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Abstract

In this paper, we consider to solve a general form of real andysnmetric
n n matricesM, C, K with M being positive de nite for an inverse quadratic
eigenvalue problem (IQEP):Q( )x ( M + C + K)x =0; so that Q( ) has
a partially prescribed subset ofk eigenvalues and eigenvectorsk( n). Via
appropriate choice of free variables in the general form of QEP, for k = n: we
solve (i) an IQEP with K semi-positive de nite, (ii) an IQEP having additionally
assignedn eigenvalues, (iii) an IQEP having additionally assignedr eigenpairs
¢ F

monic IQEP with k = n 1 which has an additionally assigned complex conjugate

n) under closed complex conjugation; fork < n: we solve (i) a unique

eigenpair, (i) an IQEP having additionally assigned 2(h k) complex eigenvalues
with nonzero imaginary parts. Some numerical results are gien to show the

solvability of the above described IQEPs.
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1 Introduction.
The problem of nding scalars 2 C and nontrivial vectors x 2 C" such that
Q()x (’M+ C +K)x=0; (1.1)

whereM, C andK are givenn n real matrices, is known as the quadratic eigenvalue
problem (QEP). The nonzero vectorsx and the corresponding scalars are called,
respectively, eigenvectors and eigenvalues of the quadcati-matrix or the quadratic
pencil Q( ). It is known that the QEP has 2n nite eigenvalues overC, provided
that the leading coe cient matrix M is nonsingular. A detail theoretical analysis of
QEPs can be found in the book by Gohberg, Lancaster and Rodmari.[ The QEP
arises naturally in a wide variety of disciplines. Areas of apgations include applied
mechanics, electrical oscillation, vibro-acoustics, uid méanics, and signal processing.
In a recent treatise, Tisseur and Meerbergen [13] surveyed a gaondny applications,
mathematical properties, and a variety of numerical methodfor the QEP. In the most
of the applications involving (1.1), a typical case of coe oent matrices in QEPs is that

all are real-valued and satisfy
M>=M>0 C =C; K>=K ( 0) (1.2)

whereM, C and K represent, for instance, the mass, damping and sti ness matrices,
respectively. HereA > 0 ( 0) denotes a symmetric positive (semi-positive) de nite
matrix.

Generally, in many mathematical modeling, there is a correspdence between the
internal parameters and the external behavior. The proces$ mducing the dynamical
behavior of a system from a priori known physical parameters sues mass, length,
elasticity, inductance, capacitance, and so on, is referred fas a direct problem. In

contrast, the inverse problem is to determine or estimate the pameters of the system
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according to its measured or expected behavior. The concem the direct problem
is to express the behavior in term of parameters whereas in tlmverse problem the
concern is to express the parameters in term of the behavior.h& inverse problem is
as important as the direct problem in application.

There are a lot of interest in the inverse eigenvalue problemndluding the pole
assignment problem. Some general reviews and extensive bifplaphies can be found
[2, 3]. In this paper we mainly concern the inverse problem fohe QEP.

We shall delimit an inverse quadratic eigenvalue problem (IQB) to the following
realm: Determine a general solution of real symmetric coe ci@ matricesM, C and K
with M being positive de nite, and K being semi-positive de nite or symmetric only,
so that the resulting QEP has a prescribed set of eigenpairs. In aryeecent paper [4],
Chu, Kuo and Lin gave special solutions of two types of IQEP, naaty the standard
IQEP and the monic IQEP. In the paper of [8], Lancaster and Prid solved symmetric
M, CandK with M > 0,C 0andK > O for a special IQEP that all eigenvalues are
simple and non-real, and the corresponding eigenvector matiX 2 C" " has a special
structure X = Xg(l ), where = p_1, Xr Is nonsingular and is orthogonal.
Furthermore, in some other recent articles, Chu/Datta [1, 5],Nichol and Kautsky
[9] as well as Datta/Elhay/Ram/Sarkissian [6, 10] considered &edback design for a
second-order control system that leads to a partial eigenstruate assignment problem
for the QEP. The proportional and derivative feedback contillers can assign speci c
eigenpairs and make the resulting system insensitive to perturtians, but can not keep
the new QEP symmetric.

In a large and complicated physical system [11, 12, 14], it is eft impractical
and impossible to obtain the entire spectral information. Thusit is more sensible to
consider a partially described IQEP (PD-IQEP) where only a precribed partial set of

eigenpairs is given. More precisely, by a PD-IQEP we refer to eéhfollowing inverse



problem:
PD-IQEP :Let( ;X)2 Rk kK R" kK (k n)be a given pair of matrices, where

=diag f P ¥ g (1.3)
with 2 3
j[2]:4 I 1 5o9R22 [ 80; for j=1;:::;7; (1.4)
[
and
X = [XarsXar ;10 XoR X 5 X 100 Xk]: (1.5)

Find a general form for symmetric matriceM , C and K with M positive de nite that
satisfy the equation
MX 2+ CX + KX =0: (1.6)

We note that (i) this inverse problem is called a PD-IQEP, becam the problem is
to nd a quadratic pencil Q( ) so that its partial eigenvalues and the corresponding

eigenvectors, respectively, are

(1.7)
and X1R X1yt XR Xy X1y o vty Xk

(i) The matrix K in the general solution of PD-IQEP can be chosen to be semi-poséiv

de nite.

For the technique reason, throughout this paper, we have thelfowing assumptions.
(H1) The eigenvector matrixX in (1.5) has full column rank, i.e., ranki) = k.
(H2) The eigenvalue matrix has only simple eigenvalues.

This paper is organized as follows.



2 Solving PD-IQEP.

In this section, we shall solve the PD-IQEP for a given matrix paif ;X) 2 Rk k
R" K (k n)asin (1.3) and (1.5) under assumptions (H1) and (H2).

Let X have the QR-factorization
2 3

x=Q4" 5, 2.2)
0

where Q 2 R" " is orthogonal andR 2 R¥ K is nonsingular and upper triangular.

Multiplying (1.6) by Q> from the left and substituting (2.1) into (1.6) we get

2 3 2 3 2 3
> R 2 > R > R
QMQ4 5 ?2+Q°CcQ4 5 + Q’kKQ4 S5=0: (2.2)
0 0 0
Partition Q°MQ, Q°CQ and Q”KQ by
2 3 2 3 2 3
M M Cy C K K
Q>MQ:4 11 125; Q>CQ:4 11 125; Q>KQ:4 11 125;
M21 M22 C21 C22 K21 K22
(2.3)

whereMq;, Ci; and K11 2 RK X, My, Cor and Kp 2 RM™M Kk Sypstituting (2.3) into
(2.2) and simplifying we have
MR 2+ CiuR + KyuR=0; (2.4)
M-1R 2+ C,xR + KR =0: (25)
SinceR is nonsingular, multiplying (2.4) and (2.5) byR ! from the right, respectively,
we get
M1;S?+ Ci3S+ Ky =0; (2.6)
M,;S?+ C;S+ Ky =0; (2.7)



whereS= R R 1. Obviously, it holds that ()= (S).

To nd M, C and K satisfying (1.6) is equivalent to nd submatricesM;, M1,
Ci1, Cy1, K11 and K3 according to the partitions in (2.3) satisfying (2.6) and (2.).
By (2.7) the general solution ofK ,; is given by

K21 = (M 2182 + C21S), (28)

whereM,;, C,; are arbitrary (n k) Kk real matrices.

Because of the symmetry requirement d¥1 , C and K, from (2.3) M 1,5, C1, and K 1
can then be determined byM 1, = M7, C;, = C3; and K1, = KJ,.

In what follows, in order to the notation is simple, without lossof generality we
may assume thatQ = I, i.e., assume thatX =[R”> 0} with R nonsingular.
The general solution of  (2.6).
BecauseM and K are required to be positive de nite and symmetric, respectivgl the
submatricesM; and K13 in (2.3) are required to be positive de nite and symmetric,
respectively.

From (2.6) follows that
Kit= (MuS?+ CuS): (2.9)

SupposeM; is a given positive de nite matrix. We rst nd a symmetric Cy; such

that the matrix K,; determined by (2.9) is symmetric. That is, nd C;; = Cj; so that
(M11S%2+ C11S)” = M13S? + CyS: (2.10)
After rearrangement, (2.10) becomes
CuS S°Ciu= MuS?+(S?) My (2.11)
It is easily seen that (2.11) has a particular solution

C%= (MuS+ S™My): (2.12)



We now solve a general form for the solutio®;; of the homogeneous equation
CuS S°Cy;=0: (2.13)
Substituting S= R R !into (2.13) we get
(R”Cy1R) “(R"Cy;1R) =0: (2.14)

Partition R~ Cy;R according to the sizes of submatrices in

2 3
11 1s
RPCyR=8 * “1is=k (2.15)
sl Ss
where j is2 2matrix,forl i “,and ;i is1 1 matrix,for +1 i s.

Substituting (2.15) into (2.14) and using (H2), it holds

j =0; 16];
BBy =0 =1y (2.16)
and
witwi 2+ 2+ wip+i =05 1=15000s 0 (2.17)

Via simple calculation, it is easy to see that the general solutioof (2.16) has the form

2 3
i=4 " U5 =1y (2.18)
where ;, ; are arbitrary real numbers, and (2.17) holds for any real nundy .-, =

-+i. Thus, the general solution of (2.13) forms

Cu=R” DR 1} (2.19)



where
02 3 2 3 1

D = diag @4 ' '5.....4 5, parl il WA (2.20)
. ) \ \

in which ; and ; are arbitrary real numbers.

In summary, from (2.9), (2.12), (2.13) and (2.19) we have pred that

Theorem 2.1. For a given matrix pair ( ;X) 2 Rk k¥ R" kK as in (1.3) and (1.5),
under assumptiongH1) and (H2) the general solution ofPD-IQEP forms :

M, : arbitrary xed symmetric positive de nite matrix; (2.21a)
Cun= (MuS+ S M+ R” DR 1Y), (2.21b)
Kuyu=S MiyS+R>D R L (2.21c)

where D is given by(2.20). Furthermore, M, = M, Cy1 = CJ,, C = C5,, Koo = K2,
are chosen arbitrary,K,; = K7, is determined by(2.8), and M,, = M, is chosen so
that Mo, Moy M 111M 12> 0.

From (2.21) and (2.8), we now want to chose appropriat®l,;, D, M,; and C,; so
that M is positive de nite and K is semi-positive de nite. In view of (2.21c) we rst

choose a positive de niteM; and aD as in (2.20) such that the matrix
"R"MyyR + D (2.22)

is semi-positive de nite.
Solving (2.22).

For any given D, we can easily compute
02 3 2 3 1

D =dag @ * ' 5:.:..4 B i (A (2.23)



where

IS IR IV R

P= g s J =2+ 00k

(2.24)

Note that the form in (2.23) also satisesD =( D) > = ~D.

Since has distinct eigenvalues, we have either 82 (), or ¢ =0 (say!) is the
unique zero eigenvalue of . We now construct a positive or senpiesitive (for the case
of x =0) de nite matrix f1 sothatf1 + D is semi-positive de nite. Take f having

the same form a<dD , and let
02 3 2 3 1

X, Z <z
f1,=diag@ " ' 5;....4 5ixXpa1iini XA (2.25)
Z; Y1 z Yy

where the indexk; = k for 062 (), and k; = k 1for02 (). We choose X, Vi

and z; satisfying

;>0 xiyyi zZ2>0 i=1;:::;7; (2.26)
8
i+ 1)? : .
2xi+ >0, d (vi 1) @ i) O i=21;:
S Xj+ (2.27)
cor xp+ =05 z+ =0y >0 =150
8
2xi>ma><f0; ig; 1=2 +1;:::;ke;
(2.28)
> . <
~or X;+ i=0; ;<0 i=2 +1;:::;ky:
Oncefi, is determined, the requiredM 1, is, respectively, obtained by
My=R> >f; RY (2.29a)
for 062 (), and
2 3
> 1, .t o0
M,=R>4 *"'1 "5R1 (2.29b)
0 1



for02 (), where = (1: k ZL;1:k 1) LetI(/I:I(/Il,forO62()and

1, 0
f1 =4 S, for02 (). Then from (2.21) and (2.22) we have
0

0
Ku=R> (M+D)R & (2.30)

SincefM + D is chosen to be semi-positive de nite, there exist a congruencgans-

formation L such that
2 3

R0 : (2.31)

0 G

where;isa k q (k g diagonal matrix with diagonal entries of the forms

L>(m+D)L=4

Xi+ ;> 0,d > 0 andy; i > 0, for somei.
To require K being semi-positive de nite, from (2.8)M,; and C,; should be chosen

such that
K»;RL [Ib21j0]: (M,:S?+ C,S)RL; (2.32)

where®,; 2 R(" K (k @ On the other hand, there exist orthogonal matrice€); and
Q- such that

2 3 2 3 2 3 2 3
0 0
QR L4 5=4 '5:.Q;rR L4 5=4 '5; (2.33)
Iy 0 Iy 0
for0Z () ;where ;; 12 RY 9are nonsingular; or
2 3 2 3 2 3 2 3
Q;R 2L405:4 ' 15:0Q3R |_405:4 tots. (2.34)
Iy 0 0 Iy 0 0

for02 () ;where ;; ;2 R@ D @Y gre nonsingular and ;; ;2 RY %

Let

M1 = [M2jM2]1Q7; Car =[C3jC31Q5: (2.35)
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Then from (2.32)-(2.35) follows that

2 3 2 3
MijM2]4 *5+[cLjcz]4 '5=0;for02 () (2.36a)
0 0
or
2 3 2 3
M4M2]14 1 t54[ckjcy]4 t '5=0;for02 (): (2.36b)
0 0
ThereforeM ; can be solved by
Mai= Cix 115 (2.37a)
for 02 () ; whereC}, is arbitrarily given; or
Mlii= Cx 1.5 Chu(1 1.t )=0; (2.37b)

for02 ().
OnceM}; and C3, are determined by (2.37), andV 2 and C2; are arbitrarily given,
the matrix K, is then determined by (2.35) and (2.8).

In summary of above discussion, we proved that

Theorem 2.2. For a given matrix pair ( ;X) 2 RK ¥ R" ¥ as in (1.3) and (1.5)
under assumptiongH1) and (H2), the general solution oPD-IQEP with K being semi-

positive de nite forms:

Mi; : symmetric positive de nite (2.38a)
Cll = (M 118 +S°M 1nt+tR > DR 1), (238b)
Ki=SM;3S+R”>D R L (2.38¢)

where D is given by(2.20), M; is chosen by(2.29), M,; and C,; are determined
by (2.35)(2.37), K,; is determined by (2.8), M, = M7, Cip = C5, K1 = K3y,
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as well asC,, = C3, (arbitrary), M,, = M3, and K,; = K3, are chosen so that
Mz MxuM ‘M, > 0andK,, KaKYKi, 0, respectively. HereK Y, denotes the

generalized inverse oK 1;.

3 Applications for the case: k= n.

For a given matrix pair ( ;X)2 R" " R" " (i;e: k= n) as in (1.3) and (1.5) under
assumptions (H1) and (H2), in this section, we shall solve the PD-IQEBnder move

additional spectral information.
Theorem 3.1. Under assumptiongH1) and (H2), we have

() The general solution of thePD-IQEP is given by

M : arbitrary xed symmetric positive de nite; (3.1a)
C= (MS+S°M +R”> DR Y); (3.1b)
K=SMS+R>D R 1 (3.1c)

whereD is given in (2.20) with k = n.
(i) For any givenD, the matrix M can be chosen so th& is semi-positive de nite.

(i) The quadratic pencil associated wittvi, C and K in (i) has the decomposition

Q)= M+ C+K=(1 S R>DR M Hh™m(l S): (8.2

That is, the 2n eigenvalues of)( ) are completely determined by the eigenvaluesf

and therefore of , as wellasS+ M R> DR 1.
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Proof. (i), (ii) are proven in Theorem 2.1 and 2.2. To prove (iii), bysubstituting (3.1)

into Q( ) we have
Q)= M+ C +K

=M (MS+S"M+R>DR HY+S°MS+R”>D R!
=(1 S>M(lI S)+R> DR I I +59)

(I SM R>DR ! (1 9

(I S R”>DR ™M Hhm(l 9): (3.3)
Thus, (3.2) holds. O

From Theorem 3.1 we see that the general solution of PD-IQEP in (B has many
degree of freedoms to choose. How to use these degree of freedonnstruct a
guadratic pencil satisfying some additional requirement is aimportant topics.
Application I.  Via appropriate choices oM and D, the quadratic pencilQ( ) in (3.3)

may have any additional assignea eigenvalues under closed complex conjugation.

Theorem 3.2. The matrices M and D in Theorem 3.1(i) can be chosen so tha$ +

M !R> DR tin (3.3) has any givem eigenvalues under closed complex conjugation.

Proof. Since
S+M 'R>DR '=R(+ MD)R % (3.4)

wheref1 = (R*>MR) 1, we only show that via appropriate choices ok and D the

matrix + fMD has the any givenn eigenvalues. We conside¥l having the form:
02 3 2 31

X1 Z Xs Z
f1 =diag@ "' “5:.....47° T 5A. (3.5)

Z Y1 Zg ys
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for n = 2s; and
02 3 2 3 1

X1 Z Xs Z
f1 =diag@4 "' T 5....:47° F5.0 LA (3.6)

Z; yl Zg ys

for n =2s+ 1. Thus, we only prove the following two forms of matrices

2 3 2 32 3
X z
A =4 5+14 54 5 (3.7)
zy
and
2 3 2 32 3
=4 P 05,4%%254 1 05 (3.8)
0 2 z'y 0 -

can have any pair of real numbers or of conjugate complex nueis as eigenvalues via
appropriate choices ok, y, z, , or iand ,. We rstrequire x> 0andxy z2> 0
so that 1 in (3.6) is positive de nite.

(i) Ay is of the form in (3.7): we choose = 0. We now prove that for any given real

numbers ~and ~ there are two positive numbers;y and real number ; such that

trA; =~ detA; =~
This implies
x =~ 2 (3.9)
( + dx y) (%+ Axy=~ 2 2 (3.10)

(ia) If =0: we choose =0, then (3.9) holds. By taking = 1, (3.10) becomes

x(2y)= 2 +y) (3.11)
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Note that from assumption is nonzero. When = 2 we takey = 2> 0,
then (3.11) holds automatically; When > 2 we takey satisfying maxX ; 0Og <

y < 2, then

When < 2, we takey satisfying ?<y < , then

2 +y>0:

X:
2y

(ib) If 6 0: From (3.9) follows that
X y=—: (3.12)
Substituting (3.12) into (3.10) and rearranging the result wenave

1
XY= 53 + - : (3.13)

(9]

Solving x in (3.12) and substituting into (3.13) we get
y’+ -y ¢=0: (3.14)

Itis easy to take and so thatcde ned in (3.13) is positive. Thus, from (3.14)

we can takey as 0 s 1
2
::—ZL@ —+ — +4cA >0
and 0 s 1
1 2
x=—+y=§@—+ — +4A >0

(i) A, is of the form in (3.8): We shall prove that for any given real nmbers ~and ~

there are positive numbers, y and real numbersz, ;, , with xy z2?> 0 satisfying
trA, =~ detA, =~

15



This implies
X+ y=-~ 12 (3.15)
1oX* 1Y+ 1oy Z)=- 12 - (3.16)
From (3.15), we have ; = ( 2y)=X. Substituting into (3.16), we get
1 2
2( 2y)+ 12y + X 2(xy  z°)( 2y) =

This implies

Xy z2
Xy

It remains to show that there are real numbers; y, z with x> 0 andxy z?> 0 such

(xy 2%+ (1 2+ ,+( »  )=0: (3.17)

that the quadratic equation (3.17) has real roots. This is toequire the discriminant
of (3.17) is positive, ie.,

2

xy 2 +4(xy z2°)( ) > O (3.18)

Xy

To solve (3.18), we can rst takexy su ciently large, and then take real z su ciently

(1 2) +

small so thatxy z?> 0. This choice ofx, y, z makes that (3.18) holds. O

Application Il.  Let M, C and K be the general solution of PD-IQEP given by (3.1).

Additionally, we are givenr eigenpairs (j;y;) 2 C C", where

i = j+12CnR; yj=vyj+1 2C"'nR"; j =1;3;:::;28 1, (3.19a)

i2R; yj2R";, j=2s+1;:::;1 (3.19b)
Furthermore, we assume that ; 2 (), j =1;:::;r and [yq;:::;y,] is of full column
rank. If r pﬁ, then the quadratic pencil in (3.2) almost exists satisfyin@( j)y; =0,
forj =1;:::;r

We rst prove a lemma.
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ML o 1= i o] (3.20)
if and only if
2
1
E : z[ o] Z27X> 0 (3.21)
r
Proof. Necessity. If (3.20) holds, then
2 3 2
1 1
§ z 10 r]=§ : zM[ i (1> 0
; r
because oM > OandZ =[ ;;:::; ] being of full column rank.
Su ciency. Let Q be an orthogonal matrix such that
2 3
4 R 5
Q[ 1;:::5 (1= ; (3.22)
whereR 2 R" " is nonsingular and upper triangular. Let
2 3
Ta
Q[ 1;:::; []=4—5; T,2R" " (3.23)
T2

n symmetric positive de nite matrix f1 such that

2 3 2 3

R T
f14 " 5=4"15. (3.24)

0 T,

It is enough to nd a n
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Then M = Q”f1Q > 0 solves (3.20). Partitionf1 into

f

2
-4 Ml
bz

3

M2 o

JE

By (3.24), we havef1, = T;R 1. From (3.21)-(3.23) follows that

R fMI,R=R°T;R 'R=R°T;
2 3

2

3

SR04 5= [R7 000 4 15

T2 T2
=Z>X> O
Thus, f, is symmetric positive de nite. Taking K/IZ> = T,RYand My = | +
£ &1, *k1,, it holds that K1 is symmetric positive de nite. O
From (3.2) the equationQ( j)y; = 0 becomes
il 'S RTDR ™M ' Mz =0; (3.25)
wherez; = ( ;I S)yj,j =1;:::;r By letting vj = R !z [Vi1;::5vin ] and
f1 = R>MR, the equation (3.25) becomes
v, =( ;I >) Dvj; j=1;00n (3.26)
We now de ne an-vector corresponding toD in (2.20) by
d=[ 1 w5 241300 nl (3.27)
Write
Dv; = Vid; j=1;::5m, (3.28)

18



where
02 3 2 3 1

V- Vi Vi o SN

g@4 Bt ViZg..... 521 ; o e .

\/j :dlag 51"'14 5,Vj;2‘+]_,...,\/j;nA.
Vii2 Vi Vi Vi1

Then (3.26) implies

v, =( ;I >y Vid; j=1;00n (3.29)

Let
i =Re(v); ja =Im(vy); j =1:3:02s L (3.30a)
G =Re (I )W ;Gu=Im (;I )W ; (3.30b)

j =1;3::;28 1
[ SV G =(g 0 7)Y =2s+ln (3.30c)

From (3.29)-(3.30) and Lemma 3.1 we proved the following tlbeem.

as in (3.19), there exist symmetric positive de niteM and D in (2.20) satisfying
Q( j)y; =0,j =1;:::;r; if and only if
2 3

>

1
W § : z[Gld;:::;G,d]> 0; (3.32)

where ; and Gy, j =1;:::;r are given by(3.30), and d is de ned in (3.27).

Remark 3.1. (i) Suppose P n. If we setW in (3.31) to be any symmetric positive
de nite matrix, then (3.31) can form a squared or underdetermined real linear system
ind2R" as

TGid=wy; i) =1;r n: (3.32)
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The vectord 2 R", and thereforeD in (2.20) is generically solvable.
(i) The solution of the monic IQEP in [4] is a special case of Theam 3.3 with

r=1.

4  Applications for the case: k<n.

For a given matrix pair ( ;X) 2 R ¥ R" kK (k < n) as in (1.3) and (1.5) under

assumptions (H1) and (H2), from Theorem 2.1 the general solutiori the PD-IQEP is
2 3 2 3 2 3

Mi M ¢ c=4 Cu Co ¢ K =4 Ku K2 g,
M21 Mz Ca Cx Ka1 Kz

M =4 (4.1)

whereM is arbitrarily symmetric positive de nite, C;; andK 1; are given by (2.21b) and
(2.21c), respectivelyC,; = C3, arbitrary, K3 = K7, = (M2.S+ Cy;)S. Furthermore,

we have

Theorem 4.1. The quadratic pencilQ( ) de ned by M, C, K of (4.1) has the de-

composition

Q)= *M+ C +K
2

32 3
4! S R ™R M, Myz | S (Ma (I + S)+ C21)>54 I S0,
(Mo (I + S)+ Cyy) Mo+ C 0+ Ky 0o |
(4.2)
Note that Q( ) has all eigenvalues of .
Proof. From (4.1), (2.21b), (2.21c) and (2.8) we have
Mp+ Cpu+Kp= 1 S R TDR Mt Mp(l S);

Ma1+ Coi+ Koap=Mpy( 2l SH)+ Cyu(l 9)
=[Moa(l +S)+ Cxu](I  S):
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Therefore, (4.2) holds. O

Application 1l1l.  For given ( ;X) 2 R® D (D Rn ("1 35 jn (1.3) and (1.5)
under assumptions (H1) and (H2), Theorem 4.1 shows that the genésalution of PD-
IQEP for ( ;X) has the decomposition (4.2), wher6 = R R tandQ”X =[R”;0T.
Now, for any additionally given complex eigenpair ( z) with 2 (), we want to

solve the PD-IQEP by (2.21) withM = I, satisfying Q( )z = Q( )z = 0 and show

that this solution is equivalent to the unique solution of the nonic IQEP solved by [4]

with M = [,. 2 3
) Mo
W.l.o.g. we suppose&Q = |, and write z = 4 S, wherer;, 2 C" Yandr,, 6
2 3 2 32
R r 0
02 C. DenoteR = 4 5 andb= 4 5. Then
0 ry 0
2 3
1 1 1 1
8 pbbhlz4R R r»R R *ripg+ r22r125: 4.3)
0

In [4], the general solution of the Hermitian matrix® in Q() M+ O+ WRis

given by
2 3
@ 4 @ll 012 5
eH, &
12 3 |
R> h |
= Q+ QH 4 S D R1? r221R 1r12 ; (44)

1.H >
rs TR

whereD is given by (2.20),8;; 2 R" D (" D 6,2 C" L and &, 2 C. Expanding
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@11, 012 and & in (44) we get

6,= S+S R>DR Y (4.5)
012 = rzzl( I S) o+ rzle > DR 1r12; (46)
G = j raaj ’rihR> DR 'ryp: 4.7)

On the other hand, by settingMi; = I, ;1 and M,; = 0 in (4.2) and relaxing C to be

Hermitian we have

Q() I+ C+K
2

32 3
> > 1 >
_4 ! S RDR (I S)C2 ¢, I S Og (4.8)
CTZ 2 + C22+ k22 0 1
Partition C in (6) into
2 3
C c
C - 4 11 12 5 ’ (49)
ch o2

whereCy;; 2 R D (0 D) ¢co2C" 1,2 C.
In the following, we want to show C =¢ provided Q( )z= Q( )z= 0. Then by [4]
the matrix C in (4.9) satisesC = C = CH = C”, and thereforeK = K~.

It is easily seen that

Cu= (S+S°) R>DR '=@, (4.10)
2 3
r
substituting =  in (4.8), we computeQ( )z Q( )4 5 =0 and get
22
( I S” R”> DR 1)( I S)rlz + r22( I S>)C12 =0; (411)
ch(l  S)rip+ rap( ?+ Co+ kyp) =0 (4.12)

22



Then fromD = > D we have

Co= Iy (1 S X1 S R>DR Y1 9Sryp,

Moo (| S)riz+ 1R (| ) ~ D(I ) R 'ri

= 1,(l S R”DR YHry= ey (4.13)
2 3
r
Similarly, from Q( )4 > 5=0 we also have
§y)
(I S R>DR H(lI  Siryp+ryu(l  S)cp=0; (4.14)
CTz( | S)riz + rao( 2+ Cpt kz2) =0: (4.15)
Eliminating ky, in (4.12) via subtracting (4.12) by (4.15) we get
( Yoo+ CLIrs (1 S)rin s (1 S)rg]+ 2 2=0: (4.16)
From(4.11), (4.13)-(4.14) it follows that
( )C2 = Cy[rps (| S)riz Iy (I S)rig]+ 2 2
= rzzer2(| S R”DR 1)["zzl(l S)ri, rzzl(l S)ri]
+ 2 2 (From (4:14))
= 1,11 S© R” DR +( NI (1 S)ry,
rzzerz[ (1 S™)cpl+ 2 2 (From (4:11))
= rzzerz[ (1 S7)cw +( S7)c ( )rzzl( | S)ris)
+ 2 2
= 25T 15l JCiat (1 S+ 2 2 (From (4:13))
= F25T1lr 22 ( )R> DR 'rp]+ 2 2
= ( )(j razf *ri;R” DR 'rp ):
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Hence we haves,,=%,,. Combing with (4.10) and (4.13) we have shown tha€ = ®.
Application IV. In (2.20) if we take D = 0, then the decomposition (4.2) becomes

2 3.2 30 3
Q()=4I S054 My (M2a( 1 +S)+C21)>54| 805:
o | Mai(l +S)+ Ca *Mz+ Co+ Kz 0o |
4.17)
Then,
det(Q( ))=[det( I  S)]*det(Qz( )); (4.18)
where

Q2( )= *May+ Cop+ Ky [Ma(l + S)+ Cu]MH[Mai(1 + S)+ Cul

M+ €+ KBy (4.19)

in which
=My MuM M D (4.20a)
€x=Cxp MuM (MuS+ Cu)” (MuS+ Cu)M ‘M, (4.20b)
@22 = K22 (M 218 + C21)M lll(M 218 + C21)> . (420C)

The matricestz and IR, in (4.20) can be chosen to be arbitrarily symmetric positive
de nite, and €,, is arbitrarily symmetric. From (4.18) we conclude that if we @ike
D =0 in (2.20), then the PD-IQEP is solvable withM, K being symmetric positive
de nite and satis es that each eigenvalue of is a double eigeralue of Q( ), and via
appropriate choices of1,, , €, and I€,, in (4.20) the other 2 k) eigenvalues can
be assigned to be any given complex conjugate pairs.

Application V. . We takeD =0in (2.20). With m=2n Kk, letU =[U;;U;]2 R™ "

with U; 2 R™ K be any given full rank matrix. Let

M =U"U>0: (4.21)
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By (4.1) we have
Mll = Uf Ul, M21 = U2> Ul, M22 = U2> U2: (422)

Substituting (4.22) into (2.20) and (2.8), respectively, we ave

Cu= (U1> U, S+ S’ U1> U]_), (4238.)
K= S”USU;S: (4.23b)
Ko = (U2> U, S+ C21)S: (4230)

Let Vi, = U;SandV, beanym (n k) matrix. Taking Cy; = U; V; + V;”U; and
substituting it into (4.23) we get

Cuu= UrVi+ Vi Uy Ky = V7V (4.24a)
Kar=(U;Vi UV V7 U)S = Vy Vi (4.24b)

If we take V =[Vy;V,] and
Coo= Uy Vo t+ V; Uy Koo =V, Vo (4.25)
then from (4.21) and (4.24) we have
C=UV+ VU K=VV: (4.26)

Because oV, = U;S it holds

2 3
V>
X~>; >X~14 S =0: (4.27)
U>
Note that here we assum& =[R5 ;0 .5
If \, above is chosen so thaf S is of full column rank, then the quadratic

U>
pencil de ned by (4.21) and (4.26) is just the solution of the stadard IQEP in [4].
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The matrices corresponding to (4.20) become

f1,, = U BU,; (4.28a)
@22 = U2> BV2 + V2> BUZ, (428b)
|’e22 = V2> BV,; (428C)
whereB = |  U;(U; U;) U7, and therefore,
Qu( )= WMp+ Cp+ By

(Uz+ Vo)"B(Uz+ Vo) (4.29)

Suppose the QR decomposition df = [U;; U] forms

2 3
Tll T12
U= [U]_, U2] = PE 0] T22 z ; (430)
0O O

whereP is orthogonal, T; 2 R X and T,, 2 R(™ ¥ (™ K are nonsingular and upper

triangular. Then,

2
T11S
V, = U]_S = P § 0 . (431)
0
Let
n k
2 3
T3 k
P>V, :§ ToZ n k : (4.32)
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2 3

>

\%

From the fact that 4 S is of full column rank, follow that Tss is nonsingular.
U>

Therefore, we have

2 3
0O O
B=1 U(UiUy) U =P4 5p>
0 In k
and
2 3
T2+ Tas
U2+V2=P§ Toot+ Toz L+
Tas
These imply
Q2 )= ( Toat+ Tog) (T oo+ Tog) + TaaTaa: (4.33)

BecauseTs; is nonsingular, detQ,( ) > 0 for any real number . Thus, Q,( ) has

enly cgmplex conjugate eigenvalues with nonzero imaginapart. Furthermore, if

4 S is chosen to be orthogonal, then we have; = 0. Therefore (4.33) becomes
U>
Q»( )= 2 + 1, and the eigenvalues 0€,( ) are only i. This just coincides with

the result in Section 2 of [4].

5 Numerical Examples.

The argument presented in Applications | and Il o ers a construtive way to solve
the IQEP. In this section, we compute two examples and show numeal results to
illustrate the applications | and Il discussed above. For the eas® running text, we
report all numbers in 5 signi cant digits only, though all catulations are carried out

in full precision.
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To generate test data, we rst randomly generate the partiallyprescribed matrix
pair ( ;X)2 R® 6 R® 6asin(1.3)and (1.5). With ; =3:5121+82485 = ,, 3=
1:7541, ,=1:2596, 5=0:42402, ¢ = 6:4268, and the corresponding eigenvectors

2 3 2 3
0:2963 + 1:0480 8:3476
2:3695 + 35650 8:0904
3:8789 + 65809 5:5542

X1=X2= ;7 X3 = ;

2:8644 + 49742 9:2809
1:5007 + 1:1356 4:0705
1:9623 + 65805 2:8111

2 3 2 3 2 3
6:6044 3:7708 8:5856
09:3147 5:8997 8:3937
2:5443 6:7357 3:3068

Xg4= 7 X5= ; X =

2:1294 6:6171 8:1301
8:1057 3:7162 1:8702
2:7021 8:6814 2:7268

It is easy to check that the matrix pair ( ;X) 2 R® ¢ RS 8 satisfy (H1) and (H2).
Example 1. In Application I, the IQEP may have any additional assigned 6 eign-

values under closed complex conjugation. Now we randomly geste the 6 eigenvalues,

respectively, ; =4:6983 +40385 = g, ¢ =5:6495+ 15612 = 44, 1; = 8:9227,

12 =4:1238. We compute a real symmetric quadratic pencil
A()= M+ C+K

by the method described in Application I. We check the residualf&kMX 2+ EX +
KX k, and the eigenvalues of the leading matrid are 36953 011 andf 15052, 5:9347
0:12706 1:8466 2; 1.248% 2; 559832 4g, respectively. In Table 4.1, we show the

absolute error of] ; Aij, i =1;:::;12, where"; are the computed eigenvalues @( ).
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Table 4.1

eigenvalues absolute errorj ; "
1= 1.2766e-011
3 4.2322e-013
4 2.7001e-013
5 9.7161e-013
6 7.6428e-012
7= 8 9.9151e-012
9= 10 3.5711e-010
1 2.2284e-010
12 6.1142e-012

The absolute error shown in table 4.1 seems to be quite satisfagtor

Example 2. In Application II, the IQEP may have additional assigned 2 € P 6)
eigenpairs under closed complex conjugation. We randomlyrgeate the 2 pairs of
eigenvalues and their corresponding eigenvectors, respeelyy ; = 4:6983+40385 =

g and

2 3
8:6239 + 67913

1:2742 + 1:5386
6:0538 + 90277
5:4385 + 85876
4:6188 + 1:0069
7:.9774 + 31084

We compute a real symmetric quadratic pencil

Q)= M+ C+K
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by the method described in Application Il. We check

KMX 2+ CX + KX k,=2:091& 013
kQ( 7)X7k2 = kQ( 8)X8k2 =1:6213% 013
(M) = £1:0144 1:008% 1; 1; 3:4592 3; 1:186%& 3g:

The matrix M is symmetric positive de nite and the residuals seems to be quitat-

isfactory.

6 Conclusions.

In this paper, we mainly solve a general solution of an IQEP witpartially prescribed
matrix pair ( ;X) 2 R ¥ R" k under assumptions (H1) and (H2). Via appropriate
choice of free variables in the general solution we can solve @wadratic pencil Q( ) =
2M + C + K with M being symmetric positive de nite andK being symmetric
semi-positive de nite. Furthermore, we can also solve a quadiatpencil Q( ) having
variant additionally assigned eigen-informations as shown ispplications I-V. How to
su ciently utilize the total degree of freedoms in the generbform of PD-IQEP to solve
more quadratic pencilQ( ) satisfying di erent additionally assigned eigen-informatios

seems to be interesting and needs further investigation.
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