ON THE MASS FORMULA OF SUPERSINGULAR ABELIAN
VARIETIES WITH REAL MULTIPLICATIONS
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§1. Introduction

For a reductive group G over Q which is R-anisotropic and an open compact subgroup K of
G(Ay), one can define the mass of (G, K). The attached mass is a weighted class number. It
measures the size of K as well as the class number; but it has better properties on relating
different levels K and different groups G. The importance of the mass formula is its uniform
organization of different arithmetic objects and the measurement of these arithmetic objects.
The computation of the mass formula has a long history, dated from the pioneers Minkowski,
Schmid, and Siegel. There are many important contributions on the Tamagawa numbers due
to Weil, Ono, Langlands, Harder, Lai and Kottwitz, and on exact formulas due to Shimura,
Hashimoto-Ibukiyama, G. Prasad, Gross, Gan-Yu and many others.

For a small class of groups G, the mass can also arise from special abelian varieties in
characteristic p. The celebrated Deuring mass formula says

> = L
E#AutE_ 24

where E runs over the isomorphism classes of supersingular elliptic curves. The viewpoint
taken in this paper is to establish the connection between the geometrically defined mass
and the arithmetically defined mass. Then one can take the advantage of the existing
computation result of arithmetic mass formula, for example, to verify a mass formula by a
different (geometric) method.

In this paper, we show that the mass for certain special polarized abelian varieties with
real multiplications can be an arithmetic mass for some (G, K), see (2.9). The features are:
these are supersingular points and need not to be superspecial; the polarizations can be
inseparable; and the formulation does not require the existence or definition of the moduli
space. The latter indicates that there is no difference or new difficulty to establish such
connection when the moduli space has bad reduction or is not well-behaved.

As a beautiful application of Shimura’s exact mass formula [Sh], we deduce the geometric
mass in term of special values of the zeta function up to precise local terms. The special case
when the totally real field F' is Q, the abelian varieties are superspecial, and the polarizations
are principal, it reduces to a result of Ekedahl and van der Geer [G] obtained by the geometric
method. Our formulation can be generalized to basic points in a PEL-Shimura variety
modulo p, modulo the Hasse principle. Doing that will require much more work and we plan
to carry it out in a subsequent paper.
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One part of this paper is to determine the local terms in the case of superspecial abelian
varieties of Hilbert-Blumenthal type. Using the geometric mass formula (Theorem 3.9),
we can determine the number of the irreducible components of the supersingular locus,
following the methods in [LO] and [Y1]. In the last section we determine this number in
some restricted cases, particularly when p is totally ramified in F', see Theorem 4.11. We
note that our approach gives an explanation of the interesting result of Bachmat and Goren
[BG] on the supersingular locus of Hilbert modular surfaces. Finally we note that there is
interesting connection of supersingular points with the theory of modular forms modulo p,
see [Se] and [Gr].
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§2. Supersingular points and the mass formula

(2.1) Shimura’s exact mass formula. Let B be a quaternion division algebra over a totally
real number field F', and let o denote the standard involution of B. Let V' be a left B-module
of rank m, and let ¢ be a quaternion Hermitian form on V. That is,

p: VXV —-DB

such that p(z,y) = ¢(y,z)? and ¢(azx,by) = ap(x,y)b” for all x,y € V and a,b € B. Let
G% denote the unitary group of . It is a reductive group over F' and we will regard it as
a reductive algebraic group over QQ via the Weil restriction of scalars from F' to Q. Assume
that G¥(R) is compact. For any open compact subgroup K of G¥(Ay), the mass of K is
defined as follows. Let {c1,co,...,cn} be a set of (complete) representatives of the double
coset space G¥(Q)\G¥(A;)/K, and let T; := G¥(Q) N¢;Kc;'. Note that each T); is finite by
the assumption of G¥(R). The mass of K is defined to be

1
#1

mass(K) := Z

For the general definition of the mass of K (without the compactness assumption), we
refer to [Sh, Introduction, p. 67]. It follows easily from the definition that for two open
compact subgroups K; C Ko, one has mass(K;) = [Ky : K;] mass(K3).

Choose a maximal order Op of B. Let L be an Opg-lattice in V' which is maximal along
the lattices on which ¢ takes its value in Op. Let K{ be the maximal compact subgroup of
G*(Af) which stabilizes the adele lattice L ®7 Z. In [Sh, Introduction, p. 68] Shimura gives



an explicit formula

m S m

mass(Ko) = [Dp"* - T { D3 [(2k = D12m) " Cel2m) } TTTT AV ®0)* + (<1}, (1)

k=1 i=1 k=1

where Dp is the discriminant of F' over Q, d is the degree of I, and p; are the primes of Op
at which B is ramified.

Note that the maximality of L is a local property. That is, L is maximal if and only if
each L, is maximal for all primes p of F'.

(2.2) One can express the exact formula in terms of special values of zeta functions at
negative integers. Let F' be a totally real field of degree d. Set

Ap(s) == AT (s/2)%p(s), A= Dy*rx 4?2
Then one has the functional equation for (r(s):

AF(l — S) = AF(S).

It gives
—s\d
1)1/2 D—s —2+dsF(T) 1—
<F(S> - ¥F m F(§>d CF( S)
2
Let s = 2k, one gets
2k — DY2. p-2k f§+2dkr(1_22k'>d ) 1— 9k
CF( )_ F F T F(k’)d CF( )

On the other hand, one has

2k—1(1.__ |
P2y (DR EGUREET(1/2)  (cayhonet. 7

L(k) (k—1)! B (2k —1)!

The term in (1) can be expressed

DY [(2k — 1)1(27) %" ¢p(2K)

(_1)k . 22k—1 .
(2k — 1)

=D [(2k — 1)!(2@*2’“](1 : { \/ﬂ etk (1 — 2k)

B L

Hence we get

o (=D S ‘ '
mass(i60) = [T{ |50 et =20 f TITHOGO" + (1) @

k=1 i=1 k=1




(2.3) If F =Q and B is the quaternion algebra which is ramified at {oo, p}, then we have

_ymman/z [ m
mass () = 0 {Hca - 2k>} TLLGH + -1 @)

If m =1 and B is ramified only at the primes over p and infinite places, then we have

1

ms(Ky) = | 5|+ (-0 [T (V) + (1) 5

(2.4) In the following, the ground field k is algebraically closed of characteristic p. Let
x = (Ao, \o, to) be a supersingular polarized abelian Op-variety over k of dimension g = md.
Let GG, denote the group scheme over Spec Z whose group of R-points, for each commutative
ring R, is

G4(R) = {6 € (Endo, (A0) ® R); ¢'6 = 1},

where the map ¢ — ¢’ is the Rosati involution induced by .
Let A, denote the set of the isomorphism classes of polarized abelian Op-varieties (A, A, ¢)
of dimension g over k such that

(i) the Dieudonné module M (A) is isomorphic to M(Ay) as quasi-polarized Dieudonné
Or ® Zy,-modules, and

(ii) the Tate module T;(A) is isomorphic to T;(Ap) as non-degenerate alternating Op ® Z-
modules for all ¢ # p.

The condition (i) implies that A is supersingular. Let A/ be the subset of A, that consists
of objects (A, A, ¢) such that

(iii) there exists an element ¢ € Homgp, (Ag, A) ® Q such that ¢*\ = Ao.

(2.5) Theorem (Y1, Thm. 10.5) There is a natural bijection of pointed sets between A,
and G (Q\G=(Af)/Gx(Z).

(2.6) Proposition Let (A;, \i,1i),i = 1,2 be two supersingular polarized abelian Op-varieties
over k. Then there exists ¢ € Homp, (A1, A2)®Q such that ¢* Ao = A;. That is, the condition
(iii) of (2.4) is automatic.

PrOOF. Choose an isogeny ¢ : Ay — Ay. By Noether-Skolem’s theorem, ¢ can be chosen
to be Op-linear. Let \| := ¢* Ay and *; and | be the Rosati involutions induced by A; and A}
on B :=End(4;) ® Q, respectively. By [Z, Satz 1.1], there exists a positive element ¢ € B*
with ¢ = ¢ such that 2t = ¢ 'z*icforallz € B. Asz € F, ¢ lies in C := Endp, (4;,) ® Q.

Let P be the the algebraic variety over Q defined by {X € C; X" X = c¢}. It is a torsor
under the algebraic group Gy := {g € C*;g*'g = 1} over Q by left action. Hence it forms



an element ¢ in H(Q,G,). By [K, Lemma 2.11], P(R) # 0. Since G is semi-simple and
simply-connected, H'(Q,, G1) = 0. Therefore £ is locally trivial everywhere. By Hasse
principle for G, € is trivial. Then there exists g € C'(Q) such that g*'g = ¢. Replacing ¢
by g, we have x; = %], hence that \| = ¢\, for some g € Q*. Note that ¢ is positive. This
follows from the fact that the polarizations lie in the positive cone of the Néron-Severi group
NS(A4;) ® R. Therefore g is a norm of C' and we can find a ¢ € Homg, (41, A2) ® Q such
that ¢©*A\y = A\;. This completes the proof.

(2.7) Corollary A, = A,.

(2.8) Lemma Let (A, 1) € A, and [c] be the corresponding double coset. Then Aut(A, A, ) ~
L., where T := G,(Q) N cG(Z)c .

PROOF. Let G’ be the group scheme over SpecZ attached to (A, A, ¢) defined as in (2.4).
That is, for any commutative ring R,

G'(R) = {a € (Endp,(A) ® R);d/a = 1},

where the map a — o' is the Rosati involution induced by .

Choose a map ¢ € Homop, (Ay, A) ® Q such that ¢*\ = \g. Then the element ¢ € G,(Ay)
has the property (x): ¢c, € Isom((Ag(€), Ao, to), (A(€), A\, 1)), VL. Note that a € Aut(A, A, ¢)
if and only if @ € G'(Q) and oy € Aut(A(L), A\, ¢), VL.

The map ¢ gives an isomorphism G,(Q) — G’(Q) which sends 3 to ¢f8¢~1 =: a. From
(%), we have a € G/(Z) if and only if (¢c) " a(¢c) € Go(Z). Hence, o € G'(Z) if and only if
¢3¢ € Gy(Z). This completes the proof. m

(2.9) Corollary

~

1
mass(A,) == Z FAut(A ) = mass(G,(Z)).
(AN)EAS

(2.10) The semi-simple algebra C, := Endp,.(Ay) ® Q is the centralizer of F into the simple
algebra M,(End’(E)), where E is a supersingular elliptic curve. We have C, ~ M,,(B),
where B is a quaternion algebra over the totally real field F' ramified at all real places and
unramified at all primes not dividing p. It follows from the local invariants of the commudant

that B ~ F ® End"(E). Therefore,
C, @R ~ M, (H)
Cx®@€2MZm(F®@K)7 ‘g#p
Oa: X Qp = H Mm(Bp) X H M2m<FP)7

p[p, gp:odd p|p, gp:even



where g, := [F}, : Q,]. The Rosati involution induces the standard involution on M,,(H) and
M,,(By), which we will denote by *. It also induces the symplectic involution on Ms,, (F®Qy)
and My, (Fy). Therefore, we have

G:(R) ~ {g € M,(H); g°g = 1},
G2(Qr) = Spy, (F®Qp), L#Dp
G (Qp) ~ H Gy X H SPam (Fp),

p|p, gp:odd p|p, gp:even

(7)

where G, = {g € M,,(B,);g*g = 1}. We will choose such isomorphisms and replace ~ by

(2.11) Lemma There exist a left B-module V', a quaternion Hermitian from ¢ on'V, and
a maximal lattice L in the sense of Shimura (2.1) such that G¥ ~ G, over Q and Ky defined
in (2.1) is

Ko =]]Sp2nOr @ Qo) x ] Kopx J] Spam(Oy), (8)

l#p plp, gp:odd plp, gp:even
where Oy is the ring of integers in F, and Ko, = {g € M (Op,); g*g = 1}.

PROOF. Let V = B® with ¢(z,y) = > z;57 and let L =03’. &

(2.12) The computation of mass(G,(Z)) is to relate with the mass of the standard one K
and then to apply Shimura’s mass formula.

For any two open compact subgroups Ky, Ky of G,(Ayf), of G,(Q,), or of G,(Qy), we
denote pe(Ky/ K1) := [K} : K1 N Ky YKy : K1 N Ky, for @ = f, por /.

We have the following properties

o 1y(Ky/Kq) =1 for almost all /.
o u(Ky/Ky) =[Ky: Ky if Ky C Ks.
o If Ky =[], K1, and Ky =[], K24, where ¢ runs over all primes of Q, then
pp (K2 Ky) = T, pe(Kae/ K e).
o mass(K;) = ps(Ky/Ky) - mass(Ky).
From Corollary 2.9, we have
mass(A,) = p1r(Ko/Go(Z)) - mass(Kq). (9)

If the polarization Ay has prime-to-¢ degree, then G,(Z,) is isomorphic to a product of
SPom(Oy) and pe(Koe/Gr(Z)) = 1. Therefore, we have

mass(A,) = I r(Kor/Ga(Zy)) § - mass(Kp). (10)

{=p, or £|deg No



(2.13) Theorem Let notations be as above. If m = 1 or deg Xy is a power of p, then we
have the simplified mass formula

mass(A;) = p,(Kop/ K ) - mass(Kop).

where Ky, is the group of automorphisms of the quasi-polarized Dieudonné Op ® Z,-module
My attached to x.

As a consequence, the following corollary is a generalization of the Deuring mass for-
mula. Recently, Ekedahl and van der Geer |G| compute the intersections of cycle classes
on the moduli space A,. They obtain this as a consequence by the Hirzebruch-Mumford
proportionality principle.

(2.14) Corollary Let A be the set of the isomorphism classes of principally polarized su-
perspecial abelian varieties over k of dimension g. Then

g(g+1)/2 g
2 #Autl(A N — {HC (1—2k) }'H{(P”(—l)’“}' (11)

(AN)E

PROOF. Take z = (Ap, \g) to be a principally polarized superspecial abelian variety over
k of dimension g. By [E, Prop. 5.1], the Dieudonné module M, of x is isomorphic to the
product of g copies of separably quasi-polarized rank two supersingular Dieudonné modules.
It follows that A = A, and the group Ky, of the automorphisms of M is

={a € My (Op,);a"a = 1},

where B, is the quaternion division algebra over Q,. Therefore, we obtain mass(A) =
mass(Kj) and finish the proof by (4). =

§3. Superspecial points of HB type and the mass formula

We keep the notations in the previous section except that we denote the totally real field by
F and reserve F' for the Frobenius operator on a Dieudonné module. Let p be a prime of Op
over p, and let e, and f, denote the ramification degree and residue degree of p respectively.
In the rest of this paper, we will only treat the Hilbert-Blumenthal cases, namely m = 1 and
d=g. Let O := Op ® Z, = ®yp),Oy.

(3.1) We first recall the classification of superspecial quasi-polarized Dieudonné O-modules
[Y2]. Let 2 = (Ao, Ao, to) be a superspecial polarized abelian Op-variety over k and let M,
be its covariant Dieudonné module. We have My = ®,, M, and will describe M, for each p.

Let e be the Lie type of M, and a be the a-type of M,. We recall the definition in [Y2,
1.8, 1.9] that

e(My) = ({e}, & ierspz <= Lie(M,) ~ €D klnl/(x4) @ kln]/(x)
€L/ fo



a(My) = ({ah, iz <= My/(FEV)My~ @ klrl/(xh) & klr)/ (),
€L/ foZ
where the right hand sides are isomorphisms of O, ®z, k-modules.
As M, is superspecial, ¢ = a and it has the form

({617 62}7 {GP — €1,€p — 62}7 {617 62}7 T )

for some integers ey, e; with 0 < e; < ey < ey, see [Y2, 2.22]. When f, is odd, it has an
additional condition e; 4+ ey = e,. We say M, is of type (e1, e2) for convenience.

Let D' = (7~%) be the inverse of the different of O, over Z,. There is a unique W ® Oy-
bilinear pairing (,) : M, X M, — W ® O, such that (z,y) = Trwgo, w7 % z,y)). We
have Oy, @ W = @iez/5,zW" by the action of O, and this also gives the decomposition
My, = ®iezy,2M,.

(3.2) Lemma (1) If f, is even, then there is a W'-basis X;,Y; for M for each i € . f,7
such that

" if 1 1s odd,
ﬂ.n—i—ep —e1—en

if 1 1s even,

for alli € Z/ f,Z. and some n € Z.

(i) FX; =

—m*® =Y, if 1 18 even,
where vT® = p.

vr® " X1 if ©ois even,

Y, if i is odd, Y = {mez Xin if i is odd,

(2) If f, is odd, then there is a W*-basis X;,Y; for M}, for each i € Z/ fuZZ such that
(i) (X;,Y;) ==" for somen € Z.
(i) FX; = —nY; 11, FY; = vn®Y,y, fori € Z/ f,Z, where vr® = p.

(3) In particular, if the pairing (,) is perfect and M, satisﬁes the Rapoportlcondz'tz'on
(in this case, My is of type (0,ep)), then there exists a W'-basis {X;,Y;} of M, for each
i € Z] foi such that

o YV, e (VM) and (X;,Y;) =1,
o FX,=-Yin, FYi=pXin,
for alli € Z/ f, .
PROOF. See Lemma 4.5 and 4.6 of [Y2].

Let F’ be the unique quadratic unramified extension of F, and 7 be the generator of
Gal(F, / F p)-



(3.3) Lemma Let Ky, be the group of automorphisms of the quasi-polarized Dieudonné
Op-module M,.
(1) If the residue degree f, is even, then

K, =~ {(Z Z) € SLy(Or,);c =0 mod 7%~ }

(2) If the residue degree f, is odd, then

a b
KMP = {(ﬂ.egelbﬂ' aT) < SL?(OFQ)} .
PROOF. Let ¢ € Kyy,. Choose a W-basis {X;,Y;} for M as in Lemma 3.2. Write

(gzﬁ(Y}) =A; v, ) A; = o d € GLy(W").
It follows from (¢(X;),d(Vi)) = (X;,Y;) that A; € SLy(W?*). Note that we have F?(X;) =
—pXiio and F?(Y;) = —pYi, for all i. The condition ¢F? = F?¢ gives A;yo = AZ@) for all
i € 7] foZ, where we write A™ for A7".
(1) If fy is even, then {A;} are determined by Ay and A, and Ay, A; € SLy(Og, ). We

have
F(Xo) —_J X J = 0 —T T2
F(Y)) —t\vi) P \erwmer 0

F(Xy)\ J X5 7 0 —n=
Fvy) ) P\y, )" 7" \wr2 0 )°
The condition F¢ = ¢F gives J1A; = A(()I)Jl and JOA(()D = A1Jy. These give the relations

a; = d(()l), dy = a(()l), c(()l) = —un? %y, ¢ = —vweQ_elb(()l).

We see that A; is determined by Ay and ¢g =0 mod 7.
(2) If f, is odd, then {A;} are determined by A, and A, € SLQ(OF;). We have

F(Xo) —J X1 J — 0 —7rl

FYo)) “\Wn) 7 \em= 0 )
Applying F'¢ = ¢F, we have JA; = Aél)J. As A, = A(()f’“+1), this equation gives
27eh.

do = a,, co=—vm

As —v is a norm of O, / Oép, we choose an isomorphism
p

b
KMP >~ { (7_(62a61b7_ QT) c SLQ(OF{’)} .

This completes the proof. B



(3.4) It remains to compute the local term p,(Ko /Ky, ). We write ¢ for N(p), the cardi-
nality of the residue field k(p).

When f, is even, Ky, = I'o(727!) is an open compact subgroup of SLy(F). If e; = ey,
then i, (Kop/Kn,) = 1; if e2 > ey, then

pp(Kop/Kat,) = #P (O, /7)==~ g + 1)

Consider now the case where f, is odd. Put

K(n) := {(W,?bf f) - SL2<OF;)},

If n is odd, then K(n) is an open compact subgroup of the group By, of reduced norm one
and K (1) = Ky . If n is even, then K(n) is an open compact subgroup of SLy(F,).
Let €e =0 or 1 and put

A, ::{a—f—bf;a,beOFL,§2:7T€,§a:aT§}

equipped with the usual reduced norm and trace. For d > 1, let A 4 := {a + 7¢} C A,
Then we have (A.); = K(€) and (Acq)7 ~ K(2d+ €), where ( ); denotes the set of elements
of reduced norm one. It is clear that

(1+7"A)F /(1 + 7" AN ~{a € A JmA;Trd(a) =0}, k>1

hence that

#(L+ 7 AN /(1 + T A = ¢ (12)
If € = 1, then (Ac/m); ~ (Opy /7)} x (Opy /) and its has ¢*(¢ 4 1) elements. When ¢ = 0,
(Ae/m){ ~{a,b € O, /m;N(a) — N(b) = 1}. Write o = N(a) and 8 = N(b). There are
q + 1 solutions for (, 3) = (1,0) or (0,—1) and (¢ + 1)? solutions for others. This group has
(g+1)2+4 (¢ —2)(¢+1)*> = q(¢* — 1) elements. Namely, we have

«  Jla+1), e=1
(A7)} = {W o (13)
and hence that
nx @ g+1), e=1
#(Ae/ﬂ_ )1 - {qu_2<q2 . 1)’ € — O (14)

On the other hand, (Acq/7Ac); =~ (Op, /7%); and it has ¢*~"(¢+ 1) elements. We conclude

(3.5) Lemma Notations being as above, then

2d € =
pp(K(e)/K(2d +€)) = {Z2d’1(q —1), e= (1),

where q is N(p), the cardinality of the residue field k(p).

10



Finally we need to compute fi,(K,/K(0)) when e, is even.

(3.6) Lemma Notations being as above, let Og; = Op,[\/c| for some non-square residue c
in Og, . Then fore=0,

a [ _ _
Ao~ {(07 6) € My(Op,); a =6 mod 2, B=v mon}.
In particular, if the residue characteristic p is not 2, then K (0) ~ SLy(Og,) and p,(Ko,/K(0)) =
1.

PROOF. The Og,-order A, is generated by x,{ with relations 22 =c,&E =1, and éx = —a€.
Choose an isomorphism A ® F, >~ M,(F,) with

0 1 10
) el

Then the image of A, in My (F,) is

ap+bo  ar—br\
{(C(a1+b1) ao_bo) ; a(])a/l’bo,bl - OFp }’
and the assertion follows. =

(3.7) Lemma If f, is odd, e, is even, and p = 2, then py,(Kop/K(0)) = ¢** (¢ —1).

PROOF. It is clear that (A./2); =~ (Og;/2);, hence that this group has ¢*~'(¢ + 1)
elements. It follows from # SLy(OF,/2) = ¢*@ V(g + 1)(¢* — q) that py(Ko,/K(0)) =
2ep—1

¢* g—=1). =

(3.8) Proposition Notations are as above.
(1) If f, is even, then

1, €1 — €9

K li = ex—e]— + e €2
[Lp( pr/ MP) {q 2 1 1((] 1), 1 < :
(2) ijP is Odd7 then

gere L, ep s odd
op(Kop/Kn,) = < o, ey 15 even and e; = ey

qezf€1*1<q — 1) “0p, €p 1s even and e < €2,

where



(3.9) Theorem Let x = (Ao, Mo, t0) be a superspecial polarized abelian Og-variety and let
A, be the set defined in (2.4). The attached Dieudonné module My decomposes as @y, M,
and suppose that each M, has type (e1p,€2,) (3.1). Then

1 -17’
O e e IO R | CRS "

(AN L)EN, plp
where
(1, fp is even, e1, = eay,
G g+ 1), [y is even, eqp < ey,
Cp = (];2"°_61”’_1(q,g —1), fy is odd, e, is odd, (16)
1, fp is odd, e, is even, ej, = egp,
L2 7 gy — 1) fp s odd, e, is even, €1 < egp.
and

(17)

otherwise.

q§6p_1(qp —1), fois odd, e, is even, and p =2,
Op — 1’

(3.10) We say (Ao, Ao, to) is minimal if it reaches the minimal mass among all the types of
superspecial points. In this case the mass formula above is simplified as

2 #Aut(lA,)\,L):[_Tl} (=0 I @-1-]]ow (18)

(A7)‘7L)€Aﬂ'¢ p‘pa 9p :odd p|p

where o, is as above.

§4. Supersingular locus

(4.1) Let p be a fixed prime number. Let M®) denote the moduli stack over Spec Z(p) of
polarized abelian Op-varieties (A, A, ¢) of dimension g = [F : Q] with the polarization A of
prime-to-p degree. It is a separated Deligne-Mumford algebraic stack over Spec Z(p) locally
of finite type. In [DP], Deligne and Pappas showed that the algebraic stack M) is flat and a
locally complete intersection over Spec Z(p) of relative dimension g, and that the closed fiber
MP @F, is geometrically normal and has singularities of codimension at least two. It follows
from Deligne-Pappas’s results and the compactification of Rapoport [R] that the irreducible
components of geometric special fiber M® @ Fp are in bijection correspondence with those
of geometric generic fiber M®) ® Q. Those are parameterized by the isomorphism classes of
non-degenerate skew-symmetric Op-modules H;(A(C),Z) for all (A, )\, 1) € M®(C).

(4.2) Let n be an integer such that n > 3 and (n,p) = 1 and we choose a primitive n-th
root of unity ¢, in Q C C. For any geometric point Speck — SpecZ,)[(,], the choice
of ¢, determines a (1 4+ nZ®)*-orbit of isomorphisms a(k) : Z® = [1osp t1ee (k). Let
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S be a connected Zg)[(,]-scheme and (A, A, ¢) be polarized abelian Op-scheme over S. A
(full) symplectic n-level structure on (A, A, ¢) w.r.t. ¢, we understand is a 7 (.S, s)-invariant
K,-orbit of Op ® Z®-linear isomorphisms 7 : V3 @ Z® =5 [1rs, Te(As) for some non-
degenerate skew-symmetric Op-module (VZ, @b, i) such that the pull- back of the Weil pairing
is a(k(s)) o 1), where K, is the kernel of G(Z®) — G(Z/nZ), G is the automorphism group
scheme Autog (Vz, 1) over SpecZ and s is a geometric point of S. Note that (V7 ® Z[%], 1)
is uniquely determined by (A, A,¢) by the strong approximation. When deg \ is prime to n,
it is the same to an Op /nOp-isomorphism Vz/nVz — A[n](S) such that the pull-back of the
WEeil pairing is a0 9.

(4.3) Let MP be the moduli stack over Spec Zp[Ca) of objects in M®P) together with a

symplectic n-level structure w.r.t. (,, and let M,, be an irreducible component of J\/[ﬁlp ) 1f
M, is the one that classifies the principally polarized objects in M%p ), then it is the connected
(and irreducible) component of the moduli space MYF denoted in [DP, Sect. 2] by the choice
of the element ¢, in Isom(p,, Z/n).

Let (Vz,1,i) be the non-degenerate skew-symmetric Op-module corresponding to M,,.
Let G denote the automorphism group scheme Autog (Vz, 1) over Z. We have

M,,(C) = T(n)\G(R)/SO5(R)?,
where I'(n) is the kernel of the map G(Z) — G(Z/n).

(4.4) Proposition Any M, is isomorphic to M[L, L*],, for some (L, L"), where (L,L™)
is a projective rank one Og-module together with a notion of positivity, and M[L, L™ is the
Deligne-Pappas space corresponding to the class (L, L™). Conversely, any Deligne-Pappas
space M[L, L], is isomorphic to some M,,.

PROOF. Recall that M[L, L] classifies the objects (A, 1,¢), where (4, ) is an abelian Op-
variety, and i : (L, L") — (P(A), P(A)") such that the L ® A = A’ (the DP condition).
By the weak approximation, there is A\g € LT such that (#L/OgXo,p) = 1. The map
(Ayiye,m) — (A,i(No),t,m) gives a morphism M[L, L*], — Mflp), which factors through an
irreducible component M,, by the irreducibility of M[L, L],,. It follows from Aut(A,,¢,n7) =
Aut(A,i(Ag),¢,m) that it is isomorphic.

Conversely, let A be the ‘universal family over M,,. By [Y2, Thm. 2.12], the polarization
sheaf P(A) is constant and A satisfies the DP condition. Take (L, L*) = (P(A), P(A)") and
this finishes the proof. n

(4.5) In this section we treat the supersingular locus § of M, ® F, =: M,, , in the restricted
case that all residue degrees f, are one. The method of computing the number of irreducible
components and describing each component has been documented in [LO]. Based on loc. cit.
and earlier works, the work [Y1] indicates that one needs to find out all possible types of
isogenies such that models constructed have the right dimension. In this restricted case, on
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one hand, we know the right dimension as the Grothendieck conjecture has been proved [Y2,
Theorem 7.3]. On the other hand, the isogeny type of the generic supersingular point is
simple, just one step. Hence the recipe in [Y1] gives the direct connection to a class number.
Combining the Shimura mass formula and the computation of local factors in the previous
section, we express the number irrd(8) of irreducible components of 8 in terms of special
values of the zeta function.

We make the assumption above through this section.

(4.6) Proposition The points that satisfy the Rapoport locus are dense in each Newton
stratum of M, .

ProOF. We may assume that there is one prime over p as the problem is local. The Lie
stratum N; of type {i,g — i} has dimension g — 2i and each generic point has slope sequence

s(1) [Y2, 6.18], where s(i) = é, e ,é, %i e ,%} (with multiplicity g). Let Nl(j) be the
Newton stratum with slope sequence s(j) in N;. We know that each generic point of Ngj )
has a-type (i, [j]). By Lemma 6.19 of [Y2], the codimension of NZ@ in N; is not less than

[7] — i, hence that dim Ngj) <g—i—1[jl. n

(4.7) Let (A, A\, ¢,n) € 8(k) that satisfies the Rapoport condition. Let M be the Dieudonné
module of A and write M = @, M,. By Proposition 4.4 of [Y2], we can choose a basis X,Y
of M, such that

FX=aX+Y, FY=n%X.

As A is supersingular, we have ord,(a) > e,/2 [Y2, 6.17]. We compute the Dieudonné
modules in the canonical isogenies [Y1, Sect. §]:
case 1: e, is even, write e, = 2c.

M = (F,V)My = Wir] < Y,7°X > (19)

My = (F, V)M, = W[r] < 7Y, 7%X >

One sees that My /My ~ k[r]/m¢ @ k[r|/7¢, so M; is superspecial of type (c,c).
case 2: ¢, is odd, write e, = 2¢ + 1.

(20)

One sees that My /My ~ k[r]/7¢ @ k[r]/7“T, so M; is superspecial of type (c,c+ 1).



(4.8) Let = = (Ao, Ao, to,m0) be a polarized abelian Op-variety over k with a symplectic
n-level structure for (V7,1,i) such that each factor M, of the Dieudonné module M, of
Ay is isomorphic to M; above (i.e. (19) if e, is even and (20) if e, is odd). Let G, be
the automorphism group scheme of x (2.4) and A, be the set of objects defined as in (2.4)
together with a symplectic n-level structure.

It is clear that an clement g € G,(Z) preserves 7y if and only if ¢ = 1 mod n. By
Theorem 2.5, we have

#Ae = Go(Q\Go(Af) /Ky = [Ga(Z) : K] - mass(Ga(2)), (21)

where K, is the kernel of the map Gy(Z) — G.(Z/nZ). We can choose an isomorphism
TZ(AAO) ~ Vz ® Zy with the additional structure for each ¢ # p, and obtain an isomorphism
Go(ZP)) ~ G(Z®). Tt follows that

(G(Z) : K] = [Go(27) K2 = [G(ZP) : T(n)'] = [G(2) : ()], (22)

where F/(;) is the closure of T'(n) in G(Z). As the corresponding Dieudonné module is
minimal, we conclude that

A

#A, = [G(Z) : T'(n)] - mass(G,(Z)) (23)

where the formula mass(G,(Z)) is given in (18).

(4.9) Let £ € A,, we consider the functor X, which classifies the isomorphism classes of
polarized Ogp-linear isogenies

@ (A1, My e, ) — (Aos Aos Loy o)
over k-schemes S such that

(1) (A17>\17L17771) ~ g X S

(ii) kerp = @p(ker ), is an a-group and the a-sheaf Lie((ker ¢);) is a rank one locally
free Og ® k[nr]/x!%/?-module.

Let () denote the a-group of £. The isogeny ¢ gives a finite flat subgroup scheme
ker p of (&) satisfying (ii). Conversely, given such finite flat subgroup scheme H, one has
an Og-linear isogeny ¢ : Ay — A;/H =: Ay. The condition (ii) implies that H is isotropic
for the Weil pairing of A\;, hence the polarization descends to Ay. Since the isogeny has a
p-power degree, the symplectic n-level structure identifies with that on Ajg.

Let Vj is the a-sheaf of the p-component of a(¢). One has that

Vo o {k[ﬂ]/wcea Bl/ret, ey 241
k) /m @ k[n)/7¢, e, = 2c.

Then X¢ = [],, X;, where X, classifies the quotient bundles F of V5 ® S such that F is a

rank one locally free Og ® k[r]/m/¢/?l-module. The freeness is an open condition, therefore
X, is representable by an quasi-projective scheme over k.
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(4.10) Lemma X, is a smooth irreducible quasi-projective scheme of dimension [e,/2].

Proor. Taking duality, we may identify X, with the space of subspaces W of V; such that
W = k[r]/xle /2] The algebraic group H := Auty(Vo) acts naturally on the space X,. If
ep = 2¢, then H = GLy(k[r]/7°), viewed as an algebraic group over k. If e, = 2¢ + 1, then

H = {(7?0 2) va,b € (k[n]/7%),c,d € k[r]/m*!, a,d : invertible}

with the natural multiplication. Namely, we lift g1, go with entries in k[r]/7 multiply
them and project to quotient rings. It is clear that the group H is connected and the
action is transitive. Then the space X, is a homogeneous space of H, hence it is a smooth
quasi-projective variety.

As X, is smooth, the dimension can be computed by tangent spaces. Let W, € X, (k),
then the tangent space at Wy is given by Homy(Wo, Vo/Wps), which has dimension c. &

Let pr denote the projection that sends the objects in X, to their targets. The morphism
pr : X¢ — M, ;, factors through the supersingular locus and we have

pr: H Xe — 8. (24)

§€Ax

Let 87 be the intersection of § with the Rapoport locus. For any x € 8§%(k), there is a
unique £ € A, and y € X¢(k) such that pr(y) = x. By Proposition 4.6, the morphism pr is
dominant. It follows from the irreducibility of X, that #A, = irrd(8). By (3.10) and (23),
we have

(4.11) Theorem Assume that f, = 1 for all primes p of Or over p. Then the number of
the irreducible components of the supersingular locus & of M, is

—179
@ {7} (-1 [T @-1I]o» (25)
plp, gp:odd plp
where ¢, = N(p) and
0p = @& gy — 1), epis ez{en and p = 2, (26)
I, otherwise.

For e, = 1 and lower f;, the description of the supersingular locus is given in [Y1]. The
following theorem is a reformulation of the results in loc. cit. by the geometric mass formula
in Sect. 3.

(4.12) Theorem Assume that e, =1 and f, <4 for all primes p of Or over p.
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(1) The number irrd(8) of the irreducible components of the supersingular locus 8 is

Mew-G@ et |3 aco [T w-0-Im @

plp plp, gp:odd plp
where g, = N(p), o, is given in (26), and
1, fp — 1
2, fo=2
c(p) = !
3, fp — 3
67 fp — 4.

(2) Each irreducible component of 8 is isomorphic to Hp|p Xy, where

{point}, fo=1
X, ~ ¢ P, fr=2,3
P2, or P(Opl D Opl (2)), fp =4.

With Theorem 4.12 and 4.11, it is natural to expect the following

(4.13) Conjecture In the general case irrd(8) has the form (27), where ¢(p) only depends
on e, and fj.

(4.14) Remark (1) When g = 2 and p # 2, the theorems recover the main results of
Bachmat and Goren in [BG]. The method in loc. cit. consists of several ingredients which
all depends on g = 2: Zagier’s explicit formula for quadratic zeta value (g(—1), the explicit
description of O as Z[(d++/d) /2], the fact that supersingular locus is codimension one, and
the work of Katsura-Oort on moduli space of abelian surfaces. For details, see loc. cit. and
references therein. Therefore, a different approach for the generalization of their theorem is
required.

(2) It is not hard to see from the methods of the work [Y1] that irrd(8) is a sum of some
class numbers. Indeed, we consider the type of canonical isogenies for generic points. The
number of generic points with same type is the number of superspecial points appearing in
the canonical isogenies, which is a class number [Y1, Thm. 10.5]. Therefore, irrd(8) is a
sum of some class numbers. The point of the conjecture says that the superspecial points
appearing in such canonical isogenies are minimal. If it is true, then the number ¢(p) should
have an interesting group-theoretic meaning. A further computation (for f, < 8) suggests

that ¢(p) = <[ ff;2]) when e, = 1. This result and the analysis of the canonical isogenies

will be published elsewhere.
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