2D) rectangle lattice of N, x Ny sites:

K=Ky=I,9K,+ K, ®1I,,

where I, and I, are identity matrices with dimension IV, and N,.
The matrix K has the eigen-decomposition:

K =F'AF, F'F=1,
where A = diag(\;) is a diagonal matrix, and \; are the eigenvalues of the matrix K:

Ak = 2cos Oy, for 1D lattice
Ak = 2(cos Oy + cos b,y), for 2D lattice

2k, _ 2k,
where O;iw = ky = 0,1, , Ny — 1 and 0, = Nf ky=0,1,--- ,N, — 1.
Let ¢ = Fé, &l = (F&)f, then the Hamiltonian 7 can also be diagonalized:

H=Cl(—th— p)E =" ey, (1.2.8)
k

where €, = —tAr — i, and ny is a new number operator: n; = ELE;C.



Remark 4 It can be shown that the operators cp obey the same anticommutation relations as
the original operators c;. Hence they too appropriately describe electrons. Indeed, the original
operators create and destroy particles on particular spatial sites © while the new ones create
and destroy with particular momenta k. Either set is appropriate to use, but the interaction
term in the Hubbard model is fairly complex when written in momentum space.

Therefore, the partition function Z can be written in the form

Z =[]+ ).
k

Subsequently, we have following expressions for physical observables of interest.

1. the density p (per site average occupation) means the average occupation of the each

sites:
1 N
p=(n) =5 D {mir +mip) =Y 1+ 7" (1.2.9)
i=1 k
2. The energy F is:
1 €+ 1
E=(H) =52 Far1 (1.2.10)

For the sake of completeness, we will also write down here the expression for the “Green’s
function” in the U = 0 case. This quantity plays a key role in the discussion of the matrices
arising in the simulation which follows.

1

Gin = (ach) = 5 D DL - fi). (1.2.11)
k

Here f; = 1/[1 + eP(<=(F)=1)]. Notice that G is just a function of the difference n — . This is a
consequence of the fact that the Hamiltonian is translationally invariant, that is, with periodic
boundary conditions, there is no special site which is singled out as the origin of the lattice.
All sites are equivalent.

At T =0 (8 = o0, the contours in the right side of Figure 1.2 separate the k values where
the states are occupied fr = 1 (inside the contour) from those where the states are empty
fr = 0 (outside the contour). The contour is often referred to as the ‘Fermi surface’. There is
actually a lot of interesting physics which follows from the geometry of the contour plot of €.
For example, one notes that the vector (m, 7) connects large regions of the contour in the case
when p = 1 and the contour is the rotated square connecting the points (m,0), (0, 7), (—,0),
and (0, —m). One refers to this phenomenon as ‘nesting’ and to (m,7) as the ‘nesting wave
vector’. Because the Fermi surface describes the location where the occupation changes from
0 to 1, the electrons are most active there. If there is a wave vector k¥ which connects big
expanses of these active regions, special order is likely to occur with that wave vector. Thus
the contour plot of ¢ is one way of understanding the tendency of the Hubbard model to have
antiferromagnetic order (magnetic order at k = (w, m).)
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Figure 1.2: Left: € for U = 0 and p = 0. Right: the contour plot of ¢

1.3 Approximation of the partition function using discrete Hubbard-Stratonovich
transformation

For simplicity, we will consider the chemical potential ;. = 0 which corresponds to the important
half-filled-band case. It turns out that many of the most interesting phenomena of the Hubbard
model, like magnetic ordering and insulating-metal transition, occur at half filling.

Since the operators Hx and Hy do not commute, we apply the Trotter decomposition, i.e.
, divide 8 into L smaller subintervals 7 = % Then the partition function Z is approximated
by

L L
Z =T (e*ﬁ”) =Te ([[e ™| =1 | [Je e ™ ) +0(). (1.3.12)
=1 /=1

Note that e 7"% are quadratic in the fermion operators.

For each factor of the L terms e~ "V, we introduce N Hubbard-Stratonovich variables
(The collection of all these variables is often called the “ Hubbard-Stratonovich field”), one for
each of the spatial sites:

e THV = o UTXL (nir—3)(nie—3)
N
- He—UT(ni+—%)(ni——%)

i=1
1 r
= H Ee_UT Z evhi(niy—ni-) | (1.3.13)
=1 h;==+1

Here for the last equality, we have used the following discrete Hubbard-Stratonovich transfor-
mation, which replaces the the interaction (potential energy) terms n; n;,— = c;-r +ci+c;-rfci_ by



quadratic ones.
Lemma 5 (Discrete Hubbard-Stratonovich transformation, [1, 2]). If U > 0, then

e Uris—3)ni-—3) — ¢ Z eVhi(mig—nic) (1.3.14)
h;=%1

U _
where coshv = e2 and the constant C7 = %e

PROOF. On every site i, the particles have four states: |-),| 1), | /) and | 1)), and the following
lists the actions of the operators (njy — 1)(nj— — 1) and (ni — n;—).

(ni-i- — %)(ni— - %) (ni-i- — ni—)
) il 0)
B -3 1)
| —il ) |
| 1) ) 01

Now for the operator eiU(””fé)("F*%):

and
And for the operator %67% Y ohi—t1 evhi(niy—ni-),

1 v i(ni ; g
Ee,z Z ehimis—nio)yy — e~ Tqh, 4p =) or | 1),

h;==%1
and ) )
so & 3 ey — S H (@ e, =[P or | 1),
h;==%1

Therefore if we let

e’ +eY y

— =

2 b

then the discrete Hubbard-Stratonovich transformation holds. O

Remark 6

e Note that in the proof, U is required to be positive, otherwise no real number v exists
such that coshv = e .

e For U <0, the Hubbard model is called the attractive Hubbard model. A similar discrete
Hubbard-stratonovich transformation also exists, see [3, 4].

e Fwven for the discrete version, the transformation is not unique. There exists a class of
transformations, see [6, 10].



10

Let us continue to rewrite the term e~77*V from the expression (1.3.13). For the sake of
simplicity in expression, consider N = 2,

e~ THY (C1)2 Z euhl(npr—nl,) Z el/hg(nng—nz,)

h1=+1 hao=+1
2
= (C))? Z e2i=1 Vhi(nit—ni_)
h1=x1,ha==%1

(Cl)QT‘I'hezizzl Vhi(ni+—ni_)‘

In the last equation, a new notation Trj, is introduced, which represents the sum for different
h; = +1.
By the definition of the notation Trp, for general N, we have

e THY  — (CI)NTrheZéN:l vhi(nit—n;-) (1.3.15)
= (C))NTx, (ezfvzl vhini o3, *Vhi”if) (1.3.16)
= ()T ), (13.17)

where the operators Hy, and Hy_ correspond to spin-up and spin-down, respectively.
Therefore in every time slice £, the operator e ~7*V can be transformed as quadratic forms:

o THY _ (CI)NTrhl (GHVH eHsz). (1.3.18)

Denote
l/hgyl
Vi(he) =
vhy N

Then the operators Hy,, and Hy,_ can be written as

N
HVH = th[,ini+ = éiVZ(hg)a-,
=1
N
’HW_ = - thl,ini— = —é'jVZ(hg)E_,
=1

Note that the Hubbard-Stratonovich variable hy ; has two indices, space 7 and “imaginary-time”
L.

Finally, after interchanging the traces and applying the identity in (1.3.21), Z is rewritten
as

L L
7 = (ca)Nquyn:<IIeTHK+e”VJ+> (IIeTHK—e”VJ> (1.3.19)

/=1 /=1
= (C1)NETry, det My (h) det M_(h). (1.3.20)
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where M,(h) = I + By ,Br, 1, Bi, and 0 = £. The N x N matrix By 4 = e/"KetVt
corresponds to the operator e 7K e 7M1V Note that the error in the Trotter decomposition
(1.3.12) is omitted.

Note that the equality is based on Hirsch’s argument[2]:

if every Hy is in quadratic form:

He="cl,(Hi(0))ijcjor

ijo
then

Z = Tr(e M0 eHa(0) ... = HL(9)y = qet(T4e~H1(@)e=H2(0) ... o= HL(9)) (1.3.21)

Remark 7 When U =0, M,(h) are constant matrices which does not depend on the configu-
ration h, and the Trotter decomposition are exact.

Remark 8 It is a rather amazing thing that a quantum problem can be re-written as a classical
one. The price for this is that the classical problem is in one higher dimension than the original
quantum one: the degrees of freedom in the quantum problem c; had a single spatial index 1
while the Hubbard Stratonovich variables which replace them have an additional ‘“4maginary
time’ index I. This mapping is by no means restricted to the Hubbard Hamiltonian, but is
generally true for all quantum mechanics problems.

1.4 Determinant QMC

At this stage, the evaluation of the partition function Z has been reduced to a classical monte
carlo problem: sum over the possible configurations of the real variables h = {h,;} with the
Boltzmann weight (the product of the two ”fermion determinants):

1

() =

det M (h) det M_(h),

where the partition function Zj, is
Zy, = Try, det M (h) det M_(h).

By continuously updating the configuration A and computing the determinants of M, (h), the
determinant QMC (DQMC) method can be developed.

Before we discuss such a DQMC method, one thing should be understood: How to update
a new configuration A’ form an old configuration h. The answer for this question is to use the
Metropolis-Hasting algorithm, for example see [1, p.111]. Alternatively, one simpler strategy
is to try to flip hy; only on one given site (£,1):

hy; = —hag, (1.4.22)

and then accept or reject the new configuration.
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The following is an outline of the DQMC simulation [1].

DQMC

1. Choose an initial configuration A(9). Let s =1, £ = 1.

2. Given current configuration h(™,
(a) Try the new configuration h' by single spin-flip sampling: hjy; = —he;.
(b) Generate one random number r ~Uniform|0, 1] and update

h(n+1) _ { hl’ lf’f' S mln{l det(M+(h’)M7(h’))}

» “det(My (R)M_(h)) (1.4.23)

R, otherwise.
(c) Go the next site (¢,mod(i+1, N)+1) and repeat updating, and if i = IV,
then ¢ = mod(¢+ 1,L) + 1.
3. At certain measurement step, physical measurements are obtained from the
elements of the inverse of M, (h(™).

Remark 9 By the only one site update at every Monte Carlo step, the block matrices B; are
the same except the rank-one updating for © = £. This simple observation is very important.

Based on this observation, it is possible to compute the Metropolis ratio dcift((]\f/;f?f;;%j%))) and

the inverse of My(h) efficiently.

1.4.1 Physical measurements

By sampling the configurations A, many important physical measurements can be obtained
from the single-particle Green’s function G;; = (cic;r-) Hirsch has shown that the single-particle
Green’s function can be computed from the inverse of M (h)(here we omit the spin parameter
o):

Gy = (M(n));' -
By applying Wick’s theorem, the two-particle Green’s function can obtained from one-particle
Green’s function:

Gijri = (C;rc]')(czcl) + (c;rcl)(c;f.ck).

Then at every measurement step, the physical observation can be computed from the Green’s
function. For example, by using anticommutation relationship:

t

- )
c;ci =1 —cc;,

the density p = (n) can be obtained by
N

() = )+ () = 5 D (i) + ()
1 N =1
= <> (2 (el — feacl)
=1
N

1
= 2- ﬁl_zl (Gii+ + Gii—)-
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Therefore if we sample the configurations Ny times: R, j=1,2, .- Ny, then the density pis
estimated by

N -1

1 O (n) ) !
p:<n>:2_NNgZZ((M+(h )>u +(M_(h )>u>

7j=11i=1

Note that the dimension of the configuration space is 2V, therefore, it is impossible to sample
directly or to use a simple Monte Carlo method.

1.5 Approximation of the partition function using continuous Hubbard-
Stratonovich transformation

The discrete Hubbard-Stratonovich transformation is the most efficient way to do DQMC in
its standard form. However, in order to formulate new ways to do DQMC, it is necessary to
have variables which are continuous.

The procedure summarized in Section 1.4 is the one used in most DQMC codes today. Many
interesting physical results have been obtained with it. However, it has a crucial limitation:
At the heart of the procedure is the need to compute determinants and inverses of matrices
which have a dimension the spatial size of the system, N. Thus the algorithm scales as N3.
In practice, this means simulations are limited to a few hundred sites. In order to try to
circumvent this bottleneck and develop an algorithm which scales better with N we will need
to reformulate our problem in a number of ways:

1. Replace the discrete Hubbard Stratonovich field be a continuous one.

2. Express the determinant of the dense N dimensional matrices M, (h) as Gaussian inte-
grals over larger (VL dimensional) sparse matrices. We shall now describe each of these
steps in detail.

Instead of using discrete Hubbard-Stratonovich transformation to approximate the parti-
tion function Z, one can also introduce a continuous Hubbard-Stratonovich variable z;; at
each lattice site 7 and time slice [ and then perform the continuous Hubbard-Stratonovich
transformation as described in the following lemma. The continuous Hubbard-Stratonovich
transformation is based on the Stratonovich identity: for any scalar a > 0

1.2

%aQ 1 > —gri—za g
e = — e .
V2T )

Lemma 10 (continuous Hubbard-Stratonovich transformation) For U > 0, we have

)

erT(ni+7%)(ni77%) _ 02 /OO dxefT[m2+(2U)%:L‘(niJrfni,)}
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PROOF. First we can verify that
1 1 1 1
(nt = 35)(ny —5) = —5(ny - ny)? + 7

Note that (n+ —n)? and ny —n, can be diagonalized based on the eigen-states of the operators
ng, then the Stratonovich identity still holds if we replace the scalar o by the operator ny —n:

U (ny—my)? _ / 2_(UT)} (np—ny)e
e dr.
\/27r
Let ' = \/LQ—T, we have
Jrn—ny)? _ VT / (@2 +(20)? (n1—ny)2) g

Combining the above equations, we obtain the continuous Hubbard-Stratonovich identity. O
Returning to the approximation of the partition function Z, by the continuous Hubbard-
Stratonovich identity, we have

) +oo +oo 2 L 1
e THyT — (CZ)N/ e / dagze”" 22T i (QU) 2wy o= 30, (2U) T3y i
— 00 — 00
—_—

i

= (C)V /[595]6T 27 Mviy v
where the operators Hy,, and Hy, correspond to spin-up and spin-down respectively:
Hy,, = TZ (2U)2agmiy = & Vilhe)ey,
Hy, = —TZ (2U %xg,ini, = —é’T_Vg(hg)EL,

and the diagonal matrix

1 .
Vi(ze) = (2U)2diag(xe,1, o2, - - - » To,N)-

Denote Sp(z) =73, z7 ;, then similar to the derivation in section 1.3 (see equation (1.3.19)),
by the Trotter approximation:

L
7 = Ty (H eTHKeTHV>
(=1
L
= (Co)NE /[6;17 ~Sp(z (H eH“e%”) Tr (H em—e%‘—>
/=1
L
= (Co)NE /[6:5]6_53(’”) det (I + HetTKeTVl(”)> det (I + H etTKe_TVf(”)>

(=1 (=1

= (Cy)NL /[5$]65B(I) det M (z) det M (x),
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where the submatrices By, (x¢) = el™Ke=07Ve(20) and the matrices M, are:
M,(x) =1+ Bro(zr)Br-10(zr-1) - B1s(z1), o==. (1.5.24)

Therefore the partition function Z is approximated by:
Z = (Cy)NE / [62]e52(®) det M () det M_(z). (1.5.25)
By particle-hole transformation?,

1
det M_(z) = e TU)? Lei®ti det M, ().

Then the product of determinants e~ 8(") det M (x) det M_(z) is positive definite, so that it
can be used as a Boltzmann weight, and the probability of the configuration is given by

1
P(x) = Z—e*SB(“") det M, (z) det M_(x)
x
where the partition function Z, = [[6z]e™%3®) det M (z) det M_(z).
We can replace the determinant in the Boltzmann weight P(z) by using the following two
facts:

1. Let
I By
—By I
M = —Bg I ,
—-B;, I
then
det(M) = det([-l—BLBL_l---Bl). (1526)

The proof can be easily derived based on the following lemma.

Lemma 11 If a matriz A is a 2 x 2 block matriz,

A A
A=
[ Ay Ag ] ’

then
|A] = |Ag2| [ F11| = |A11| | Faz],

where Fi1 = A1y — A1aAyy Aot Fag = Agg — A9 AT} Aso.
2. If one matrix A is symmetric and positive definite, then

/G_UTA_lvd’U _ (ﬁ)dim(v) det(A%),

!See the note on an algebraic version of the particle-hole transformation
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Therefore, by introducing two auxiliary scalar fields ®; and ®_, we have

NL -1

det M, (x) = det <(MT(:L‘)MU(:E))%> — 7% [ ¥ (MI@)Mo(2)) @0 (1.5.27)

o

where 0 = =£.
Denote O, = M! M,, combining (1.5.25) and (1.5.27), an approximation of the partition
function Z is expressed by the following form

Z = (Cy)NE / [62]e52(®) det M () det M_(z)

NL
_ (@) /[5x5q)+5(1)]e(SB(m)+<1>+o+1q>++q>_o_1<1>_)

™

NL
(9> / [020® 6B e~V (@),

™

where V (z,®,) = Sp(z) + 70 '@, + ¢T0Z'®_.

1.6 Hybrid QMC

Now we are in a position to consider how to move the configuration z which satisfies the
distribution:
P(z,®,) o e V(@2

Similar to the DQMC method, one can try to move {z,;} at every site 7 and imaginary time ¢
at every MC step. An alternative popular way is to move the entire configuration x by adding
some Gaussian noise

oV (x,®,)

ox
where Z; follows the standard Gaussian distribution. This method is called Langevin-Euler
moves, for example, see [1, p.192]. It has the advantage of changing all = simultaneously.

Spurred by the popularity of the molecular dynamics method, Scalettar et al [8] proposed a
hybrid method to move z by combining Monte carlo method and molecular dynamics method.
Like the Langevin method, all the = change together in a single step.

In the molecular dynamics procedures, another auxiliary field p = {py;} is introduced,
based on the identity

Az = — At + Vv AtZt,

oo 2
/ dpgie P = /.

—00

In this case, the partition function Z can be rewritten as

— Co M —V(z)
z = |— 020D dP_]e

™

— (C’2)NL71-7% /[5$5p5(1)+5(1)]6_(21,1']7%,1-4“/(1'))

(Co)NVEr= 55" / [520p5® , 6 _]e H(wn2e)
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The field configurations {z,p, ®,} obey a probability distribution proportional to exp(—H) :

1
P(l‘?p? @+7 Q—) = Z—He_H(x’p’©+,q)7),

where the partition function Zy is defined as:
Zy = / [020p®.4 6B _]e~ 1 (@P:Po)
Now we move current configuration (z,p, ®,) to a new configuration (z’,p’, ®’) by molecular

dynamics method. One such an approach is

1. Generate two vectors of Gaussian random number R, each component of which has a
probability distribution proportional to exp(—R?,o_), and define

d, = M'R,.

2. Fix the fields ®,, then move p to a new position, and regard the current (x,p) as an
initial value (2(0),p(0)), and move (x(t),p(t)) to a new configuration (z(T"),p(T)):

(a) Set each py; equal to a Gaussian random number with probability distribution
proportional to exp(—p?’l).

(b) Regard (z,p) as an initial values, then move to a new configuration (z(T"),p(T)) by
some MD procedures:

. om v

Pei = (9:54,2' - (9:54,2',

. oH

Te; = = 2pg;
Op;

Remark 12

1. The fields ®, and p are auxiliary fields, here we first fize the fields ®,, vary the fields p,
and move (x,p) together. It is possible to use different moving order.

2. We can take the measurement step outside the loop or inside the loop, just depends on
whether £(0) and z(T) are far away enough.

3. From Liouville’s theorem, we move along a trajectory in which both H and the differential
volume element in phase space are constant and the system is equilibrium, that is, if the
probability distribution of the fields is given by

1
P(IE,p, (I)O') = Z_HefH(:L‘,p,'@g)’

then the molecular dynamics steps will keep it in equilibrium.
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The leap-frog method is a simple and efficient numerical method to move the configuration
(2(0),p(0)) to (2(T),p(T)) according to the Hamilton’s equations:

apg,i _ ov
ot N aﬂig,i,
8m“
L= 2py.
8t pé,

The leap-frog method goes as the follows:

t+At 1
zpi(t+ At) —zi(t) = / dt'2pe ;i (t') = 2pe(t + 5At)At +0(At3) (1.6.28)
t

1 t+3 At ’ A
m’i(HgAt)_m(HaAt):_/ : dt,av(t) _OV(t+ A

At + O(AE).29
t+1at O0zp; 0z (AL6-29)

Note that at the first step, we need to update the moment py; at half step:

W)L, + O(At?). (1.6.30)

1
(t+ =AE) = ppy(t) —
pl,z( + 92 ) pl,z( ) 635471- 9

The approximation is the leap-frog method if we omit the high order term.

Remark 13 The leap frog method has another equivalent formula:

2
z(t+At) = xz(t) + Atp(t) — ATtg—Z(t),
pE+AY = p(t) - % (g—‘;(t) + %w At)) .

For large time steps At, the discrete error of Leap-frog method becomes large and e~ (#:2:%5)
is not constant, then a Metropolis acceptance-rejection step is needed.

In the limit of small At a molecular dynamics step keeps H constant. One can view this
as certain type of Monte Carlo move in which the energy does not change. The Metropolis
algorithm tells us such a move should be accepted with probability p = 1. Unfortunately, we
have to use finite At and so H is not precisely constant. In order to keep the simulation from
being biased by this fact, we need to add an acceptance-rejection step with exp(—AH).

Now we are ready to present a hybrid quantum monte carlo (HQMC) method.

HQMC

1. Generate two vectors of Gaussian random number R,, each component of
which has a probability distribution proportional to exp(—RZZ,U), and a heat-
bath updating of @, is made:

D, = MIR,.
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2. Set each py; equal to a Gaussian random number with probability distribution
proportional to exp(—p?}l).

3. Fix ®,, and regard current (z,p) as initial values, then update (z,p) by leap-
frog method:

. e LA
(a) pis evolved through a time 5A#:

1 oV (t) 1
i+ =At) = pyi(t) — —At. 1.6.31
pei(t + 5 At) = peit) Dres 2 ( )
(b) Next, of order 1/At molecular-dynamics steps are made using Eqs. (1.6.28)
and (1.6.29):
1
xpi(t+ At) — 21(t) = 2pgi(t + §At)At, (1.6.32)
1 t+ At
peilt+ 38 —pritt+ fan = ~EEAD (4 6.33)
’ 2 ’ 2 0z ;

4. Acceptance-rejection: Generate one random number r ~Uniform[0, 1] and
update
. . —H(2(T),p(T),®c)
(@(T),p(T)) = { (=(1),p(D)), if7 < min {1, ey |

(z(0),p(0)), otherwise. (1.6.34)

5. Repeat step 2 and step 3 Ny p times, then Goto step 1.

Remark 14 The Langevin-Euler update is equivalent to a single-step hybrid Monte Carlo
move[1]. The molecular dynamics and Langevin are two alternate methods which both have the
virtue of moving all the variables together. Which is better depends basically on which allows
the larger step size, the fastest evolution of the Hubbard-Stratonovich fields to new values. We
are using these because we do not want to change the fields one at a time with monte carlo.

The computation of %—‘; . For simplicity, here we denote K = /"X and V;, = e 7. In
order to obtain 3‘1—‘_/1, 227071 ¢}4uld be computed. Let X = O~'®,

Oz ;
dTO1®
or 0 @ _ —@To—lﬂo—lq) __x1 99
(9:54,2' (9:54,2' (9:54,2'

Since O = MT M, it follows

M

x7 29 y _ 2(MX)T oM
Oy T

)

Note that M can be writen as
M=1- K[L]diag(Vg)P,
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where
0 -1
I 0
K[L]:diag(K,K,...,K), P = .
I 0
Since only vy ; depends on x,;, we have
odiag(Vy) vy,
= diag(0 0 =0 0
833[77] g( ? ? 7833[77]7 ) ) )
Therefore 50 9
Vg T
-xT X =22 (KL, MX); ;(PX)y,.
0z 3$é,i( [Z] Jit(PX)es

Note that V(z) = Sp(z) + >, ®-0,'®, and vy, = eXp(—O'T(2U)%Ig,i), then

W=

=27 — 2020)27ug (KM OL @) (PO @y )y

W=

+ 22U)2Tog, (KM _OZ'® )i j(POZ @ )py .

1.7 Physical measurements

In this section, we formulate interesting physical measurement quantities which can be obtained
from the equal-time single-particle Green’s function G;; = (cw}) and unequal-time single-

particle Green’s function G(¢1,4;42,7) = (¢ (El)c; (£2)).
Hirsch proved that the equal time Green’s function

(cicl) = (I + BBy -+ By)

and the non-equal time Green’s function
(Ci(el)C}(€2)> = (By, By, -1+ Bey11(I + By, -+~ B1Bp -+ By, 1) Yij

At every measurement steps in the HQMC simulation, the equal-time Green’s function G; can
be obtained from the diagonal block of M~' and the unequal-time Green’s function Gy ists,j
can be computed from the (/1, /) block submatrix of M ~!.

Remark 15 The inverse of M is known explicitly, and of the form
M1t=w"z,
where

I+ BBy - By
I+ BsB By, --- Bs

I+ BBy 1B
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and
I I -ByBy,---By —-ByBp---By --- —B1 By, -By i
B I —BoB1By,--+By - —B9B1 By, —ByBy
p B3 B, Bs I .-« —B3ByB1Bj, —B3ByB;
By 1By Bp_i---Bs By 1By T —Bjp_ 1+ BsBy
By -+ By BL---Bs By -+ By By T |

In other words, the (£1,¢3) block submatriz of M~' is:
(Mo, = (I + By, - BiBr -+ By 1)~ Ziyga,

where
Belel—l T BéQ-I-la gl > 62

Zpe, = 1, by =4ty
_le"'BlBL"'BZQ-I—la gl <€2

where By, = By if {2 > L.

1.7.1 Equal-time Green’s function G

The Green’s function is translationally invariant. It only depends on the & = 7 — j and not
i and j separately (see (1.2.11)). By averaging over all the equivalent values, the equal-time
Green’s function G will give us a better estimate (small error bars).

The equal-time Green’s function G is defined by: for 0 < k, < % and 0 <k, < %,

_ 1

Glhaby) = g 20 2 (Gi(d) + Gu(ind)

liz—jo|=ke |iy*jy|:ky
where the factors z ¢, and ys,. are defined as
; —0 N : —0 M
a0 = 1 ifk, —-0, 5 Yfae = 1 if ky —‘0, 5
2 otherwise. 2 otherwise.
1.7.2 Two-particle Green’s function

By using Wick’s theorem, if oo # 3 # d # ~y, then

< c];c:g%ca >=< cleq >< cleg > — < cleg >< chea > .

1.7.3 Equal-time density-density correlations
The “up-up” density-density correlation is defined as
(nipngp +niyng|) /2.

Ifi=y
(nitnjr + migng ) /2 = (nir + may) /2,
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and if 7 # j,
<minj >=<n; ><nj > — < ¢jel >< ¢iel >,
therefore the correlation is
(nitnjr +ning ) /2 = (1= G1(6,0))(1 = G4(5,5)) + (1 = G1(i,9)) (1 — G1(4,))
The ‘up-down’ density correlation is defined as
ity
which can be computed be

<nirngy >= (1= G4(4,2))(1 = Gy (7, 7))-

1.7.4 Equal-time spin-spin correlations
The spin-spin correlations measured in the z and in the z direction are
¢ = (CIUzCi)(C}Uij) =< (nir — nip) (njr —njp) >,

Gy = (cgaxci)(c}faxcj) =< (C;'LTCN + CLCZ'T)(C;TCN + c}ich) >,

[1 o0 o1
2=l 10 T 1 0|

< (niT — nu)(an —nji) >=<npngr >+ < nynjp > — <N >N > — < nyp >< gy >

where ¢; = (¢it  ¢;), and

and

If i = 4, since
< mignjr >=< nf >=< ng >,
then
< (nip—nip)? >=<mp >+ <ngp > =2 <ny >< g >
If 4 # 7, then
< (i —mi)(mjr —mjp) > = (<K > — <ngp >)(<njp > — <njp >)
- < chczTT >< CiTC;T > =< cﬂczi >< Cii¢;¢ > .

Therefore the spin-spin correlations in the z direction are computed as

2 — Gy(i,3) — Gy(4,1) —2(1 — G (4,4)) (1 — G4 (4,19)), 1=7.
{ (G (i,7) = Gu(6,0))(Gr(5,4) = Gu(5,9)) = Gy(5,0) G (4, 5) — GL(5,0)G L, ), i F#

For the spin-spin correlations in the z direction,

2z

__ it T T T T T T T
Clj =< CqCil ey F Cpil G Cit + € CipCiaCl) =+ ¢ Cincj Gt >
We will prove that the first and fourth terms on the right hand are zeros, then if 7 # 7,
Cf =< chewel ejy + el cnelyej, >= —Gr(,0)G, (0. ) - G, )G (i, )-
Iti=j,
CF =< cheiel i + ¢l cirel g, >= Gii, i) + Gy 6,9) — Gr(i,i)Gy (i,1) — Gy (3,6) G, ).
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1.7.5 Staggered Susceptibility

1 B

x = 3 | ar et < [} (T)ozci(7)] x [ch(0)0c;(0)] >
irj
B w
_ Vis 0 dTZ(_I)er] < [niT(T) — nil(T)] X [an(O) — nji(o)] > .
2y

Here we use the usual z component of the magnetization. Because of rotational invariance, we
can use the z or y components. It turns out that the transverse (x or y) components provide
a significantly less noisy estimator for x:

B o
X:ﬁél<h§;—wﬂ<pﬂﬂ%qum§@%qmn>. (1.7.35)

We will define . .
x(q,w) = Z et Z e“Tx(l, 7). (1.7.36)
l T

1.8 Pseudo-code of HQMC

The following is a pseudo-code of a full HMQC we have implemented.

HQMC

1. Initial step:

e Generate Gaussian random numbers R;; ,, and compute ®, = M, (,T R,;
(0)

[N
2. MC step, this step will run MAXKMC times
(a) MD step (MDx.f)
i. Generate Gaussian random numbers pal;

s 5 0)
ii. Initial step: pé%) = pgol) — %%At
’ ’ T

e Setup initial value of =

iii. MD will run & steps:
A. "EE,IZ) — xz(.?l) = 2p%)At,
B-pg)—pﬁ)Z-f%%%DAt
(b) Move z(¥ to a new conﬁglfration (1, compute e #(@P-®7) (hamiltonian.f)
H(z,p,®,) =pTp+ Sp(z) + ®,07' 0 +&_0"'D_.

Using Metropolis algorithm to decide whether we accept the configuration
zM: If 2 is accepted, then z(0) = 2.
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(c) If measurement is needed, enter measure step.
(d) Goto step 2.
3. Measure step:
(a) Get X, from M,X, = R,
(b) Obtain the unbiased estimate Ml_fg =2X;,Rj,
(c) Get the statistical error bar.
(d) Update R;;
(e) ®, = MI'R,.

Remark 16 The force term 3?;"”) 18 computed by the subroutine PVPXdownx.f as described in
section 6.
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Lecture 2

Hubbard matrix analysis

Before achieving our goals of developing robust and efficient algorithmic techniques and high
performance software for QMC simulation. we need to understand the mathematical and
numerical properties of the underlying matrices, such as eigenvalue distribution and condition
number. In this lecture, we study the dynamics and transitional behavior of these properties
as functions of the multiscale parameters.

2.1 Hubbard matrices

The Hubbard matrices M introduced in Lecture 1 are block L-cyclic matrices of the form

I By
—By, I
M = —Bs3 I , (2.1.1)

-Br, 1

where
e [ isan N x N unit matrix, IV is the spatial size of system, N = N, x Ny. N, is the
dimension of z-spatial lattice, and N, is the dimension of y-spatial lattice.

e For /=1,2,..., L, matrices By are N x N and are of the form
By =™KV, (2.1.2)

e ¢ is hopping parameters, and 7 = %

e The matrix K is defined by

K=I,9K; +K,® I, (2.1.3)
where I, and I, are identity matrices with dimension N, and N, and
0 1 17
1 0 1
K K, = . (2.1.4)
1 0 1
- 1 1 =

26
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e For £ =1,2,..., L, matrices V; are diagonal
Vg = u- diag(hm, hg,g, ey hg,N), (2.1.5)

where v is a parameters defined by coshv = e%, and hy ; are random variables. In the
DQMC, hy; = 1 or —1 with equal probability (two-point distribution). In the HQMC,
he; are given from a molecular-dynamics (MD). Note that by the Taylor expansion,

3
v=+1U+ % + O((TU)?).

The matrix M is referred as a multiscale matrix since the dimension and properties of M
are characterized by multiple length and energy parameters

e Length parameters: N and L

— N = N, x Ny is the 2D spatial size. It measures the number of electrons being
simulated.

— L is the number of blocks, it is set by the inverse of the temperature.
e Energy-scale parameters: ¢, U and

— t determines the hopping of electrons between different atoms in the solid and thus
measures the material’s kinetic energy.

— U measures the strength of the interactions between the electrons, that is the po-
tential energy.

— [ is the inverse-temperature
e The parameter connecting length and energy scales: 7
- T= B/La

— 7 is an imaginary-time parameter, a measure of the accuracy of the Trotter decom-
position.

In more complex situations other energy scales also enter, such as the frequency of ionic
vibrations (phonons) and the strength of the coupling of electrons to those vibrations.

The following parameter ranges are of practical interests:
e integer N = N; X Ny, =4 x 4,8 x 8,16 x 16,32 x 32

e integer L = 8§,16,...,80,...,160,...,320,

e real number { =1

e real number U € [0, 6]

e real number § € (0, 20]

e real number 7 =1/8,1/16,1/32.

In summary, the key features of these matrices are
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Figure 2.1: A typical MD trajectory.

e M incorporates multiple structural scales: The inverse temperature 8 determines the

number of blocks L = 3/7, where 7 is a discretization stepsize. Typically L = 10 to 102.
The dimension of the individual blocks is set by N the number of spatial sites. In current
2D simulations N = N, x N, o 102, Thus the total dimension of the M currently being
studied is 10%*. Our goal is to extend this by an order of magnitude to 10°.

M incorporates multiple energy scales: The parameter ¢ which enters K determines the
kinetic energy of the electrons, and the interaction energy scale U enters V.

M is a function of a collection of NL variables, the Hubbard-Stratonovich field hy;.
The role of the simulation is to determine the configurations of these variables which
make large contributions to operator expectation values, and then to sum over those
configurations. Therefore, the associated matrix computation problems, such as det(M)
and (MT M)~1b, need to be solved 10* to 10° times in a full simulation, see Figure 2.1

The numerical linear algebra problems which enter quantum simulations are the following:

1.
2.

. Computation of

Solution of M Mz = b is needed in a molecular dynamics step.

Computation of specific elements of the inverse (M *l)ij. These determine all the physical
observables: energy, density, magnetic moments, etc.

. Computation of det(M), the probability of the configuration hy;.

det (i)
det(n)
decision of a monte carlo move involving a change to a small number of hy;.

, where M is a low-rank update of M is needed in the accept/reject

The computational challenge is to increase the spatial dimension N = N, x N, from
0(10%) to O(10%), that is, to do a 1000 electron QMC simulation. Such an increase would
have a tremendous impact on our understanding of strongly interacting materials because it
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’]\ 0.35
O o2z

19 x 6 system, Vertical PBC’s
Jt=0.35, 12 holes

Figure 2.2: Left: Conductance map of a ’checkerboard’ electronic crystal state in lightly hole-
doped Cag_;Na; CuO22Cly obtained using scanning tunneling microscopy. Ref: T. Hanaguri
etal. Nature 430, 1001 (2004). Right: The complex stripe structure arising from removing
electrons from the filling of one electron per site in the Hubbard model. The arrows and their
sizes indicate the magnetic moments present on the sites, while the circles indicate the density
of holes. The holes form (vertical) stripes separated by regions with strong antiferromagnetic
correlations. Ref: S.R. White etal., Phys. Rev. Lett. 80, 1272(1998).

would allow for the first time the simulation of systems incorporating a reasonable number of
the mesoscopic structures, such as the checkerboards and stripes illustrated in Figure 2.2.

2.2 Basic Properties

In this section, we exploit basic properties of the Hubbar matrix M.

1. The matrix M can be compactly written as
M =TI — diag(B1, Bs, ..., Br)P,

where P is a block matrix of the form

0 -1
I 0
P= )
I 0
2. We have the identity
det(M) = det([ + BrBp_q1--- Bl) (226)

PROOF. If a matrix A is a 2 x 2 block matrix,

A A
A=
[ Ay Ag ] ’



then
det(A) = det(Ay;) det(Agy — Ag1 AT Aj).
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(2.2.7)

Therefore if M is regarded as a 2 x 2 block matrix A, and let Ay is the identity block I
at the first row of blocks and the first column of blocks, then from (2.2.7), we have

I ByB;
By I

det(M) = det -By I

—By, I
Repeatedly using (2.2.7), we obtain the equation (2.2.6). O

. The inverse of M is known explicitly,

M1t=w"z,

where

W:diag([—i—BlBL---BQ,I+BQBlBL---Bg,...,I-’-BLBL,l--
and

[ I —B1By,--- B3 —B1By,--- By —B1 By,
By I —ByB{Byp,--- By —ByB1 By,
p B3Bsy Bg I —B3ByB1 By,
Bj_1-+By Bjp_yi--Bj Br_y--- By T
By -+ By By --- Bs By - By By,

In other words, the (i, j) block submatrix of M ! is:
(M~ ;=4 B;---BiBr--- Biy1) " Zy

where o
BiB; 1---Bj1, P>

Zij = I, 1=7

—Bi---B1Bp---Bj1, 1<]

Note that B; = By if j > L.
PROOF: By direct verification that MM~ = I.

. The eigenvalues of K can be written as

AMK) = 2(cos Oy + cosOy) = €y,

where
2k,
0, = ]\}i, for ky=1,2,..., N,
2k
0, = y7r, for k,=1,2,..., N,

(2.2.8)

'Bl)

—B>yBy
—B3By By

_BL—I . 3231

(2.2.9)
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and the corresponding eigenvector of K is v, ® v;, where

1 L .
Vg = 1,0 f20x  el(Ne=1)02]T

?

0 20 i(Ny—1)0,1T
vy = [1,e% e v el )y].

3-3

PRrROOF: By direct verification.

. The computation of the exponential matrix B = /™K

trK

By the definition of K, the matrix exponential e can be written as the product of two

exponential matrices:
B=¢e™ = (I, ™) (™ @ I,) = ™V @ e!TH>, (2.2.10)

By the eigendecomposition of K, and K, we can use the FF'T to compute B. The com-
putational complexity of formulating the matrix B explicitly is O(N?). The complexity
of matrix-vector multiplication is O(N (log N, + log Ny)).

Alternatively, we use a so-called checkerboard approximation to construct the matrix B.
For simplicity, assume that N, is even, then K, can be decomposed as

K, =K+ K®, (2.2.11)
where
D 0 1
D
1 D 2)
KD = . , KD = . (2.2.12)
' D
b 1 0
where D is the 2 X 2 matrix,
0 1
D- [ 0l ] .

Then for any constant a # 0, e®” is given by

oD cosha sinha
e = . .
sinha cosha

Therefore, we have
aD

aD
aK(l)
e x

aD
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and
cosh sinh «
aD

aKg)
aD

sinh « cosh a

Note that K;l) and K;E;Z) are not commutative, therefore, we can use the approximation

(1) (2)
eaKx — eaKz eaKx + O(CMZ),

The exponential matrix e®%v can be approximated in the same way.

As a result, the matrix B has the approximation
(1) (2) (1) (2)
B = etTKy ® etTKz — (etTKy etTKy ) ® (etTKw etTKw ) + O(t2T2).

K

In practice, the matrix B = e!"¥ is expressed by

B = (™K Ky @ (etTREY gty (2.2.13)

There are 16 nonzero elements in every row and every column of the matrix B.

For any vector z with dimension N, N, and matrix X with z = vec(X),

(2) (1) (1) (2)
Bz = vec(e!™Ke TR " X oIy ol (2.2.14)

If cosh & and sinh « are computed in advance, the cost to (approximately) construct the
whole matix B is 16 N. The cost of matrix-vector multiplication Bx is 12N,
The computational cost can be further reduced by rewriting the block e*” as
1 tanh o
aD __
" = cosha tanh 1
By this trick, the computational cost of the matrix-vector multiplication Bz is 9N.

A few remarks in order:

e The checkerboard method is an approximation method, which can only be used
when 7 is small enough.

e The approximation of B is not symmetric. It is easy to have a symmetric approxi-
mation of B:

r @ (D)t () re® (D)t ()
BZ(e%Ky Ky oS Ky )®(€%K“” TR T ).

In this symmetric version, there are 36 nonzero elements in every row and every
column.
The cost to construct a symmetric approximation of the matrix B is 36.V.

e By the approximation (2.2.13) of B, the matrix M is sparse with 17 nonzero element
in every row and every column.

e The checkerboard method is particularly useful for different hopping #;; at different
lattices, i.e., t is not a constant.
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2.3 Eigen-distribution

The study of eigenvalues of a cyclic matrix can be tracked back to the work of Frobenius (1912),
Romanovsky (1936) and Varga (1962) [7]. The following theorem characterizes the eigenvalue
distribution of the block L-cyclic matrix M.

Theorem. 17 The eigenvalues of M are given by

1 i (2041

)\(M):l—)\(BL---BQBl)fe L OSESL—I, (2315)

where \(B, --- BoB1) is an eigenvalue of the matriz By, --- BoBj.
PROOF: Note that (I — M)” is a block diagonal matrix
(I - M)" =diag(—B1By, -+ By, —B2B1By,+- Bs,...,—BBp_1 - By)

Note that the diagonal blocks are the cyclically permuted products of the matrices By, Bo, ..., Br,
and therefore, they have the same eigenvalues:

M =M= -\NBLBy_, - B)).
Therefore we have
(2047

1—ANM)=XI—-M)=XByB,1---B)te* t, 0<¢{<L-1

The proof of the theorem is complete. |
When U =0, By = By = --- = By, = B = /™. Moreover, the eigenvalues of K are
known, see (2.2.9). Immediately, we have the following result.

Theorem. 18 When U = 0, eigenvalues of M are

_ 1 _ tTeay {2 _
A(M)=1-¢ et 7T 1 for 0<{<L-1. (2.3.16)
Furthermore,
max |1 — A(M)| = €' and min|l — A\(M)| = e 7. (2.3.17)

where €, are the eigenvalues of K as defined in (2.2.9).

Figure 2.3 shows the eigenvalue distributions of the matrices M for U = 0 (left) and U = 6
(right), where N =4 x4, L =8, =1t =1.

When U = 0, we can use Theorem 18 to interpret. The eigendistribution has a ring
structure, centered at (1,0). On every ring there are L = 8 circles. For N, = N, = 4,
€,y = 2(cos by + cosB,) only have 5 different values. There are 40 circles, but the dimension
of the matrix M is 128, each circle stands for multiple eigenvalues.

Let us examine the eigenvalue distributions of M under the variation of the parameters
N,L,U and t.

1. Lattice size N: Figure 2.4 (Left) shows that when N increases, there are more (blue)
points on the ray crossing the ring. The reason is there are more combination in €, , for
N =16 x 16 than for N =4 x 4.
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Figure 2.3: The eigenvalues distributions of M for U = 0 (left) and U = 6 (right), with
N=4x4,L=8 F=1andt=1.
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Figure 2.4: Left: The eigenvalue distribution of M for different lattice sizes N: N =4 x 4
(circle) and N = 16 x 16 (dot), Other parameters are set as U = 0, L = 8 and ¢ = 1. Right:
The eigenvalue distribution of M for different number of blocks L: L = 8 (circle) and L = 64
(asterisk), where N =4 x4, U =0 and ¢t = 1.
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Figure 2.5: Left: The eigenvalues of M for different number of blocks L and ¢: L = 8,t =1
(circle) and L = 64,t = 8 (asterisk), where N = 4 x 4 and U = 0. Right: The eigenvalue
distribution of M for different energy scales U: U = O(circle) and U = 6(asterisk). N =
Ax4,L=8t=1.

2. Block number L: Figure 2.4 (Right) shows for different block number L. Observe (1)
number of rings increase, (2) the points on the same rings are equal to L, (3) rings shrink
inward.

3. Block number L and ¢: Figure 2.5 (Left) shows for different block number L and ¢. The
rings do not shrink. The points on the same rings are equal to L.

Theorem 18 can be used to explain the spectral distribution. The points on the one ring
are equal to L, so the points on one ring will increase with the block size L. At the
same time, since 7 = 7, the range of |1 — A\(M)] is [67% e%], the range will shrink when
p increases. But if we fix %, the range will still keep same, this is the case of left of
Figure 2.5 for L =8,t =1 and L = 64, = 8.

4. Potential energy scale U: For the potential energy scale U (Right of Figure 2.5). Com-
pared with U = 0, the range of eigenvalues are wide and the distribution of the eigenvalues
are also more diverse.

5. Kinetic energy scale ¢: For different ¢, there are same “ring” structure, but the range of
the eigenvalues on same ray are change significantly: From our Theorem 18, the ranges
of eigenvalues on the same ray are (rounded to four digits):

0.6045, 1.6487] , ¢ =1,

[min |1 = A(M)], max [1 = A(M)|] = { 0.0183,54.5982], = 8.

The numerical results exactly fit in Theorem 18.
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2.4 Condition numbers
When U =0, By =By =---=Bp, =B = etTK, and B is symmetric.
Lemma 19 When U = 0, the eigenvalues of MT M are
Aeo(MT M) = 14 2X(B) cos 0 + (M (B))?, (2.4.18)

where 0y is defined as

0@27(26—;1)%, =01, ,L—1.

PROOF: For any real number a, define a matrix A

1+a®> -—a a
—a 1+a®> —a
Afa) =
a —a 1+a®
The eigenvalues of the matrix A(a) is

MA(a)) =1 — 2acos b, + a>.

Note that for any eigenvalue A\(B) of B, the corresponding eigenvalues of MT M are equal to
AM(A(XN(B))), therefore the eigenvalues of M1 M are given by (2.4.18). |
Note that for any real number a,

sin?f < 1 —2acosf +a® < (1 + |a|)?,

Therefore, we have the following inequalities

max A\(MTM) < (1 +max |[A(B)|)? and min \(MT M) > sin? %

By these results, the norms of M and M ! are bounded by
IM| = max \(MT M)z < 1+ max |\(B)],

and
1 1

TS T
min \(MT M)z — sing
Note that B = e!™ and A\pax(K) = 4, we have the following theorem.

MY = (2.4.19)

Theorem. 20 When U = 0, the condition number of M is bounded by

1 + 64t’7’

inZx

k(M) = [MI[IM7Y] <
Sin

L



37
Example: for t8 = 20 and L = 160, x(M) =~ 424.

When U # 0, by the expression M = I — diag(By) P, we have a bound of the norm of M
IM]) < 1+ max Bl [Pl = 1+ max || B < 1+t

(2.4.20)
To bound ||M ||, we first consider when U is small. In this situation, the matrix M can
be viewed as a perturbation of M at U = 0. We have the following result.

Theorem. 21 If U is small such that

e’ <1+ sin%, (2.4.21)
then 1 4 ehtr+v
() = MY <
PRrROOF: M can be expanded at U = 0:
M(U) = M(0) + diag(e'™® — By)P.
Note that | P|| = 1, then if | M (¢,0)"'diag(e/”® — B,)|| < 1, we have
—1
1M (£, U) Ml < “M(t,uf)w_(fégg(e!ﬂ( R TE (2.4.22)
Note that (see the proof when U = 0)
1
IM0,0) " ding(e")] <
Therefore

inZ™
Sll’lL

1M (¢,0) " diag(e'™ — By)|| < [[M (¢, 0)~ diag(e"™™)| [ diag(I — )| <
Now, if &=

eV —1
T osinT
<1,ie, e <1+sin7, by (2.4.22) and (2.4.19), we have
— 1 1
MY < 2L : 2.4.23
| “_1—ﬁ sint +1—e” ( )
This ends the proof. |
Note that the Taylor expansion of v gives the expression
3
Ur)s
v = VT + 1;)2 +O(U%r?). (2.4.24)
Then to the first-order approximation, the conditon (2.4.21) is

2

\/ﬁS%\/FJrO(r), or US%TJFO(T

wiw

)

(2.4.25)
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Therefore, to the first order approximation, we have a bound on the condition number of M:

L(l + e4tT+V)
O < et

O(U2p73).
A few remarks in order:

e If U is small enough, M is well-conditioned, namely, k(M) = O(L), the same behavior
in the case where U = 0.

e The condition number of M strongly depends on the approximation v ~ vU7. And if
v = Ur, the requirement (2.4.25) for U will be relaxed as: US < .

e Since f = L7, the constraint for U is equivalent to USL < w. We will show that the
constraint is reasonable if we require that the condition number of M increases slowly.

In general, it is still an open problem to give a rigorous sharp upper bound x(M) for a
general U # 07

Figure 2.6 shows the average condition numbers of M for 100 H-S field configurations
(uniform two-point distribution) as a function of L for U = 2,4,6. The figure illustrates two
key points concerning the transition from well-conditioned to ill-conditioned behavior. (1)
When U # 0, the condition number increases much more rapidly than the linear rise which
we know analytically at U = 0. (2) Not only does the condition number increase with U,
but also so do its fluctuations over the 100 chosen field configurations. The first observation
tells us the parameter L is critical to the difficult of our numerical linear algebra solvers. The
second suggests that widely varying condition number might be encountered in the course of
a simulation, and therefore that a solver might need to have the ability to adopt different
solution strategies on the fly.

2.5 Condition number of M®*)

For an integer k£ < L, a structure-preserving factor-of-k reduction of the matrix M leads a
matrix M*) of the form

k)

B¥) = B.B, |- BB
Bék) = BopBog_1--- Brpt2Biy1

Sy
=
S
=z
Il

Ly BrBr—1- B, ~1)k+1-
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Figure 2.6: The condition number of M for 8 =[1:10], N =16, L =83,t=1and U = 2,4,6.

First we have two results:
1. Note that the block Bék) has the following bound:
||Bék)|| < eltTv)k,
Since the matrix M*) has the same block cyclic structure as M, therefore, we have
IMB)|| < 1 4 @ Hk < ¢ pttT+0)k (2.5.26)
where c is a constant.

2. The inverse of M*) is a “submatrix” of the inverse of M. Specifically, since M and M *)
have the same block structure, by the expression (2.2.8) of M !, we have

M¥)} =@ +B" - BB Bz
where
B(k)Bz(ﬂ e BJ('@U 1>
BB B0, i<
By the definition of Bl(k), and if § # L(*)
Bi -+ Bjg1, P>
(M(k))i_,jl:(I+Bik"'B1BL---Bik+1)7l I, i=j

—Bj---B1Br - Bjpy1, 1<}
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Obviously (M®); 1 = My L, If i = L®),

(M), } = (I+BL“'BI)_1{ Bp - Bjky1, §<L

irj I, j=1L"
which is equal to ML_;k Therefore, (M®*))~! is a “submatrix” of M.
Based on this observation, we have

I @)= < 1.

Returning to bound the condition number of the matrix M®*). We distinguish the cases
where U =0 and U # 0.

When U = 0. First, consider the case when the reduction factor k = L, i.e, the matrix M is
reduced to a single block

ME) =TI+ Bp---ByBy=1+B---BB=1+B" =T+ (""%)l = [ + /K.
Then the condition number of M) is given by the eigendecomposition of the matrix K:

14 B

Ly—_ "%
KM )_1—1—6*4'55'

Note that M) is extremely ill-conditioned when 3 is large.
When the reduction factor k& < L, we have the following result, which can be proved in a
similar way as the proof of Lemma 19.

Lemma 22 IfU =0 and Ly = % s an integer, then we have

4tttk
sy < 1T (2.5.27)

sin le
Figure 2.7 shows condition numbers of M) with respect to the reduction factor & when
U = 0. The computational and estimated results fit well.

The bound seems still true even for L/k is not an integer as shown, although a rigorous
bound and its proof have not been completed.

When U # 0. In general, x(M®*)) is bounded by

10

/{(M(k)) _ ”M(Ic)””(M(k))—lH < ||M(k)||||M_1|| < [M]

K(M). (2.5.28)

By (2.5.26), we have the bound of x(M®*)).
Lemma 23 For U # 0, and k < L, we have

k(M®)) < W) 5 (). (2.5.29)
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Figure 2.8 shows the condition numbers of a few sample matrices M(*) (solid lines), and the
upper bound (2.5.29) (circle dashed line). The condition number k(M) of M uses the mean of
the condition numbers of the sample matrices M. Clearly, the bound (2.5.29) is overestimated
due to the over-estimation of the norm of M),

By Figure 2.8, we see that the condition number of M®*) is closer to the behavior of
e (4tr+v )k(M) (diamond dashed line). This is a subject of further study.



Lecture 3

Self-adaptive direct linear system solvers

3.1 Introduction

In this lecture, we consider the computational kernel of the QMC simulations: solving the
linear system of equations
Mz =0, (3.1.1)

where the coefficient matrix M is the Hubbard matrix as defined in Lecture 2. One of main chal-
lenges in the multiscale QMC simulation is to develop algorithmic techniques and paradigms
that can robustly and efficiently solve the linear system of equations with underlying multiscale
coefficient matrices in a self-adapting fashion to achieve a required simulation accuracy.

The Hubbard matrix M exhibits the form of a so-called block p-cyclic consistently ordered
matrix [7]. p-cyclic matrices arise in a number of important contexts in applied mathematics,
including numerical solution of boundary value problems for ordinary differential equations [6],
finite-difference equations for the steady-state solution of a parabolic equation with periodic
boundary conditions [5], and computing the stationary solution of Markov chains with periodic
graph structure [4].

It is known that the block Gaussian elimination with and without pivoting for solving
p-cyclic linear systems can be numerically unstable, similar to the case of multiple shooting
method for solving two-point boundary value problems [9, 2] and Markov chain modeling [3].

Block cyclic reduction [1] is a powerful idea to solve such p-cyclic system. However, a full
block cyclic reduction is applicable only for small energy scales, namely, U < 1, due to the
emerging of ill-conditioning of the reduced system. A stable p-cyclic linear system solver is
based on the structural orthogonal factorization [8, 2]. Unfortunately, the costs of memory
requriements and flops is prohibitively expensive when the length scales N and L increase.

To take advantage of significant reduction of memory requirement and floating point com-
putations in the block cyclic reduction and numerical stability of the orthogonal factorization
method, and to carefully examine the accuracy needs in our quantum monte carlo simulation,
in this lecture, we present a hybrid method, which we simply call a Self-Adaptive Block cyclic
reduction Orthogonal factorization method, or SABO method for short.

43
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3.2 Block cyclic reduction

A-factor-of-four block cyclic reduction (BCR) of the following 16 x 16 block linear system

I B1 I b1
—Bg I 2 bQ
—Bg I I3 b3
—B4 I T4 — b4
—-Byis I T15 bis

. —Big I ] [ 716 | | b6 |

leads to a block 4-cycle linear system of the same form

where
4 4
T B’ o b§4i
| B L RO N BRI, )
B§ )T T12 bg )
B 1 16 of)
and furthermore,
BY = BuB3B:B 8" = by + Buby + ByBby + BB Baby
BY = BgB;BBs by = bs + Bsbr + BsBrbs + Bs By Bsbs
B§4) = DBi19B11B19By b§,4) = b1z + Bi2b11 + B12B11b1o + B12B11Bigby
Bf;l) — By1sBi5B14B13 bffl) = big + Biebis + BiB15b14 + B16B15B14b13

Note that the number of equations of the reduced system has been reduced by a factor of 4.

After the vector z(* is computed, i.e, the block components z4,zs,z12 and z14 of the
solution z, the rest of block components of  can be computed by a mixed forward-backward
substitution:

e Forward substitution:

r1 = by — Bizis, T2 = by + Box,
z5 = bs+ By, x¢ = bg + Bsws,
z9g = by + Boxsg, z10 = bio + Biowy,
z13 = b1z + Bizzia, Z14 = bia + Brax13,
e Back substitution:
x5 = By '(z4—by), x7 = By ' (s — bg),
11 = By (z12 — ba), 715 = Big (T16 — bis),
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The use of both back and forward substitutions is to minimize the propagation of the compu-
tational errors.
In general, for an integer k < L, a-factor-of-k BCR leads to a block L*)_cycle linear system,

8 k) _ k)

b

where M*) is a block Li-cycle matrix:

— I B%k) -
-B T
M® = B 1 : (3.2.2)
_ B 1
with

B¥) = B.B, |- BB

Bék) = DBopBog_1 -+ Bry2Bri1

B® - B,B,_,---B
Ly LBrL—1 (Lp—1)k+1-

The number of blocks is Ly = (%] The corresponding z(*) and b*) are

oo ] [ bk + 3121 Br--- Buyiby 1
Tok bak + Zfi;il Bog -+ Bryaby
L0 _ o = :
(Lp—1)k—1
T(Ly—1)k by -1k + 2241 —2)kt1 Bi—1pk - Bryabe
L - L br, + Zt:_(1Lr1)k+1 Bp - Biby

In particular, when k = L, L; = 1, then we have
MP) g, =pd),

where M) = 1+ ByBy, 1 --- By and b9 = by, + L By By by,
The reduced system (3.2.2) can be derived by using a block Gaussian elimination of the
original system (3.1.1). Writing the matrix M as a Ly by Ly block matrix:

- —~ -

D1 Bl
—By Dy
M= —Bs D3

~By, Dy, |
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where D; are k x k black matrices defined as

I
—B(i—1)sk+2 I
D; = —Bii_tykys 1 ,
_Bi*k: I
and B\Z are k X k block matrices defined as
00 - By 1yekst
~ oo - 0
B; =
00 --- 0
Define D = diag(D1, D, -+, Dy, ), then
[T D;'B; |
-D;'B, I
DM = -D;'By T
_ Dy B 1
Note that the matrix D, IB\Z- is given by
00 - Bli—1)sk+2Bi-1)sk+1
0 0 - B 1)sk+3Bi-1)skr2Bi-1)sk+1

0 0 - B Bi—t)sk+2Bi—1)sk+1
Therefore, M%) is a submatrix of D~1M. There exists a matrix I1, such that
M®) =T p~ m1,

where the matrix II is NL x (NL/k) matrix, whose (i — 1)N + 1 to iN columns are the
(ik —1)N + 1 to kN columns of the identity matrix InpxnL-

After the solution vector z(*) of the reduced system is computed, the the rest of block
components of z; are obtained by a forward-back substitution, that is to say, when the index
t is less than %, the components of block z;,.4 are obtained by forward substitution and
otherwise by backward substitution.

1. Let & = [k, 2k, -, (Ly — 1)k, L]

2. For j =1,2,--+ , L

k
(a) zg(j) = ”f'§ :
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(b) forward substitution
For £=¢(j — 1) +1 : £ = 1) +[5(£(7) = € — 1) = 1)] with £(0) = 0:
Ife=1
Ir = b1 — leL

else
g = by + Bpxry_q

(c) back substitution
For £ =¢(j) =1 : =1 : €(j) — [3(6() — €G- 1) = 1),

Ty = BZJFII(:L‘Z_H — bZ-l—l)-

3.3 Block orthogonal factorization method

Comparing with Gaussian elimination and block cyclic reduction, the block orthogonal fac-
torization (BOF) method presented in this section is more expensive, but it is numerically
backward stable.

By multiplying a sequence of orthogonal transformation matrices @Q;, M is transformed to
an upper triangular, namely,

QL - Q3Q] M =R, (3.3.3)
where
Ri1 Rz Ry,

Ry Ras Ror,

Ri1.-1 Rp-ip
R

and diagonal blocks Ry, are upper triangular. The orthogonal matrix (), are defined as

I

9 o 550
Qe = [ [ ) 3.3.4
QY Q%

I

and the 2 by 2 diagonal block is the orthogonal factor of the QR decomposition:

[ My, ]:[Q%) Qgﬁz) [Ru]
Q) Q% | L0

M1,

where M, , are defined as

° fOI'E:]_,m,g:I
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.h%:Z&NWL—Zj@FﬂQgﬂF

For the last step £ = L — 1, we use the QR decomposition:

[ Ry 11 Rrpaarn

_ I L—
Mpp—1 R | _ Qg1 Y QgQ K
0 RL,L

Mrr—n  Mpr (=1 Q{t=1

The following is a pseudo-code the block orthogonal factorization method to solve the
system (3.1.1).

BOF method
1. Set RI,L = Bl and cl = bl.

2. For{=1,2,---,L—2,
(a) Compute the QR decomposition

[ M, ]: QY Q) [Ree ]

Mot Qgel) Qé? 0

© o 1"

(b) Compute [ ]\fMH ] = Q%}) Q%}) [M 0 ]
241,041 Qs Qg 241,041

© AHoT
(c) Update [ Rep ] — [ Qlel) Q1£2)

[ Ry p, ]
Ry, le Q52 0

T
(d) Compute [ ct ] — [ Qﬁ) Q%) ] [ c ]

Co+1 lel) Qgé) be+1
3. For{ =L -1,
(a) Compute the QR decomposition

[ My 111 Ri-1 ] [ Q%_l) Q%_l)

Ri_1.-1 Rp-ip
0 Rr g,

)

Mrp 1,1 My, 1, Q%fl) Q%*l)

T
(b) Compute [ -1 ] = [ Q%ﬂ) Q%il) ] [ CL—1 ]
cr

QY QY
4. Solve the block triangular system Rx = ¢
(a) Solve Ry rxzr = ¢, for zp.
(b) Solve RLfl,LflfL'Lfl =CI -1 — RL,LLJ?L for Irr—1-
(c) For £ =L—-2L—-3,...,1, solve
Reexe = co — Roppr12041 — Repzr
for ;.

Computational cost of the BOF method is 15N3L. The memory requirement of the R-
factor is 3N2L.
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3.4 A hybrid method

To take advantage of significant reduction of memory requirement and floating point computa-
tions in the BCR method and numerical stability of the BOF method, and to carefully examine
the accuracy needs in our QMC simulation, we can use a hybrid method as the following:

Step 1. Perform a factor k£ block cyclic reduction:
Mz=b = M®zF =pk),

Namely, the initial block L-cyclic system is cyclically reduced to a block L*)—cyclic
system, where L(F) = % Note that the conditioning number of M (k) increases with the
increase of the reduction factor k.

Step 2. Solve the reduced cyclic system by the block structural orthogonal factorization

5—1"' 1TM(k) = R.
k

In this way, the memory and computational costs are effectively reduced by a factor of

k comparing to the original system.

Step 3. Forward and back substitute to find the remaining block components z; of the solution
x:

k)

T; — :L‘( — Zj.

We use both forward and back substitutions to minimize the propagation of errors in-
duced at the steps 1 and 2.

Figure 3.1 shows the procedure of the method for a 16-block cyclic system with a reduction
factor k = 4. We see that by Step 1, the order of M*) is reduced by a factor of k, therefore,
it is desirable that the larger k, the better. The computational cost is reduced from O(N3L)
to O(N 3%), an effective factor k speedup. However, the condition number of M®*) increases
when £ increases, which means the accuracy of the computed solution decreases. Therefore,
the critical question turns to how to find a reduction factor k, such that the computed solution
has the required accuracy for the application. Such a reduction factor k£ should be determined
in a self-adapting fashion with respect to the changes of underlying problem length and energy
scales.

3.5 Self-adaptive reduction factor &

The goal of this section is to determine the reduction parameter k in a self-adapting fashion
with respect to the changes of underlying parameters.

First, based on the well-known result of error analysis of the linear system, we know that
after the solution z*) of the reduced system obtained by the block orthogonal factorization
method, its relative error is governed by x(M®*))e, where € is the machine precision.

We now consider the propagation of the error the computed solution z®) in the back and
forward substitutions. For example, the computed xy, is

Zr =1 +0xr,
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Tz 3 4 5 & 7 8

9 10 11 12 13 14 15 16

l Reduce
1 1 ] 1 Solve the reduced system
' ! ! ! by block QR algorithm
4 8 12 16
1 Substitute
N YN, TN, NN N
1 1 1 1 1 1 1 I I ] ] T I 1
1 3 4 5 6 7 8 9 10 11 12 13 14 16

Figure 3.1: Scheme map of the block cyclic reduction and orthogonal factorization method for
a 16-cyclic system with reduction factor k = 4.

where

[EFA
Then by the forward substitution to compute z1, this error could be amplied to || By ||x(M*))e
in the computed z1,
T1=by — BiZr, = b — Bl((L‘L + (5(IIL) =by — Bizxp + B1dxr = 1 + 01,

where

1621
[Et

Similarly, the relative error of the computed solution z is bounded by || Bs|||| By ||s(M *))e.
At the end of forward substitution, the relative error of the computed solution zx is bounded
2

by [Bill -~ | Bal [|Bulls(M®))e.
In a summary, the errors in all computed components x, of the solution x are bounded by
[[0z¢]]
[[¢]]
By the upper bound (2.5.29) of the condition number x(M®*)) of the matrix M*), we have
||||5$€||“ < ce%k(4t7+u) . ek(4tT+l/)K/(M)6 — cegk(4t7+y)l<&(M)6.
Tell

On the other hand, a user desired accuracy of the solution vector = can be specified by

0
M < tol.
[Ed|

Combining these analyses, for a desired accuracy “tol” of the solution vector z with machine
precision e, then a reduction factor k£ can be self-adaptively determined by

. Fln(tol/e)‘ |

< [Bills(M®)e.

< |IBell- - 1Bl 1Byl w(M ).

4t + v
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Note that when U = 0, v = 0. Otherwise, v is given by (2.4.24).

Here we drop the factor of Inx(M) in deciding reduction factor k, the reason is that as
we discussed in section 2.4, k(M) grows slowly and is not large in the range of parameters of
interest.

The following table shows the reduction factor k£ for U = 0 to 6, where t = 1,7 = %,
tol = 107% and € = 10716,

vj 01|23 ]|4|5]|6
k1241141210998

In practice, to balance the number of the matrices By involved in the product Blgk), after k
is computed as above, then we compute
L
Ly=|—|.

L

k= [L—J (3.5.5)

In summary, we have the following self-adapting block cyclic reduction orthogonal factor-
ization method, SABO in short, to solve the linear system (3.1.1) to satisfy the user-specified
relative accuracy tol.

The final k is adjusted as

SABO method

1. Determine the reduction factor k by (3.5.5),

2. Reduce (M, b) to (M®*),b¥)) by BCR,

3. Solve the reduced system M*)z(*) = p(k) by the BOF method.
4

. Use forward and back substitutions to compute the remaining solution com-
ponents.

3.6 Numerical experiments

In all experiments, it is required that the self-adapting direct solver has the relative accuracy

at the order of \/e:

loal] < tol =107%.

[l
Performance data are from an Intel Itanium2 machine, with 1.5GHZ CPU and 2GB core
memory.
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block QR method and reduced version with N=256, t=1,At=1/8,U=0

g | | —F— block QR method
[ | —+— reduced block QR method

relative solution error

p=[1:20]

Figure 3.2: The relative error of the solution. t =1,U =0,8 =[1:20],7 = 1/8, L = 8f.

Experiment 1. In this experiment, we focus on the issues of robustness and stability when
U=0.

e The left plot of Figure 3.2 shows (1) the relative error of solutions by the BOF factoriza-
tion method is at the roder 107!, It indicates that the linear systems is well-conditioned
and the BOF is backward stable. (2) the relative errors by the SABO solver are under
1078, as we requested.

e The CPU timing and other data are reported in Table 3.1.

The reduction factor k: 8 < 3, the SABO solver reduces the original system all the way
to one block ML), Since the flops of one QR decomposition is %N?’, the final flops is
§N3 + 13N2L. For example, if N = 256, L = 8, the speedup will be larger than 60.

For large B, the SABO solver reduces to 6 or 7 blocks. For example, when § = 20,
L = 160, it reduces to Ly = |3 ] + 1 =7 with k = 23.

Experiment 2. In this experiment, we focus on the robustness and stability of the SABO
solver when U # 0.

As shown in Figure 3.3, the solver works well for 8 € (0,20] and U € [0,6]. The relative
solution errors are all under 10~8 as specified. The SABO solver keeps good stability for varied
ﬁandUWithtzlandT:%.

Experiment 3. In this experiment, we examine computational efficiency with respect to the
parameter L.



Bl L=88| k | L™ | BOF (sec) | SABO (sec) | speedup (x)
1 8 8 1 3.19 0.0293 108
2 16 16 1 7.06 0.042 168
3 24 24 1 10.8 0.0547 197
4 32 16 2 14.6 0.303 48
) 40 20 2 18.6 0.326 57
6 48 24 2 23.1 0.342 67
7 56 19 3 27.2 0.666 40
8 64 22| 3 31.3 0.683 45
9 72 24 3 35.1 0.675 52
10 80 20| 4 38.0 1.18 32
11 88 22 4 42.0 1.18 35
12 96 24 4 46.0 1.20 38
13 104 21 ) 49.9 1.28 38
14 112 23 ) 54.0 1.28 42
15 120 24 ) 58.2 1.32 44
16 128 22 6 62.9 1.67 37
17 136 23] 6 68.3 1.72 39
18 144 24 6 73.2 1.73 42
19 152 22| 7 75.3 1.98 38
20 160 | 23| 7 80.2 2.02 39

Table 3.1: Reduction factors k, CPU timing etc. ¢t = 1,U = 0, N = 256,7 = %,L = B/7

83,8 =[1:20].

Reduced QR algorithm with N=256, L=8, t=1

L8 yith N=256, L=, t=1

—7—U=6

L0

——U=2
—— U=t
—7—U=6

p=[1:20

Speed-up with N=256, L=8p, t=1

——U=2
—o—U=4
——Usp

93

Figure 3.3: U # 0: Left: the relative error of the solution. Middle: L. Right: Speedup. Other
parameters t = 1,4 = [1:20],7 = 1/8,L = £ = 8p.



54

B || BOF | SABO | L® || BOF | SABO | L™ || BOF | SABO | L®*)
1] 325 [0.0293 ]| 1 7.25 | 0.306 | 2 155 | 0.34 2

2 || 7.28 | 0305 | 2 151 | 0596 | 3 || 329 | 1.15 4

3 112 ] 0605 [ 3 [ 230 | 1.11 4 || 473 | 1.36 5

4 ][ 15.1 ] 1.10 4 || 320 | 1.27 5 | 63.6 | 1.97 7

5 1 19.2 | 1.23 5 | 39.1 | 1.85 7 | 80.3 | 3.58 8

6 || 23.0 | 1.62 6 | 47.2 | 3.43 8 [[ 979 | 3.03 | 10
7 272 | 1.87 7 | 55.4 | 2.47 9 112 | 354 | 11
8 || 32.1 | 3.38 8 |/ 634 ] 293 | 10 || 140 | 3.95 | 13
9 || 35.3 | 2.38 9 || 711 | 426 | 12 || 150 | 4.57 | 14
10 39.1 | 28 | 10 || 79.3 | 3.91 | 13 || 167 | 8.06 | 16
11 432 | 308 | 11 [[ 87.6 | 439 | 14 | 180 | 540 | 17
121 472 | 439 | 12 [[ 957 | 450 | 15 || 196 | 6.00 | 19
13 517 371 | 13 ] 103 | 800 | 16 || 209 | 7.99 | 20
14 ] 553 | 406 | 14 || 112 | 561 | 18 || 224 | 7.03 | 22
15 59.2 | 426 | 15 || 120 | 5.64 | 19 || 240 | 7.05 | 23
16| 635 | 754 | 16 || 128 | 7.58 | 20 || 258 | 7.83 | 25
171673 492 | 17 || 136 | 623 | 21 || 273 | 842 | 26
18] 712 578 | 18 || 144 | 6.88 | 23 || 290 | 11.2 | 28
19 753 | 558 | 19 || 152 | 120 | 24 || 305 | 9.03 | 29
20 [ 79.3 | 736 | 20 || 160 | 749 | 25 | 321 | 9.60 | 31

Table 3.2: CPU Timing with parameters: § = [1: 20],t = 1,U = 6, N = 256,7 = | 5
and accuracy 10~8. The dimensions of the matrices M vary from 2,048 (8 = 1,7 = é) to
163,840 (8 =20,7 = 3%)

We have shown that the SABO solver is faster than the BOF method for fixed 7. The
SABO solver is more efficient for smaller 7, see Table 3.2. For large energy scale parameters
t, B and U, smaller 7 are needed in order to get enough accuracy in approximation errors,
such as the error of Trotter decomposition. Smaller 7 implies larger L, L = g For the SABO
solver, smaller 7 also implies larger reduction factor k. L increases linearly with %, but Ly
only increases slowly.

Note that the flops of the BOF method is O(15N3L), and the flops of the SABO solver is
O(15N3Ly). Therefore the SABO is more efficient for smaller 7, see Table 3.2 and Figure 3.4.

Experiment 4. In this experiment, we focus on the memory requirement with respect to
the increase of the parameter N.

The memory requirement of the BOF method is 3N?L = 3N}L. If N, = 32, the memory
storage of one N x N matrix is 8M bytes. Therefore for the machine with 2G memory, L
cannot be larger than 85.

When N, = 32, every N X N matrix needs 8M memory storage. If 1.5GB memory is
available, then L < 63, which means for 7 = %, B < 8. Therefore, the BOF method will stop

for 8 > 8, However, the SABO solver works for 7 = 3%, U =6 and 8 = [0 : 10], see Figure 3.3.



Speed-up with t=1, U=6, N=256, At=[1/8 1/16 1/32]
120 ; ; ;

—*— A1=1/8
—6— A1=1/16
100 —— M1=1/32 |

80

601

20}

201

Figure 3.4: The speed up for different 5 and 7.

Bl L|k|[L® BOF SABO | Speedup (x)
1 8 |8 1 148 2.10 70
2 116 | 8 2 322 17.8 18
3 12418 3 509 40.1 12.7
4 1328 4 689 64.5 10.6
5 140 |8| 5 875 88.6 9.8
6 |48 |8 | 6 1060 110 9.6
7|5 (8| 7 1250 131 9.5
8 | 64| 8| 8 | outof memory 150

9 |72 18| 9 | outof memory 172

10 | 80 | 8 | 10 | out of memory | 200

Table 3.3: CPU Timing, where parameters § = [1:10],t =1,U =6,N = 1024, 7 = %.



Bibliography

1]

2]

[5]

[6]

B.L. Buzbee, G.H. Golub, and C.W. Nielson. On direct methods for solving poisson’s
equations. SIAM J.Numer. Anal., 7:627-656, 1970.

G. Fairweather and I. Gladwell. Algorithms for almost block diagonal linear systems. STAM
Review, 46(1):49-58, 2004.

B. Philippe and Y. Saad W.J. Stewart. Numerical methods in markov chain modeling.
Operations research, 40(6):1156-1179, 1992.

W. J. Stewart. Introduction to the numerical solution of Markov chains. Princeton Uni-
versity Press, 1994.

G.J. Tee. An application of p-cyclic matrices for solving periodic parabolic problems.
Numerische Mathematik, 6:142-159, 1964.

U.M.Ascher, R.M.M. Mattheij, and R.D. Russell. Numerical solution of boundary value
problems for ordinary differential equations. Prentice-Hall, Englewood Cliffs, 1988.

R.S. Varga. Matriz iterative analysis. Prentice-Hall, Englewood Cliffs, 1962. 2nd ed.,
Springer, Berlin/Heidelberg,2000.

S.J. Wright. Stable parallel algorithms for two-point boundary value problems. SIAM J.
Sei. Statist. Comput., 13(1):742-764, 1992.

S.J. Wright. A collection of problems for which gaussian elimination with partial pivoting
is unstable. SIAM J. Sci. Statist. comput., 14(1):231-238, 1993.

o6



Lecture 4

Preconditioned iterative solvers

4.1 Introduction

In this lecture, we consider the preconditioned iterative methods for the solution of the linear

system of equations of the form
MTMz =b, (4.1.1)

where M is the Hubbard matrix as introduced in Lectures 1 and 2. The linear system of such
form is one of the computational kernels as we discussed in Lecture 1.

The popular GMRES, QMR and Bi-CGSTAB (without preconditioning) iterative methods
have been considered for solving the couple linear systems M7y = b and Mz = y. Preliminary
study has found that these methods suffer from the slow convergence rate and and erratic
convergence behaviors. On the other hand, the convergence rate of CG is slow, however, it is
robust in the sense that its residual errors decrease smoothly. Therefore, we decided to focus
on the study of CG method [4] to solve the linear system of equations (4.1.1) directly.

For the rest of this lecture, we denote

A= MTMm.

The dimension of A is denoted as n X n.
The convergence rate of CG is typically improved by a proper preconditioner R, which
symmetrically preconditions the linear system of equations (4.1.1) such that

R AR T.RTz =R b, (4.1.2)
where R is constructed to ideally satisfy the following three conditions:
1) The cost of constructing R is affordable.
2) RR" is a good approximation of A.
3) The application of R, namely, solving Rz = r for z, is not expensive.

Since A = MT M, the matrix R is considered as a good preconditioner, if the matrix MR~
nearly orthogonal.

There are a number of approaches suggested to improve the convergence rate of the CG
method by conditioning the linear system (4.1.1) with the matrix whose energy-scale parameter

o7
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U =0 [3, 10]. The construction of this type of preconditioners requires only a small amount
of computation. However, they are poor quality in term of the number of PCG iterations and
computational costs. In this lecture, we focus on incomplete Cholesky (IC) factorizations of A
and its variants to construct a preconditioner R.

We begin with a review of the Cholesky factorization, and then extend to incomplete
Choleksy (IC) factorizations and robust incomplete Choleksy (RIC) factorizations.

4.2 Cholesky factorization

We consider Cholesky factorization of n x n symmetric positive definite (SPD) matrix matrix
A,
A= RR", (4.2.3)
where R is an n X n lower-triangular matrix.
By the ith column of the factorization (4.2.3), we have
i

a; =Y _rj(i)r;. (4.2.4)

=1
Equivalently, we have
i—1
ri(i)ri = ai — »_ ri(i)r;. (4.2.5)
j=1

Hence, to compute the ith column r; of R, one first updates a;(i : n):

i—1

ai(i:n)=a;(i:n)— er(i)rj (i:m). (4.2.6)

i=1

and then computes

ri(i) = Vai(z),

rii+1:n) = ai(i+1:n)/ri3).

Since the ith column r; is computed based on the gaxpy operations (4.2.6), this procedure to
compute Cholesky factor R is called gaxpy Cholesky in [4]. It is also referred as left-looking
implementation since the ¢th column r; is computed by updating with the previous columns
ri,...,7;—1 of R, which are on the left of r;. The following is the pseudocode:

RIGHT-LOOKING CHOLESKY
for i=1,...,n do
for j=1,..,s—1do
a; = Q5 — ’f'j(i)’f‘j
end for
ri(1) = v/ ai(i)
for j=i+1,....,n do
i(7) = ai(j3)/ri (i)
end for
end for
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An alternative formulation of computing R is to initialize Ay = A, and then recursively
computes the ith column r; of R based on the factorization:

A | of 1 _ [ 6i 0 10 Bi b7 /Bi
U b By || bifBi Lo 0 A 0 Ini |’
where 4,1 isan (n —i+ 1) X (n — i+ 1) matrix, B; is an (n — i) X (n — %) matrix, b; is an

(n —4)-length vector, f; = \/a;, and
bib!

a;

A, =B; —

(4.2.7)

Hence, the matrix A; is updated as soon as r; is computed, where

TZ(Z) = Bia
ri(i—l—l:n) = bz/ﬁz

This procedure to compute Cholesky factor R is called outer-product Cholesky in [4] because
the formulation of R is based on the repeated application of outer-product updates (4.2.7). It
is also called right-looking Cholesky because at the ith iteration, the ith column r; of R is used
to update the remaining (n — i+ 1) X (n — 4 4 1) matrix A;, which are on the right of r;. The
following is the pseudocode:

RIGHT-LOOKING CHOLESKY
for = 1,...,n do

end for
for j=i+1,....,n do
aj =a; —ri(j)ri
end for
end for
When the matrix M is preconditioned with Cholesky factor R, the preconditioned matrix
MR~T becomes orthogonal, and R"'AR™T is an identity matrix. PCG for the solution of
the linear system of equation (4.1.2) converges in a single iteration. Figure 4.1 shows that
the eigenvalues of M R~" are on the unit circle. However, both the memory requirement and
computational cost of R are intractable for practical use.

4.3 Incomplete Cholesky factorization

To reduce the computational and storage costs of Cholesky factorization, we can use an in-
complete Cholesky (IC) factorization:

A—E=RRT, (4.3.8)

where R is a lower-triangular matrix, and F is a symmetric error matrix. The goal is that by
imposing a certain sparsity of R, it becomes a tractable cost (memory and flops) to construct
the factor R, assume that F is small and R is a good approximation of Cholesky factor.
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(N,L,U,t,8)=(8x8,8,3,1,1)

T 1
o AM)
2t ° o MMRT)
1.5}
1,
[-]
0.5 /
S
E
-0.5 \
[-]
_1,
-15
-2t [
-25 : :
-1 0 2 3

1
ReQ\)

Figure 4.1: Eigenvalue distribution of M and M R~7, where R is the Cholesky factor of M7 M.

By the ith column of equation (4.3.8), we have

2
a; —e; = er(i)rj. (4.3.9)
j=1

Equivalently, it can be cast as

Thus, similar to left-looking Cholesky factorization, the ¢th column r; can be computed by

first updating the ¢th column a; with the previously computed columns ry,...,7r;_1,
i—1
a;i(i:n) =a;(i:n) =Y ri(@)r;(i:n). (4.3.10)
j=i

The rest elements of r; is computed by imposing a sparsity condition, i.e., for j > i,

ri(3) = a;(3)/ri(i), si(4) =0 if a sparsity constraint is satisfied,
ri(4) =0, si(4) = a;(j) otherwise,

where E = ST + S, and S is a strictly lower-triangular matrix. The following is a pseudocode.



61

LEFT-LOOKING INCOMPLETE CHOLESKY
for 1=1,...,n do
for j=1,..,k—1do
G; = G; — Ty (i)Tj
end for
ri(i) = /a;(i)
for j=:+1,....,n do
if a sparsity constraint is satisfied then
ri(j) = ai(j)/ri(i)
end if
end for
end for
Alternatively, there is a right-looking IC factorization. The procedure first initializes Ay =
A, and then recursively computes the ith column r; based on the partitioning of A; such that

e F) [ B 0 L 0 Bi hl/Bi 0 g
Ai-1 = [ b; B; ] B [ hi/Bi In—i ] [ 0 A; ] [ 0 In ] * [ gi Onj ]’ (43.11)

where A;_1 isan (n —i+ 1) X (n — 4+ 1) matrix, B; is an (n — 1) X (n — i) matrix, h; and g;
are (n — i)-length vector, and f; = /a;.
The vectors h; and g; are computed as the following: for j < mn — 1,

{ hi(j) = bi(4), gi(4) =0, if a sparsity constraint is satisfied,
hi(j) =0, 9i(7) = bi(j), otherwise,

and the matrix A; is computed by the rank-one update:

_ ihi.

a;

Ai:Bi

Subsequently, the ith column of R is given by

7"1(2) = /Bia
ri(i +1:m) hi/Bi, si(i+1:n)=g;.

The following is the pseudocode.

RIGHT-LOOKING INCOMPLETE CHOLESKY
for i=1,...,n do
ri(i) = Va;(i)
for j=i+1,...,n do
if a sparsity constraint is satisfied then
ri(3) = ri(5)/ri(7)
end if
end for
for j=i+1,...,n do
aj =a; —1i(j)ri
end for
end for
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Note that a sparsity constraint should be such that the factor R and S do not have a
non-zero entry at common locations, i.e., they are structurally orthogonal,

diag(RT'S) = 0.
The following sparsity constraints are commonly used.

1. Fized sparsity pattern (SP), namely, the factor R has a prescribed sparsity pattern £ =
{(3,7),}. If (i,5) € L, ri(j) # 0. A popular sparsity pattern £ is based on the known
sparsity pattern of the original A: £ = {(7,7) : a;(j) # 0}. ie., ei(j) =0 if (4,5) € L.
The following is the pseudocode.

LEFT-LOOKING IC — SP RigHT-LOOKING IC — SP
for :1=1,...,n do for :1=1,...,n do
for j=1,.,k—1do ri(7) = v/a;(i)
for k:(i,k) € £L do for j=i+1,...,n do
a;(k) = a;(k) —r;(i)r;(k) if (i,j) € L then
end for ri(j) = ri(j)/ri(2)
end for end if
ri(i) = \/a;(i) end for
for j=1+1,...,n do for j=1+1,...,n do
if (4,7) € L then for k:(j,k) € L do
ri(j) = ai(j) /i) aj(k) = a;(k) — ri(j)rs(k)
end if end for
end for end for
end for end for

Note that e;(j) at positions (i,7) € £ can be large, and the resulting R may not be a
good approximation of Cholesky factor.

2. Dropping small entries (DSE). Another approach is to discard the non-zero entries of
R with their magnitude less than a specified dropping threshold 7. This constraint
guarantees that the relative magnitude of non-zero entries in the error matrix is less
than 7.

The following is the pseudocode with the dropping tolerance threshold 7:

LEFT-LOOKING IC — DSE RIGHT-LOOKING IC — DSE
for i1 =1,. ndo for :1=1,...,n do
for j = 1, ,i—1do ri(i) = /a;(i)

a; = a; — rj(i)r; for j=i+1,...,n do
end for if |a;i(j)| > 7 then
ri(t) = v/ai(z) ri(7) = ai(j)/ri(9)
for j=1+1,...,n do end if

if |a;i(j)| > 7 then end for

ri(j) = a;(7)/ri(3) for j=i+1,...,n do

end if a; = aj — n(])n

end for end for

end for end for
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Note that in this approach, the sparsity pattern of R is not known prior to the con-
struction of R. All the non-zero entries of R need to be computed to compare with the
threshold, and the computational cost of constructing R can be high. Furthermore, the
number of fill-ins, thus the memory required to store R, cannot be easily predicted.

3. Fized number of entries (FNE). This is a strategy to fix the number of entries allowed
in each columns of R (by keeping the m non-zero entries with the largest magnitudes).
Thus, the memory requriement is controlled. The following is the pseudocode.

LEFT-LOOKING IC — FNE RIGHT-LOOKING IC — FNE
for i=1,...,n do for i=1,...,n do
for j=1,..,i—1do ri(i) = /a;(i)

a; = a; — rj(i)r; for j=i+1,...,n do
end for if |ai(j)| is among the m
ri(i) = \/a;(1) largest in a; then
for j=i+1,...,n do ri(j) = ai(4)/ri(7)

if |a;(j)| is among the m end if

largest in a; then end for

ri(7) = ai(4)/ri(3) for j=i+1,...,n do
end if aj =a; —ri(j)ri
end for end for
end for end for

Note that if the distribution of the non-zero entries in R is irregular, i.e., some columns
have many large entries while some columns have many small entries, then the magnitude
of non-zero entries in the error matrix can be large. Also, the computation of R can be
expensive because all the non-zero entries in R need to be computed so that the non-zero
entries with largest magnitudes can be located.

Note that in all IC factorizations, when non-zero entries are discarded from R, the oper-
ations with the non-zero entries are eliminated from the remaining procedure to compute R,
and they do not have to be stored. Thus, imposing a sparsity on R reduces the cost to compute
R in term of both storage and computation.

Unfortunately, IC factorization can fail due to a pivot breakdown, namely, the operation
r;(1) = \/a;(i) is invalid. This indicates that when the non-zero entries introduced into E result
in the loss of positive-definiteness in A — E. The existence of IC factorization is theoretically
proven only for some special classes of matrices, see [7, 6, 12].

4.4 Robust Incomplete Cholesky preconditioners

The primary goal of a Robust Incomplete Cholesky (RIC) factorization is to avoid the pivot
breakdown by imposing the matrix A — £ in (4.3.8) remaining to be SPD

A-E=AT—ET >0. (4.4.12)

In this section, we will discuss several approaches.
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4.4.1 RIC1

One simple approach to satisfy the condition (4.4.12) is by simple diagonal updates of F.
Specifically, by writing the error matrix F = D+S+S7, we construct R based on a factorization
of the form

A=RR" +E=RRT+D+ S+ 57, (4.4.13)

where R is a lower-triangular matrix, D is a diagonal matrix, and S is a strictly lower-triangular
matrix.

To impose condition (4.4.12), decomposition (4.4.13) is constructed so that the error matrix
—F is symmetric and positive semi-definite (SPSD),

—E=-FE"=-D-§5-58T">0.

There are two approaches to construct the diagonal matrix D: static or dynamic. A static
approach computes D prior to the construction of decomposition (4.4.13), while a dynamic
approach computes D during the construction of the decomposition. An example of static
approach include global shifting of diagonal entries of A where all diagonal entries of A are
shifted by a same factor [6]. Another example of static approach is to set all positive off-diagonal
elements of A to zero and to add the values to the corresponding diagonal elements [2].

An example of dynamic approach is local shifting of diagonal elements of A, where the
non-positive pivots are replaced by some positive values [6]. An alternative approach updates
the corresponding diagonal entries of D for every new non-zero entries introduced into S [1].
As an example to compute decomposition (4.4.13), we present this dynamic approach proposed
in [1].

By the ith column of equation (4.4.13), we have

ai(i) = Y ri(i)® + di(i), (4.4.14)
j=1

aii+1:n) = Y r(@)ri(i+1:n)+s(i+1:n). (4.4.15)
j=1

These two equations can be rearranged such that

() +d Z’I"] ’

and

ri()ri(i+1:n)+s(i+1:n)=a;(i+1:n) Zr] i)ri(i +1:n).

Thus, similar to left-looking formulation of IC factorization, the ith column r; can be computed
by first updating the ith column a; with the previously computed columns ry,...,7r;_1,

i—1
ai(i:n) = a;(i:n) = ri(i)r;(i
j=1
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Then, the ith column s; is computed by imposing a sparsity on a;(i + 1 : n) with a dropping
threshold oy so that, for i +1 < j < n,

al(]) = a'i(j)a 31(.7) =0, if Tij > 01,
(7)) = i(7) = a;i(j), otherwise,

wherel!
N2 1/2

Tij = . . . .

K [(ai(%) +di(2))(a; (5) + d;(5))

To impose the positive semi-definiteness of —FE, the corresponding diagonal entries d;(i) and
d;j(j) are updated for every discarded non-zero element s;(j),

where d; and d; are chosen such that d;,0; > 0 and 9;6; = 5;(4)%. Finally, the diagonal element
is

ri(i) = vVa;(i) + di(1),
and the off-diagonal elements are
rii+1:n)=ai(i+1:n)/ri(7).
The following is the pseudocode.

RIC1 - LEFT-LOOKING
for 1=1,...,n do
for y=1,...,k—1do
a; = a; —rj(i)r;
end for
for j=:+1,....,n do
r = ai(3)/[(ai (0) + di(9))(a; () + d; (j))]/2
if Tij <o then
a;(j) =0
di(1) = d;(i) + 6
d;(j) = d;(j) + 9;
end if
end for
ri(i) = v/ai(i) + di ()
for j=1+1,....,n do
ri(j) = ai(j)/ri ()
end for
end for

!This is used in the paper by Ajiz and Jennings. We’re considering to use alternate constraint test 7;; =
ai(j)/+/ai(i) + d;(i). This seems to follow our presentation and give a similar performance.
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The IC factorization (4.4.13) can be also computed in a right-looking fashion. This is
based on the partitioning of the matrix A;_; as in equation (4.3.11). Here, the h; and g¢; are
computed so that, for j < n —1,

{ hi(7) = bi(5), 9i(j) =0, if 75 > o,
hi(j) =0, 9i(7) = bi(j), otherwise.

where - 1/2
Tij = [ . - bi (]) . —
(@i (i) + di(i)) (@i (i + 5) + d;j (i + 7))
For every discarded non-zero element g;(j), the corresponding diagonal entries d; (%) and d;(i+7)
are updated,

di(i) = di(1) = 6, dj(i +j) = dj(i + J) — 0itjy
where d; and 6;1; are chosen such that &;,d;1; > 0 and 0;0;+; = ¢;(j)?. Thus, the partitioning
of A;_1 becomes

Ai—1=[ai b;fp]:[ Bi 0 ][1 0][@' h;/ﬁi]+[—di(i) g9 ],(4.4.16)

b; B; hi/Bi In—; 0 4 0 I, g Opy
where ; = \/a; +d;(i) and A; = B; — hlﬁ—hf Finally, the ith column of the IC factor R is
given by 1
TZ(Z) = IBia
Ti(i—i-l:n) = hz/n(z),

Correspondingly, s;(i +1:n) = g;.
The following is the pseudocode.

RIC1 - RIGHT-LOOKING
for i=1,...,n do
for j=:+1,....,n do
if Tij S 09 then
a;(j) =0
di(1) = d;(1) + &
4;(5) = d;(5) + 9,
end if
end for
ri(7) = \/ai(i) + d;(7)
for j=1+1,....,n do
ri(j) = ri(4)/ri(7)
end for
for j=:+1,....,n do
a; = a; — ri(J)r;
end for
end for



67

The existence of the factorization (4.4.13) can be proven by showing that for any n-length
vector v, we have

o(—Bpw= Y (Vow(i) = /Gu(i)? =0,

i,j S.b. s;(§)#0

Both left-looking and right-looking implementations guarantee that —E is SPSD and that
A — FE is SPD. Thus, this factorization is robust, and is called as RIC in version 1, or RIC1 in
short.

Note that RIC1 is based on simple diagonal updates of E, the construction of R is compu-
tationally efficient.

To measure the quality of RIC1 preconditioner R, we note that the norm of the residue

RMRT - I=-RYWD+S+S")RT=-R'ERT

can be amplified by the factor of |[R7!||? of the norm of the error matrix £. When approx-
imating an ill-conditioned matrix A, especially for strong interacting energy scale (U = 5,6),
the norm ||R~!|| is large, and the resulting R is often a poor preconditioner.

If many non-zero entries of R need to be dropped, then RIC1 proposed by Ajiz and Jennings
performs large number of diagonal updates, and the resulting preconditioner may not be a good
approximation of Cholesky factor. In this situation, other approaches such as the global shifting
of diagonal elements proposed by Manteuffel may perform better.

4.4.2 RIC2.

In [11], it is proposed that to improve the quality of R, one can construct R based on a
factorization of the form

A=RRT + E=RR" + RFT + FRT, (4.4.17)

where R is a lower-triangular matrix. The error matrix is written as £ = RF" + FR" F is
a strictly lower-triangular matrix. Similar to IC factorization, a sparsity is imposed on R to
reduce the computational cost.

By the ith column of equation (4.4.17), we have

i—1

ai =Y (rj(@)rj +ri(@) fj + fi(i)r))- (4.4.18)
j=1
It can be rearranged such that
i—1
ri(i)ts = ai = Y (r(i)t; + f5(i)r)),
j=1
where t; = r; + f;. Thus, after the columns r1,...,7; 1 and fi,..., fi 1 are computed, the ith

columns r; and f; can be computed by first updating the ¢th column a;,

i—1

ai(i:n) = a;(i:n) =Y (rj(i)t; (i - n) + f3(i)r;(i : n)).

=1
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Then, the pivot element of r; is

ri(i) = Vai(i),
and the off-diagonal elements of r; are computed by imposing a sparsity on a;(i + 1 : n) with
a dropping threshold o

ri(j) = ai(§)/r:(i), fi(j) =0, if |ai(5)|/ri(é) > o1,
ri(j) =0, fi(3) = ai(4)/ri(i), otherwise.
for j >4+ 1, This is an implementation in a left-looking fashion.
Alternatively, the factorization (4.4.17) can be constructed in a right-looking fashion. The

procedure first initializes A; = A, then recursively computes the ith columns r; and f; based
on the partitioning of the matrix A;_1,

e P P [ L s B
=t b, B; hi +g; In—; 0 A 0 I, o fiff |”

where A;_q isan (n —i+ 1) x (n — 7+ 1) matrix, B; is an (n — i) X (n — i) matrix, b;, h;, and
g; are (n — i)-length vectors, and ; = \/a;. Here, h; and g; are computed so that

{ hi(3) = bi(4)/Bi, 9i(4) =0, if [b;(5)|/Bi > o1,
hz(]) = 03 gl( ) - b ( )/5% otherwise,
and
Aiy1 = B; — hib] — higl — gih{ . (4.4.19)
The 4th column of the RIC factor R is given by
TZ(Z) = Bia
’r’i(i +1: n) = hi

Correspondingly, fi(i +1:n) = g;.
The existence of decomposition (4.4.17) can be proven based on the observation that the
matrix A; in (4.4.19) can be written as

bib!

i

Ai=B; - +gig! -

Since B; — bib, > 0 when A; ; is SPD, and g;g] > 0 for any real vector f;, the matrixa A; is
SPD. As a, result the diagonal entry o1 of the SPD matrix A; is always positive, the pivot
breakdown is avoided. The factorization (4.4.17) is thus robust, and it is called RIC - version
2, or RIC2 in short.

RIC2 often results in a good preconditioner R because the norm of the residue

R'AR T —I=-FRT-R'FT

is amplified at most by the norm of ||R™!|| of the norm of the F.

Note that when o1 = 0 thus F' = 0, factorization (4.4.17) becomes Cholesky factorization.
When o7 > 0 and small non-zero entries are discarded from r;(i + 1 : n) into f;(i + 1 : n),
then the cost of computing the decomposition is reduced by the cost of updating the remaining
columns of A with the outer-product of f;. However, the computation of RIC2 is generally
still expensive due to the large number of fill-ins in f;(i + 1 : n).
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4.4.3 RIC3

It is observed that many of the non-zero entries in F' in factorization (4.4.17) have magnitude
much smaller than the dropping threshold oy. Therefore in [5], it is proposed to impose a
sparsity on F' with a secondary dropping threshold oo < o1. Specifically, one constructs a
preconditioner R based on the factorization of the form

A=RR"+E=RR" +RF" + FR" + D+ S+ S, (4.4.20)

where R is a lower-triangular matrix, the error matrix —-F = —RFT —FRT - D-S - ST, F
and S are strictly lower-triangular matrices, and D is a diagonal matrix.
By the ith column of (4.4.20), we have

ai(i) = (rj (i) + 2f;(i)r; (i) + di(0), (4.4.21)

=1
and
i
ai(i+1:n) =s;(i+1:n)+ > (rj(i)t;(i +1:n)+ fi(i)rj(i+1:n)), (4.4.22)
=1
where t; = r; 4 f;. Similar to RIC2, we can have a SPD matrix A — RFT — FRT,
A—RF" —FR" > 0.

To have the positive semi-definiteness of the error matrix —F, one want the secondary error
matrix —FEy = —D — S — S” is SPSD,

~By=-Ef=-D-8-8">0.

This can be done by using the dynamic approach proposed by Ajiz and Jennings in [1].
Specifically, equations (4.4.21) and (4.4.22) can be rearranged such that

i—1
ri(D)? + di(i) = aii) = Y (rj () + 2£;(0)r; (i),
7j=1
and
i—1
ri(ti(i+1:n)+s(@+1:n)=a;i(i+1:n)— Z(rj(i)tj(i +1:n)+ fij(i)rj(i +1:n)).
j=1

Thus, similar to left-looking formulation of IC factorization, the ith columns r; and f; can be
computed by first updating the ith column a; with the previous columns,

i1
ai(t+1:n)=a;(i+1:n)— Z(rj(i)tj(i +1:n)+ fi(i)rj(i +1:n)).
j=1
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Then, the ith column s; is computed by imposing a sparsity on a;(i+ 1 : n) with the secondary
dropping threshold oo. Thus, for j > i+ 1,

{ ai(j) = ai(j), si(j) =0 if 7ij > 03,
ai(j) =0, si(4) = ai(j) otherwise,
where - 1/2
O o SR e e
(@i (i) + di(i))(a;(4) + d;j (7))
To impose —F3 to be SPSD, the corresponding diagonal entries d;(i) and d;(j) are updated
for every discarded non-zero element s;(j),

di(i) = d;(i) — &, d;(j) = d;(4) — 9y,

where §; and d; are chosen such that d;,; > 0 and 0;0; = 5i(7)?. Then, the pivot element of

the ¢ column r; of R is
ri(1) = v/ a;(i) + d;(3),

and the remaining elements are computed by imposing the primary sparsity constraint on
a;(i +1:n) with a dropping threshold o

{ ri(j) = ai(4)/ri(é), fi(j) =0, if [a;(4)|/ri(1) > o1
ri(j) =0, fi(j) = ai(j)/ri(i), otherwise.

for 7 > 4 + 1. This gives an implementation of the RIC3 in a left-looking fashion.

The factorization (4.4.20) can be also constructed in a right-looking fashion. The procedure
first initializes A7 = A, and recursively computes the ith columns r; and f; based on the
partitioning of A; in equation (4.3.11). Here, the h; and g; are computed so that

{ hi(j) = bi(4), gi(3) =0, if 7;; > o1,
hi(j) =0, 9i(7) = bi(j), otherwise,

where
[ bi()’ v
T i) + di(i) (@i (i + 5) + dj (i + )
For every discarded non-zero element g;(j), the corresponding diagonal entries d;(¢) and d; (i +
j) are updated,

di(i) = di(1) = 6, dj(i +j) = dj(i + J) — 0itjy
where 0; and §; are chosen such that d;,6; > 0 and §;0; = 5;(4)%. Thus, the partitioning of A;

becomes the one in equation (4.4.16). Furthermore, a sparsity is imposed on h; such that the
partitioning becomes

o oF [ B 0 Q[1 0 J[8 of +wf —di(i) gl
i = — + T 9
b; B v +w; In 0 Aip 0 I, gi  ww;

where 8; = \/a; — d;(i). Here, v; and w; are computed such that

{ vi(j) = hi(4)/Bis wi(j) =0, if |hi(5)1/Bi > o1,
vi(j) =0, w;(j) = hi(j)/Bi, otherwise,



71

and
Ai+1 = Bi - Q)iQ)ZT - Ui’UJlT - wiviT. (4.4.23)

Finally, the i-th columns of the RIC3 preconditioner R is given by
ri(i) = Bi,ri(i+1:n) =v;

Correspondingly, and f;(i + 1 :n) = w; and s;(i + 1 : n) = g;.
By construction, it is guaranteed that

A—RF'—FR" >0, and -D-8-5T>0,

and A — E is SPD, where E = RFT + FRT + D + S + ST. Therefore, this factorization is
robust, and it is named as RIC - version 3, or RIC3 in short.

RIC3 often results in a good preconditioner R when ||S|| and ||D|| are small enough, i.e.,
1S, I12]] < [|F|I/IIR7Y||, and the norm of the residue

RMRT - I1=-FRT-R' W -R'D+S5S+SHRT
is amplified at most by the factor of about |R|.
Since sparsity is imposed on both R and F', the computational cost of RIC3 is reduced
significantly from that of RIC2 decomposition.

4.5 Numerical results

In this section, we present numerical results on the performance of RIC1, RIC2 and RIC3
preconditioners discussed in this lecture. For testing purpose, the right-hand side vectors b of
the linear systems are chosen so that the entries of solution vector = have uniformly distributed
random values between 0 and 1, and the initial vector of PCG is the vector with all zero entries.
The stopping criterion used for PCG iteration is ||z —z||2/||z||2 < 1073, The numerical results
reported are the average of five solutions.

The numerical experiments are performed on an HP Itanium 2 workstation with 1GHz
CPU and 2GB main memory. All algorithms are implemented in FORTRAN. We used the
fortran compiler ifort in Intel Math Kernel library and the optimization option -03 for the
code compilation.

For RIC1, we present the dynamic approach proposed by Ajiz and Jennigs, RIC1,; and the
static approach proposed by Manteuffel, RIC1,. The fixed dropping thresholds oy = 1072 and
oy = 107* are used for RIC3L. For the rest of preconditioners, o; is chosen so that R with
similar density are obtained. For RIC1, the diagonal elements are shifted by the factor of o;.
For RIC3, the diagonal elements are shifted with the factor of 2 x o9, that often stabilizes the
factorization and improves the quality of R [5]. The choices of dropping thresholds are not
optimal in term of the total solution time, but it gives a good idea of the performances of the
preconditioners.

For each preconditioner, we report

e the memory required for storing the preconditioner in CSC format (R)

e the memory requirement for the intermediate workspace (W),
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| R(MB) W (MB)  Itrs P-time (s) S-time (s) T-time (s)

JACO —— —— 7,043 —— 77.28 77.28
RIC1Lq4 20.70 6.90 027 1.47 18.33 19.81
RIC1L; 20.70 6.90 281 0.79 9.54 10.33
RIC2L

RIC3R 20.64 34.48 242 22.86 8.27 31.14
RIC3L 20.64 161.18 242 5.24 8.46 13.71

Table 4.1: Performance data, U = 3

| R(MB) W (MB)  Itrs P-time (s) S-time (s) T-time (s)

JACO —— —— 7,043 —— 77.28 77.28
RIC1Lq4 20.19 6.73 7,750 1.43 260.22 261.65
RIC1L; 20.61 6.87 3,642 0.79 125.97 126.77
RIC2L

RIC3R 20.53 34.50 2,557 19.94 86.59 106.55
RIC3L 20.53 140.89 2,836 4.62 96.38 101.00

Table 4.2: Performance data, U = 6

e the number of PCG iterations required for solution convergence (Itrs),
e the CPU time for constructing R (P-time),

e the CPU time for the PCG iterations (S-time),

e the total CPU time (T-time).

Tables 4.1 and 4.2 report these performance data for U = 3 and U = 6, while the rest of
parameters are fixed at (N, L, ¢, 3, ) = (32 x 32,80, 1,10,0).

Figure 4.2 compares the total CPU time required to solve the linear system of equations
with RIC1L and RIC3L preconditioners.

By Tables 4.1 and 4.2 and Figure 4.2, we see that

e For small U, i.e., U =0,1,2, or 3, the linear system is relatively well-conditioned, RIC1L;
outperforms RIC3L in term of total CPU time, due to the computational efficiency of
RIC1L.

e However, for large U, i.e., U = 4,5, 6, the linear system is ill-conditioned. RIC3L outper-
forms RIC1L; in term of total CPU time because higher quality of RIC3 preconditioner
outweighs the extra cost spent in computing the preconditioner.

In addition, we have observed the linear-scaling complexity of the preconditioned iterative
solver when the interaction energies of the system are moderate, i.e., U =0,1,2,3. Figure 4.3
and 4.4 show that the number of PCG iterations grows slowly with N when RIC1L; and RIC3L
preconditioners are used, respectively.
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Figure 4.2: Comparison of the speed of RIC1 and RIC3 preconditioners. Left: for small U.
Right: for large U. where N = 32 x 32 and L = 80.

The right plots in Figure 4.5 and Figure 4.6 show that total CPU time required for the
solution of the linear system of equations (4.1.1) scales linearly in term of N with these pre-
conditioners.

For the system with strong interaction energies, i.e, U = 4, 5,6, Figure 4.5 and 4.6 show
that the number of PCG iterations required to achieve the desired solution accuracy grows
linearly with N. However, the total CPU timing becomes more than linear in term of N.

It is still one crucial target to seek a preconditioner which can exhibit linear scaling be-
havior when the interaction energies are high. It is necessary to have a further understanding
the convergence behavior of PCG under different length and energy scales. We have observed
that for large energy scale, the PCG stagnates after some initial rapid decline. This stagnation
of PCG convergence (plateau) is often due to the slow convergence of components of residual
vectors associated with small eigenvalues, see Figure 4.7. Several techniques have been pro-
posed to deflate these components from the residual vector so that the plateau of convergence
can be avoided [8, 9].
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Lecture 5

The Monte-Carlo method

The Monte Carlo method is often referred to as a “computer experiment”. In this lecture, we
discuss basic concepts of Monte Carlo simulation to understand how does it work in the QMC
simulation described in Lecture 1.

5.1 Introduction

Let us begin with a simple toy example. Let x be a scalar, and H(x) be defined by

H(z) = z*
We want to estimate' the integrals
1 o.¢]
I(n) = _/ x"e_H(x)d:E, n=1,2--, (5.1.1)
Z —00

where Z is a constant

o
7 = / e @) dy = /7.
—0o0
It is clear that the integrals I(n) can be written as expectations:
I(n) = E[X"], (5.1.2)

where X is a random variable with probability density function (pdf) e~ /Z.
One can approximate I(n) by the Riemann sum. First, by restricting to the interval [—a, a],
the integrals I(n) can be estimated by I,(n):

Ia(n) = L/ z"e @) g,

where Z(a) = [* e H(@)dy.

—a

'n fact, for this simple case, the integrals are known exactly

0, n=2k+1, _
I(n) = { (2162—}01)!!7 n = 2k, k=1,2,---

78
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n 0 2 4 6 8

(T N 0
I,(n) 1.0000 | 0.5000 | 0.7500 | 1.8750 | 6.5625
I,(n) —1(n) | 1.5e-12 | 4.0e-11 | 1.0e-9 | 2.7e-8 | 7.1e-7

Table 5.1: The integral I(n) and its approximation I,(n),a =5

Second, by taking the points z; = —a + % fori =0,1,--- , N and dividing the interval
[—a,a] into N subinterval [2;,z;;1], then one can use the following Riemann sum I, x(n) to
approximate the integral I,(n) with order O(=):

I(n) = I, n(n) = 2a_1 Z(xi)"e_H(xi).

The number a = 5 is a nice choice since z"e %’ decay rapidly, see Table 5.1.

Now let us discuss two simple sampling methods: uniformly sampling and Gaussian sam-

pling.
If we draw independent and identically distributed (ii.d.) random samples () uniformly
from [—a,a). Then the probability p(z) of z = z(9 is

{ %7 T € [_a‘va‘]a

p) = 0, otherwise

and an approximate to I,(n) can be obtained as

20 1 al (i)\n —(z()2
Inu(n) = N Z(x )"e

Remark 24 If we sample £ uniformly on the subinterval [z, zit1], then the Monte Carlo
method can be regarded as the Riemann sum. It is an example of stratified sampling.

Alternatively, by (5.1.2), one can also draw random samples z = ) by the Gaussian
distribution:

Then an approximation of the integral I(n) can be obtained as the expectation value under
the distribution p(x)

Ing(n) = % Z(x(i))n'
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Figure 5.1: Simple Monte Carlo method for one dimensional integral

Figure 5.1 shows that both samplings are good approximation, however with different error
bars. Their convergence rates are slower than the Riemann sum. This phenomenon can be
explained by central limit theorem. For Gaussian sampling, the random variable @ is an
i.i.d. sequence, and let the variance 0%(n) = var((z()"). Then the central limit theorem tells
us that for a large N:

I -1
M ~ N(0,1) approximately.

a*(n)
N
Therefore the ”error term” of the monte carlo approximation is O( %2), which is large than

the approximation order O(%) of the Riemann sum. However, the convergence rate of the
monte carlo approximation does not depend on the dimensionality of 2@ therefore for high
dimension problem, the Monte Carlo method becomes attractive.

Remark 25 One can use the sample variance S%(n) to estimate the variance o(n):

SN (D) — Iy g(n)
N-1 )

Sk (n) =

Then E(S%(n)) = 0?(n) and S%(n) converge to o(n) with probability 1. The sample variance
\/S%(n)/N can be used as an error bar of the expectation (as shown in Figure 5.1). When N

is sufficiently large, the 95% confidence interval for the expectation is:

InG(n) +1.964/5% (n)/N.
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JFrom Figure 5.1, the approximates by uniformly sampling and Gaussian sampling are
different, especially the error bars (the variances). Since the convergence rate of the Monte
Carlo method depends on the variance \/LN’ it is highly desired to reduce the variance 0. This
leads to so-called importance sampling principle.

Writing in a general notation, the goal of our simple example is to estimate

I—/f v)dz = By[f (X)),

where X ~ p(x). By sampling X; based on the p(x), an estimator of I is

1 N
IN,p = N Zf(Xz)
=1

var(Iny) = [/f x)dx — [2]

Choosing another p.d.f w(x), and writing

A Ok

with the variance

where Y ~ p, then an importance sampling estimator based on p is
N
_ i Z f(Y)p(Ys)
N~ oY)
where Y; are i.i.d. with p.d.f. p. Its variance is

varINp [/f dr — I*|.

Thus one can try to choose a proper p.d.f. p(z) to reduce the variance.

To end this section, we briefly consider multidimensional integrals. Let H be a symmetric
and positive definite matrix, and z be a column vector. Define function H(z)

H(z) =z Hz.

1 [o¢] [o¢]
:2/ / e 1) gy
—0o0 —0o0
(2
Z = /eH(I)d:B.

Consider the integral

where
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Figure 5.2: Simple Monte Carlo method for multidimensional integral

I(H(X)), dim(x ) = 100 I X)*2rTr(H™), dim(x) = 100
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Remark 26 The integral can be computed analytically:

1
1(a"w) = STe(H ")
with
P qdim(z) ,
det(H)

Remark 27 The following integral is independent of the matriz H :

1) = / / H (@) 1z = T,
700. —00

The Riemann sum becomes intractable for high dimensional integrals, For example, if the
dimension of the vector is 100 and only we only take 10 sample points in every direction, then
the Riemann sum will need totally 10'°° points. However, the Monte Carlo method can still
be effectively used. By sampling X; based on the the pdf p(x) = %e‘H (@) approximations of

I(z"x) and I(H(z)) can be obtained, respectively
L
Ty (a7 ) = ~ 2 x!I'x;,
1=

and
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Figure 5.2 shows that both two integrals can be efficiently approximated.

Remark 28 In any dimension, the Monte Carlo error goes as \/Lﬁ where N 1is the number of

points sampled. Also the time spent in the calculation is proportional to N, that is T = cN.
Thus error = \/Lﬁ On the other hand, if one is doing a Riemann sum by, for example, the

trapezoid rule, the error goes as % where 0 is the distance between the sampling points. In one
dimension, the cpu time is T = ?, S0 € = % Clearly in one dimension the error goes down
much faster with T ( 1/T? wversus 1/v/T ) using a Riemann sum method. But in dimension
d, the Riemann cpu time is T = 5%, and hence error = —L—. If d > 4 the monte carlo 1/\/T

T2/d "
decays faster with T.

5.2 Monte Carlo simulation by Markov chain

In simple Monte Carlo methods, the samples () are independent and identically distributed
(i.i.d.). The requirement of independence is not necessary. The ith sample £ can be chosen
to depend on the old samplings 20D (=2 ... In particular, if the nth sample 2™ only
depends on the previous (n — 1)th sample z(*~1)

then all samples z(?) (1 =0,1,2,---) form a chain, it is called Markov chain, then a Monte
Carlo simulation i is called Markov chain Monte Carlo (MCMC) method. The MCMC method
is often more efficient than simple Monte Carlo method described in the previous section.

The question now is how to move the sample from (" to z(™, that is to say, a transition
rule should be made. Let us define the n-step transition function of a Markov chain as

PO = (o)
with
) = P(a'™ = y|a® = z).
Chapman and Kolmogorov have proven that
pimin) — p(m) p(n) (5.2.3)

where P = P,

In MCMC method, one hopes that the transition rule will drive the samples x to arrive at
a stationary state and the system will be in equilibrium. This requirement is often guaranteed
in the practical MCMC methods and explained by the following convergence results.

If the state space of the Markov chain is finite and the chain is irreducible and aperiodic,
then for any given initial state z, there exists a distribution 7(y) such that

i (n) —
nlggo Py = 7(y).

Moreover from by the Chapman-Kolmogorov identity (5.2.3), the row vector {m(z)} is the the
left eigenvector of the matrix P:

m(z)P(z,y) = w(y).
This equation shows that if the state x is in equilibrium, after one transition step, the new
state y will be still in equilibrium. This condition can be used to check whether the Markov
chain arrives at stationary state, that is to say, whether the MCMC method converges.
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Remark 29

e A Markov chain is irreducible if the chain can eventually get from each state to every
other state, that is for every x and y there exists a k > 0 (depending on z and y) such
that P& > 0.

e An irreducible Markov chain has period D if D is the greatest common divisor of {k >

1 :pgfp) > 0} for some state z. A Chain is called aperiodic if its period is 1.

In MCMC methods, the basic idea to move the configuration is by two-step moving strategy:
try and adjust (or predict and correct)

T(z(™) gy Metropolis
L) TEy), polis, (n+1)

Yy .
try adjust
where

1. In the first step, try to move (™ towards a new position y according to the trial transition
rule (or trial proposal) T'(z(™), ).

2. In the second step, adjust y by (™Y to drive z("*1) to the stationary state.

For any symmetric proposal function T'(z,y): T(x,y) = T(y,z), Metropolis et al (1953)
introduced famous acceptance-rejection strategy to adjust the movement:

Generate a random number U ~ Uniform[0, 1]. Accept y as z("*1) if

U< T(z(”),y), where r(z,y) = M’

m(z)
otherwise, reject the movement, and go back to old position: z("+1) = z(n),

Hasting extended the idea to nonsymmetric proposal function 7'(z,y) by using a modifying
the Metropolis ratio:

)Ty, z)
()T (z,y)

Now we introduce some basic trial proposals T'(z,y). More can be found in [1].

T($7y) =

e Flipping. If the state z is a d-dimension vector: = = {z1,--- ,zs, -+, 24}, and every
components z; takes two possible values {t,—t}. By flipping, only one component is
updated in every MC step:

yo=—2” and y;=z", i#s.

s 7

Flipping is used in DQMC.
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e Random-walk. By random-walk, y is obtained by perturbing ()
y = x(n) + Ena

where ¢, is independent and identically distributed for different n. Typically, €, can
be a spherically symmetric distribution. For example, by Gaussian distribution, (™ is
updated by

y=2™ 106, e~ N(0,I).

Here the parameters o is controlled by the user.

e Langevin-Euler moves. In many physical applications, an energy function H(x) is often
defined. Then by Langevin-Euler moves, a procedure for updating z(™) is

— == (z"™) + Vhe™,

y=2 2 Oz

where (™) follows a standard Gaussian distribution. Note that if let V& = d¢, then the
Langevin updating can be regarded as the Euler discretization of the following stochastic
differential equation:

1 0H (z)
dry = —= dt + dW, 5.2.4
Lt 2 oz + ty ( )
where W; is the standard Brownian motion, and the solution of the stochastic follows
the target distribution m(z) = 67;@).

To understand why does the Metropolis algorithm work, we we need to do is to check the
identity

w(2)P(z,y) = n(y). (5.2.5)
By the Metropolis-Hasting algorithm, the new Markov chain has transition probabilities
_ | T(z,y) min{l,r(z,y)}, ify #
Pey =9 1 - Yvege L@, 2) min{l, r(z, 2)}, ifz =z

and is called the Metropolis chain for 7(x) with proposal matrix 7. Note that here the diagonal
elements are chosen such that the column sum of the transition matrix P equals to 1.

A easy-to-check but more restrictive condition than (5.2.5) is the so-called detailed balance
condition:

(@) P(z,y) = 7(y) Py, z).

Chains that satisfy the detailed balance condition are called reversible, since the detailed
balance shows that the probability from the state = to the state y is same as from the state y
to the state x.

Proposition 30 Consider an irreducible Markov chain with discrete state space S. Assume
that there exists positive number m;,i € S, such that ), m; =1 and

miDij = Tjpji, for every i,j €S,

then ™ = (m;)ics 18 the equilibrium distribution.
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PROOF. Note that ). p;; = 1, then by detailed balance,
(7P)j =Y mipij = Y ®ipji =T Y Pji = 7. O
For Metropolis-Hasting algorithm, P(z,y) has been written down explicitly: for = # y
P(z,y) =T (z,y) min{1,7(z,y)}. (5.2.6)
Hence
m(z)P(z,y) = min{m ()T (z,y), 7(y)T(y, )},
which is a symmetric function in z and y. Thus, the detailed balance condition is satisfied.

The Metropolis algorithm is not unique way to generate the Markov chain, Barker (1965)
suggested another acceptance function:

m(y)T(y, =) __r(=y)
(T (y,z) + n(x)T(z,y) 1+r(z,y)

and corresponding transition (z # y)

TB(xay) =

T (z,y)T(y,z)
()T (y,z) +n(z)T (z,y)

When the trial proposal T'(x,y) is symmetric: T(z,y) = T(y, z), then

P(z,y) = m(y)

m(y)
() + 7 (y)
This method is often called "heat-bath” in the field of computational physics.

TB((I;ay) =

5.3 MCMC for multi-dimensional integrals

Now we use the MCMC method to compute the multi-dimensional integrals, treated by the
simple Monte Carlo method in section 1. Here we use the random-walk:

y=2™ 1+ oR e, €~ N(0,I).
where the upper triangle matrix R is the Cholesky factorization of the positive matrix H:
H = RTR,

and R is computed before the MCMC simulation. The parameter o is taken as 0.085 which is
chosen such that the acceptance ratio is near % For multi-dimensional integral problems, the
acceptance ratio is sensitive to the parameter o and the final results is better in % acceptance
ratio than others.

In the MCMC method, we should to determine when the system enter equilibrium. For
example, Figure 5.3 records the values (z™)THz(™ for every state z(™ n = 1,-.-2000. It
shows that states are in stationary state around n = 500. Then the integral I(H) is computed

as following:
N

Inp(H) = —— 37 (@®)7 Hy®), (5.3.7)

N=p i=p+1

and p is set as 500.
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Figure 5.3: (z(")T Hz(™ for n=1:2000

Remark 31 The first 500 steps in Figure 5.3 are often called the "warm-up” or "equilibration
time” and that they are analogous to the time one would wait in an experiment between putting
a sample in a cold chamber and starting to take data, because one would want to give the
sample a chance to cool off to the temperature of the chamber.

Figure 5.3 also shows that the state (™) and the states z("t) j =1,...  k are dependent:
states which are above the exact value of 50 tend to stay above 50 for a while, and ones below
tend to stay below. Therefore the method of batch means is used to estimate means from
a stationary sequence: Choose a ”"bin size” M, and average the data for x over each of the
L= % bins to create L ”binned measurements” m; (we should point out that N is the total
number of measurements N — p):

1 i
i=Mx(j—1)+1

If M is sufficiently large, the new variables m; are approximately independent, and denote

o?(m) the variance of the variables m;, we use 02(Lm) as error bar. The formula for error
bars ) )
) - ()
N -1

assumes the measurements are independent. If they are not, then we need to bin.
Figure 5.4 shows that the results with batch means are better than without the bin.
More details can be found in [3] and [2, Chap.5]
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Figure 5.4: Iy ,(H) with bin (L=10 in left figure) and without bin (right figure)

5.4 ~-Metropolis algorithm in the DQMC

In this section, we discuss how the Metropolis algorithm and detailed balance used in the
determinant QMC. In the current version of the determinant QMC code, the random variable
z={S5(,1)},1<i<N,1<I<L,and S;; =1 or —1. Define

My(z) =1+ efe" (D) ... eKele(D)

b

where K, V,(I) are N x N matrices, V(l) are diagonal matrices such that
Vi(l) = diag(e*5(D)

and _
V(1) = diag(e 500,

The object distribution under investigation can be written as

_ det MT(IL‘) det M¢($)

() p ,

where Z is the partition function defined as

7 =" det My(z)det M, ().

Now we use the simplest probability transition function T'(z,y):

S@i,1) = —8(i,1).
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Define Metropolis ratio as
_ det My (y) det Mi(y)

"7 det My (z) det M, (z)”
Since T'(z,y) is symmetric function (in fact there is no random factor there), then the Metropolis-
Hasting algorithm is just the Metropolis algorithm with flipping:

Metropolis algorithm. Given current state z(Y) = {S(i,1)}:

e Try new state y by flipping one site by S(i,l) = —S(4,[), and compute the
Metropolis ratio
_ det My(y) det M (y)

~ det My(z) det M ()

r

e Draw U ~ Uniform[0, 1] and update

(t+1) y, if U < min{l,r}
T == (t) .
z\",  otherwise.

r

T in this case, then the

If we change to the Barker’s heat-bath algorithm, just let r =
algorithm is the "heat bath” DQMC method.

Now let us rewrite the DQMC method as currently implemented in DQMC code, and call
it y-Metropolis algorithm.

~v—Metropolis algorithm. Given initial state 2 and initial parameter +.

e Fori=1,---L,i=1,--- N, do Metropolis algorithm on site (7,1)
1. Flip state variable by S(i,1) = —S(4,1), and compute the Metropolis ratio

_ det My(y) det M (y)
" det My (z)det M (z)

2. Compute y—Metropolis ratio

ifr <1
otherwise.

_r_
Y+’

3. Draw U ~ Uniform[0, 1] and update

272{ ya lfUST’Y(xay)

x, otherwise.

e Update « if average acceptance ratio n % 0.5,

1 if v+ (np—0.5) > 1,
y=¢ 7Y+ (n—05) if0<y+(n-05) <1,
0, if vy + (n—0.5) <0,

where the accepting ratio 7 is defined by the ratio the accept steps of total
steps.
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Remark 32 The motivation of introducing the parameter v is to try to get the L accepting

2

ratio, % acceptance ratio is regarded as better than other ratios. % accepting ratio means that
half of all random wvariables S(i,1) will be changed, since in the expression of My(x), every
S(i,1) has equal probability to take +1 and —1, so naturally after NL step Metropolis updating,

half of them are expected be changed.

We now check whether the actual transition function P(z,y) satisfies the detailed balance.
Note that in this case, the Metropolis ratio can also rewritten as

)

m(z)’
and the actual transition function P(z,y) is equal to r,(z,y). If 7(y) > (), then r > 1, and

r r
, Ply,z)= .
y+r (v, ) L+9r

P(z,y) =
Then P(z,y) satisfies the ”detailed balance”:

m(z)7(y)
m(z) +y7(y)

Similarly, it can shown that for m(x) < m(z), the ”detailed balance” still holds.

m(z)P(z,y) = =n(y)P(y, ).
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