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Abstract

In [10], an excient structure-preserving doubling algorithm (SDA) was proposed for the solution of
descrete-time algebraic Riccati equations (DARES). In this paper, we generalize the SDA to the G-SDA,
for the generalized DARE: ETXE = ATXA i (ATXB +C'S)(R+B"XB)i }(B"XA + STC)+ CTQC.
Using Cayley transformation twice, we transform the generalized DAR E to a DARE in a standard
symplectic form without any explicit inversions of (possibly ill- conditioned) R and E. The SDA can then
be applied. Selected numerical examples illustrate that the G-SDA is excient, out-performing other
algorithms.

1 Introduction

Let matrices E, A 2 R"6" with E being nonsingular, Q 2 RPEP. R 2 R™EM with Q = QT > 0 and
R = RT > 0 both being symmetric positive de nite (s.p.d.), B 2 R"6™ S 2 RPEM and C 2 RPE" with
B;CT possessing full column rank. Suppose further that the matrixQ j SRi !ST is symmetric positive

semide nite (s.p.s.d.). The generalized discrete-time algebraic Riccati equation (@DARE) has the form
ETXE = ATXA | (ATXB + CTS)(R+BTXB) }B"XA + STC)+ C'QC: (1)

Equation (1) arises frequently in discrete-time optimal control problems and optimal Tter problems

[12, 13, 14, 17], for a given descriptor linear system:

& 0
EXk+1 = AXg + Bug;, Xo= X @)

Yk = CXk
with the control vectors fuxg chosen through
R
minJd © S (Yk QVk + UgRUk + Y Suk + ug STyi): 3)
k=0

Consider the full rank decomposition (FRD)

C'(Qj SRisT)c=ClCy, O (4)
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The systems denoted by E;A;B) and (E; A;Cy) are assumed to be stabilizable (S) and detectable (D),
respectively. Note that (E;A;B ) is stabilizable if WTB =0 and wA= Ew T imply j,j< 1orw=0. The
system (E;A; Cy) is detectable if (ET;AT;C[) is stabilizable. The optimal feedback control fuig for (2)
and (3) are given by

up =i (R+BTX,B) }(BTX+A+ STC)xy; (5)

where X, , 0 is the unique s.p.s.d. solution to (1). Furthermore, the closed-loop dynamics othe system
obtained with this control

£ a
Exis1 =(A+BK)xgk= Aj BR+BTX,.B)I }(BTX,A+ STC) x~ [A+ BK . Ixk (6)

is asymptotically stable, i.e., I(!ilm Xk =0 (see, e.g., [17]).
It is well-known [17] that the s.p.s.d. solution of the G-DARE (1) can be obtained via the computation

of the stable de°ating subspace of the matrix pencil

2 3 2 3
A 0 B E 0 O

Aj B=4;Cc'QCc ET jC's5; . 40 AT 05: (7)
sTc 0 R 0 iBT 0

If the columns of I ,;ET X, ;Z]" span the stable de°ating subspace oA j , B, then X, , 0 solves the
G-DARE (1). Here I, denotes the identity matrix of order n.
It is also well-known {].7] that thg,s.p.s.d. solutionX . of G-DARE can be solved by computing the stable

n

derating subspace span X, E

of the reduced matrix pencil of (7):

v L - Ai BRi1STC o° E BRI 1BT . -
=7 ,Cc™Qj SRisT)c ET ': 0 AT CTSRi!BT

W.l.0.g., we can assume thatS = 0. Let G= BRi BT andH = CTQC. The pencil in (8) can be rewritten

as .
. _ A 0 E G ]
M | BN L= I H E T [N 0 AT . (9)
Furthermore, it is easily seen that the pencilM |, L in (9) is equivalent to the symplectic pencil,
_ _ Ei'A 0° | EilGEIT"
Maoi Lo = iH 1 '"+» 0 ATEIT
, A: 07 I G. °.
iHo 1 '+ 0 Al = (10)
If the column of XI span the stable de°ating subspace oM i , L, then Ei TX Eil= X, 0 solves
the G-DARE (1). Note that a 2 n£ 2n matrix pencil M i , Lo is symplectic if and only if M cJM | = LoJL],
whereJ = | (I) l(r)‘ . The matrix pencil of the form in (10) is symplectic and is said to be a standard
I I'n

symplectic form (SSF), a stronger symplectic property. Being a SSF is the structurewe try to preserve in

the numerical algorithm (see [10] for more details of the SSF).



A well-known backward stable approach based on the reordering QZ-algorithm focomputing the unique
s.p.s.d. solution of DAREs has been proposed by [12, 13, 14, 18]. The asfated code,dare, has been
developed in MATLAB control toolbox [16]. Unfortunately, QZ-like algor ithms do not take into account of
the symplectic structure, destroying it through the iterative process. Similarly, matrix disk function/inverse
free methods [2, 4, 5, 6] have been developed for solving DAREs without preservirtije symplectic structure.
Recently, an excient structure-preserving doubling algorithm (SDA) [10], based on the dabling algorithm
[1, 11], has been proposed for solving DARES, while preserving the SSF at eaderiative step. G-DAREs
can thus be solved by applying the SDA or other algorithms to the symplectic pencil(9). However, the
symplectic form in (9) requires the explicit inversion of E and R, which may be ill-conditioned.

In this paper, based on the SDA algorithm [10], we develop a generalized structure-presving doubling
algorithm (G-SDA) for solving the G-DARE (1). Inversions of ill-conditio ned matrices, such asE and R,

are circumvented.

2 G-SDA and QR-SWAP algorithms for G-DAREs

In many applications, the matrices E or R in (1) and (7) are ill-conditioned, which can cause numerical
instability by inverting R in (8) or E in (10). In this section, we shall develop a generalized SDA (G-SDA)
algorithm for solving the G-DARE. We "rst assume that only E is ill-conditioned. Later we describe a
preprocessing step wherR is also ill-conditioned.

We begin with the pencil M 5 j , L in (10) and transform it into a complex Hamiltonian H. by using
a complex Cayley transformation. Then, we transform the real Hamiltonian matrix Re(H.) back to a real
symplectic pencil in SSF by using a real Cayley transformation. Note thatH. is complex Hamiltonian if
and only if H.J = { JHY . Here H! denotes the conjugate transpose ofi .

Suppose A;E) is a regular pair. (The singular or nearly singular cases will be discussed lat, where a
proportional feedback is "rst applied to regularize (A; E).) There exists an® 2 C with j® = 1 so that Aj ®E

is invertible. Then the Cayley transformation of M . i , L. with j& = 1 leads to a complex Hamiltonian

matrix
He = (Maj ®La) Y@M o+ Ly)
I 0 ° : Il 0
o gr (Mi @L) Y@M + L) 0 EiT (from (9))
_ 1 0’ Aj® j® ' ®A+E G 1 0 1)
- 0 ET i H ETi ®AT i ®H ®ET + AT 0o EiT -
Let
A= Aj ®E; Vp:= i &Af + HAL'G): (12)



From (12), substituting the factorization

AP ®E  i®G _ | ®ARG’ At 0 1 0

iH

ET{®T ~ 0 | 0 V4l  HALL |

into (11) the Hamiltonian matrix H.; becomes

where

Hi

Hit

1 0 ° Hii H12’.| o .

He= 0 ET My Hpy 0 EIT

Vi LHALIG+ ®ET + AT) = Vi 1(j ®%j AY + ®ET + Al + BET)
i ® +2Re(@)V4 ET;

Vi THIALY®A+ E)§ ®1]1= ®V) *H[ALY(Ag + ®E + BE) j 1]
2Re(®)®V) *HALE;

AL1G + ®ALIG(; ® +2Re(®)V) 'ET) = 2Re(®®ALIGV, ET;
ALY ®A+ E)+ ®ALIGV HHALY(®A+ E) | ®H]

®AL (Ap + ®E + BE) | 2Re(®)®ALIG(AH + HAL'G) HALE

® +2Re(@®)®[l | ALG(I + ALHHAG) tALHHIALLE

®l +2Re(®)®Ap + GAL™TH)i 1E:

(13)

(14)

(15.a)

(15.b)
(15.¢)

(15.d)

The last equality follows from the Sherman-Morrison formula. From (11) and (15), the Hamiltonian matrix
H¢ 2 C?"£2" jn (11) has the form

He

In the following, we shall derive the computational algorithm in real arit hmetic. Since

A

i G

i Be i AY

®l +2Re(®)®Ag + GALH H)i 1E
i 2Re(®)ET(AH + HAL1G)i HALLE

i 2Re(®)ALIG(AR + HARG)i !
i ® | 2Re(®)®ET (AH + HALG)i 1

(16)

2nEn
X 2R

spans the stable de°ating subspace oM . | , La, there is ad-stable matrix To 2 R"2" (i.e., j, (Ta)j < 1)

such that

As 0° I ° I Ga® I °

From (16), it follows that

where

i Ho | Xe = 0 Al X T
| A. i G |
D L

Te=(®Ta+ 1)(Taj ®1)i 12 CNEN

(17)

(18)

(19)



is c-stable (i.e.,Re(, (T¢)) < 0) if Re(®) > 0, and is c-unstable (i.e.,Re(, (Tc)) > 0) if Re(®) < 0. Let

A=ReA); 6=Reb); B =ReM);

H = Re(He); T = Re(Ty):

Taking the real part of the equation in (18) we have

I NI - S R B
Hoxe = B A7 Xe x, T

Note that H is a real Hamiltonian matrix.

(20.a)
(20.b)

(21)

By the similar technique in [9], we transform H into a real symplectic matrix pair (H + °l; Hj °l) using

a real Cayley transformation. We choose® > 0 if Re(®) > 0 and®° < 0 if Re(®) < 0, respectively, so that

A °l isinvertible. Let
A=A 1 We = AT + RAI 16;

and
T, =
T3 =

From (21)-(23), we then have

TaTaT2Ta(H + °1) Wi A AL YA+ <))

| +2°(A- + GAITH)I  0°
= 12°(AI+|4AQ1G)51|4A£1 I

and

TaTsToTa(Hi °1)

|
0 Wi 1AT + °1 + BAI16)

T 22 ALIGAT + BALG)I T,
0

0 1+2°(A- +GALTH)IT

Note that matrices G and H in (24) are s.p.s.d.
Using (9)-(24) we transform the G-DARE (1) into a DARE

X =ATX(I +GX) A+ H

associated with real symplectic matrix pair (M"; ) in SSF as in (24). The stablizing solution X 5

of (25) can then be solved by the e+cient SDA algorithm developed in [9].

A
H

G
A'T

O'M‘

i RL1G+ A 16Wi YAT + °1 + RAILLG) °

SRR+ o)+ ALIEWI A AR+ 1) 0

M

(22)

(23)

(24.a)

(24.b)

(25)

Xd, 0



Algorithm 2.1 (SDA algorithm [9]).

A0 I G
H

Input: M L= L i o AT

with M, D)\f 22 C;jzj=1g~=;,

i
¢, = Tolerance;

Output: The stablizing solution X, = X[ . 0 to the DARE (25).
SetAg A A HoA H; GoA G; kA 0
Do until convergence:
Compute
Ais1 A Ai(l + GeHY) 1AL;
Gis1 A Gy + AkGi(l + HGy)i AT ;
Hi+1 A Hy + A'I(| + Hka)i lH'kA'k; k A k+1;
Note that a structured and excient procedure for the computaion of Gy
and Hy.1 in the G-SDA algorithm (below) is given in Section 3.
If kKFe i Hy, 1k - ¢kHFyK, stop;
End
SetXa. A Hy.

Theorem 2.1. [9, 15] Assume that the DARE (25) and its dual DARE, Y = AY (I + BY)i !AT + G, has
s.p.s.d. solutionsX . and Y., respectively. LetS = (1 + GX.)i !Aand T = (1 + HY.)! AT, If the spectrum
radius of S satis'es 4S) < 1, then AT) = £S) < 1, and the matrix sequenced Axg, fGyg and f Hyg
generated by SDA algorithm satisfy that

() KAk - (1+ kXakokYako)kS2ko! O; ask!1l ;
(i) KkXoi Hiks -k Xao+ XaYaXokkSZ k2! 0O, ask!l ;
(i) KYai Gk -K Yo+ YaXoYakokTZk21 0; ask!1
Remark 2.1. It was proven in [18], under conditions (S) and (D) of the sysems(E;A;B ) and (E;A;Cy) as

in (2) and (4), respectively, that the assumptions of Theoren 2.1 hold. Therefore, the sequencéE! T HEi 1g

converges to the s.p.s.d. solutioX, = Ei TX Ei ! of the G-DARE (1).

Now we state the G-SDA algorithm for solving G-DARE (1).



Algorithm 2.2 (G-SDA algorithm).

Input: E;A;B;C;Q;R;S asin (1), ¢ = Tolerance;

Note that E is ill-conditioned, R is well-conditioned;

Output: The stablizing solution X+ = X[ | 0to the G-DARE (1);

Initialize AA Aj BRi1STC; GA BRI !BT, 0, HA CQ'Cj CTSRI!STC, 0
Note thatMj L~ H'_A" EOT i, I(E) (:T
YM ;L)\f 22 C;jzj=1g=;;

Find an appropriate unit value ® = e 2 C with p6 %= such thatAg := A | ®E
is well-conditioned, and setVe := | ® Al + HAL1G);

Compute(as in (16) and (20.a))

A AR e® +2Re(®)®Ag + GAL™H)i 1E);
G AR e(2Re(®)ALIG(AR + HALIG) 1);
R AR e2Re(®)ET (A + HALIG) THA}LE);

Find an appropriate real value® > 0 if Re(®) > 0, or ° < 0if Re(®) < 0 such that
Ao = A °1 and W- = AT + B Ai 1S are well-conditioned:;

Compute(as in (24))

AA 1 +2°(A + GAIH)I L;
GA 2R 1EAT + RAI 18)i 1y;
HA 22AT + RAL1G)i tHAL L,

Call SDA algorithm for (A; G; H;¢);

SetX. A Ei TX Ei .

satis es

Optimal controller K. in (6)

We now introduce the basic swapping process [5, Lemma 1]: GiveB] 2 R'€", FJ 2 R% " let

Qu Qw2 ° El "_ T’
Q21 Q22 i F{ 0

(26)

be the QR-factorization of [E] ;| F] |7, whereT; is nonsingular. LetF; = Q}, 2 R"£9andE; = QJ, 2 R¥* 4,

Then
EZIL 1F1 = rl-léi 1:

From (16) the associated optimal controllerK .. in (6) is obtained by

Ki = i (R+BTEITX.E''B) }(BTE' TX,E' A+ STC)
= TRETRY BB MBoa+ EETE + BTX.B) 1ETSTC

whereBTE! T = BEi TBT and (BTX.)Ei ! = Ej !B, are computed by swapping process (26)-(27).

The (nearly-)singular case

(27)

(28)

Suppose now A; E) is singular or nearly singular. We then construct a proportional state feedbackF so

that (Ag;E) ~ (A+ BF;E) is aregular pair [8]. Now apply G-SDA algorithm on the regular pair (Arq; E)



to compute the s.p.s.d. solutionX 9 = Ei IXFEi T of the G-DARE:
ETXE = A[;XAg i AZXB(R+BTXB) 'BTXA 4+ CTQC: (29)

Here, for convenience, we assum® = 0. From (6) the closed-loop dynamics of the system is given by

£ ) o}
Exksa = Agi B(R+BTXIB) 'BTXIPA xq
rg £ gy
(Argi BKI)xk= A+ B(Fj K)) Xg; (30)

where K }? is obtained by (28). The optimal controller K , is then computed by
K. =Fj K{: (31)
When R is ill-conditioned

Now we consider the case wherR is ill-conditioned. We swap the products in BRi * and Ri (ST C), as
suggested by (26)-(27):

BRi 1= Ri!B; RiYsSTC)= CRL: (32)

Then the pencil in (8) is equivalent to

R.ART | RiBE 0 °  RER] BEBT : a3
i B(CTQC)RI + CTRE R,ETRT 1 "0 R,ATRT; &TBTR] (33)

with the left and right transformations diag( Ry; ﬁz) and diag(F]{T; 1), respectively. Compute the FRDs
BRBT A BoBy , 0 Ry(CTQC)R] i €"TREA CoCj , O (34)
Here \A " denotes the operation which expands a s.p.s.d. matrix into a FRD. Let
Ao = R1AR) i RiBC; Eg:= Ri(ER)) " R4Ez: (35)

The matrix pencil in (33) corresponds to a G-DARE with (E;A;B;C;Q;R;S) = (Eo;Ao;Bo; Co; In;lr;0).
The G-SDA algorithm can then be applied with R = |, being perfectly conditioned.
Let the corresponding s.p.s.d. solution beE§ " X.Ej *. Using (32), we have that

Xy = E TR,IXRETEI 1= B} TXEL Y, O (36)

B

which solves the original G-DARE (1) corresponding toM i , L in (8). The associated optimal controller

is given by

K. i (R+BTE}TX.EL'B) Y(BTE), "X.Ej*A+ STC)

; £(énf—:§R+ BuB)i 1BoA + BL(EJ B + Bl XoBy) 1|’—:25Tcm (37)



with the help of the swapping of the productsBTE} T = B} TBJ and (B] X.)E) " = B !B..

Finally, the s.p.s.d. solution of the G-DARE can also be solved by computinghe stable de°ating subspace
of the matrix pencils in (7), (8) (when R is well-conditioned) or (33) by the generalized Schur algorithm.
This is equivalent to applying the command dare [16] to the G-DARE (1). Similarly, the recently developed
matrix disk function methods, based on the QR-SWAP process (26){(27) [4, 5, 6], can also be applied. For

comparison, we brie°y describe theQR-SWAP matrix disk function method:



Algorithm 2.3 ( QR-SWAP Algorithm [5]).

Input: E;A;B;C;Q;R;S, ¢ = Tolerance;
Output: The stablizing solution X, = X[ | 0 for the G-DARE (1);
Initializee T A 0,, computeM | , L asin (8) or (9);
Repeat Computethe QR-factorization;
Qu Q2 L " _ T
Q21 Q22 iM 0o’
If kT'i Tk- ¢kTk, Then solves the least squared problem fof .
M(Gl:n)=M(;n+1:2n)Xg;
SetX, A X Eil,
Else SetL A QuxpL, MA QuM, TA T;
Goto Repeat.

By (6), the associated optimal control matrix is given by
Kq=(R+ BTX.E B) 1BTX,E' 'A=(E.R+ BIB) BJA (38)
with the help of the swapping of product (BT X.)Ei 1 = B 1B].
3 Practical implementation of G-SDA

3.1 Selection of ®= e* in (12)

If Ag := A | ®E is invertible, then with the FRD H = C{ Cy, 0, we have

Vol = i &AL +HALG) T =i &I + AP HALIG) TALH

£ . . . . -
i ® 1 ALHCl( + cALIGALT Cf)i tCoALIG AL (39)

With k(I + CoApIGALH CJ)i Tk, < 1, we obtain
H l

. . kGkokH k
KV 'ko - HAg)i 1 1+ — 272
® ko HAe) UA?

(40)
where ¥Ag) is the minimal singular value of Ag. Therefore, we choose® = e, where 0- p- ¥ so that
the matrix Ag has the smallest condition number- ; (Ag) := kAgky KALK; .

On the other hand, if p¥% % we see from (16) that the eigenvalues ofi; are close to the imaginary axis.
This will slow down the convergence of SDA algorithm, when applied to the symplect pencilMj L in
(24). Thus, in practice, we choose®'= el such that
oy S

.1 (Ag)=minf-1 (Ag): ®= ;0. p g O g KV (41)

The optimization problem (41) can be solved by applying the Fibonacci search mdtod; see e.g., [3, p.272].
Our numerical experience indicates that three to "ve iterations of Fibonacci search areadequate to obtain

a suboptimal yet acceptable approximation to ®.

10



3.2 Selection of ° in (22)

If ® solves (41) with Re(®) > 0, then the Cayley transformation (11) or (21) transforms the d-stable
eigenvalues oM | L to the c-stable eigenvalues oH. or H. Otherwise, with Re(®) < 0, it transforms the
d-stable eigenvalues to the c-unstable eigenvalues.

For the former case, we choosé > 0 in (22) which transforms the c-stable eigenvalues oH to the
d-stable eigenvalues oM} , . For the latter case, we choosé < 0 in (22) which transforms the c-unstable
eigenvalues ofH to the d-unstable eigenvalues oM’} | I

Based on the evaluation of error bounds in [9], we consider the min-max optimizabn problem to deter-

mine an optimal value *:
minf_nl1a2x3(fi(°)) : °> 0ifRe(®) > 0; °< 0if Re(®) < Og; (42)
1=172;

wherefs(°) = °- 1 (We); f2(°) = °- 1 (Ao) and f3(°) = -1 (W),
Again we can apply the Fibonacci search method to compute an approximate valué;see e.g., [3, p.272].
Our numerical experience shows that three to ve iterations of Fibonacci search are dequate to obtain an

approximation to ®.

3.3 Computation of Gy and Hysp in SDA

In (9) we have the FRDs: G = BRI BT , 0andH = CTC , 0. We now compute the FRDs ofG, ¥ in
(21) and G, H in (24), respectively.

By using Sherman-Morrison formula, we have

£ o
G(I + ALFHALIG) 1= G 1 +(ALPCT)(cALG) !

£ o
G 1 ALHCT( + cALrGALY CT)i tCALIG

£ . . . . . . . 0
B R RIBTALHCT(I + CALIBRI BTALHCT)iIcALBRI I BT

B(R+BTA,"CTCAL'B) ‘BT = B(RgRE)I 'BT; (43)

with the FRD: R+ BTAL"CTCAL'B = RgRE , 0. From (21) and (43), we have the FRD

B

£ il H il i lc
é Re(G.) = Re 2Re(®)AL1G(AR + HAL'G)
£ . R,
= Re 2Re(®)AL'G(l + ALHHALG) AL
£ i 1emin®is ot ptR
= Re 2Re(®) ALBRLT RLBTAL
= BBT, 0 (44)

p____£ _ g h
where " 2" Re(®) Re(Ap'BRLY); Im(AL'BRLY) = B;0 Qg is a QR-factorization with Qg being

orthogonal.

11



Similarly, we have the FRDs

h

i
R Re(lqc)_ Re 2Re(@)ET' A® + HAL 1G ‘HALE

= Re 2Re(®)E TALPCT I + CALIBR! 1BTALH CT '1CA‘ g
£ T H¢ 1 1 ¢Q
= Re 2Re(®) et ALHCTRLM 'RLICALLE
= ¢7¢, o0 (45)

| ¢
and 'l + CALIBRI IBTALHCT = RcRL . 0, where

5

N . e o,¢e ho
P3 Re(®) ReE TALHCTRLMY  Im 'ETALHCTRLY = €70 Qc

is a QR-factorization with Q¢ being orthogonal.
Similar to (43)-(45), G and H in (24) possess the FRDs

. .
il
G=2°Rlt8 AT+AAS  =BBT. 0
and
3 ,il
H=2° AT+HRAIGE HAI'=c'c, o0

Let Gx = BxBY , OandHy = CJ Cy, 0 bethe FRDs. The matricesGy+1 and Hy+1 in the SDA algorithm
can be computed through the FRDs

Gkaa = Gkt ATka(sl + HG)' TAR

il
G+ ABi | + Bl HBy  BJA]
h i T s

. B

il k

Bl ABRaic i Ter AT
3 . h i h i

and | + By HyByx = Kgx K, , where By; RkBkK“é;& = Bk+1:0 Qg is a QR-factorization with

= Bk+1 B:kr+1 . 0

Qs being orthogonal. Similarly, we have the FRDs
3 - S
I
Hia = Hi+ AL |+ HG H A

3
il

Hy + A'I C|-(r | + CkaC;(r C Ak

h i s
. Ck
= Cl;r A:I[ CI-(I— I/<-IC-II<— K(l:i Ci Ak = C'II+1 Ck+1 B 0
3 ’ h i h i
and | + CyGcC{ = KcxK{, , 0, where C[; A{C/ K“ic;l = Ci+1; 0 Qe is a QR-factorization

with Qck being orthogonal.

12



4 Numerical experiments for G-DARES

For the Tables in the following examples, data for various methods are list$n columns with obvious headings.
The heading \dare" is for the dare command in MATLAB [16] applied to (1), and \G-SDA" stands for our
G-SDA algorithm. The heading \QR-SWAP" stands for the QR-SWAP algorithm applied to the matrix
pencil in (7). There is no iteration numbers to report for dare and an ¥ in the Tables indicates a failure to
obtain a solution. Besides, we also report the numbers of iterations (no. &.) for the QR-SWAP and G-SDA
algorithms, respectively, and the number of stable closed-loop eigenvalues (nstab. ev.) in the examples.

The symbol |, §,.«] indicates the spectral radius of the closed-loop matrix pair E;A + BK), i.e.,
J. Gaxi=maxfj . j:, 2, (E;A+ BK)g

Here the optimal controllers K for (3) are computed by K = K. in (28) and K = Ky in (38), when the
s.p.s.d. solutionX . for G-DARE are obtained by G-SDA and QR-SWAP or dare, respectively.
We use trid(a; b; 9 to denote the tridiagonal matrix with the main-, sub- and super-diagonal elements

being a, b and c, respectively. Also, we denote

2 3
1 i1 i1 ¢¢ce¢ 1
0 1 i1 ¢¢¢ 1

T,=8 : . 1 . L2RM™M
: i

0 ¢¢¢ ¢¢cO0 1
For the comparison of residuals computed by these three methods, we use the "nornmdd' residual

(NRes) formula proposed in [5]

KATXA i ETXE | ATXB(R+BTXB) 'BTXA + Hk
KATXAK+ KETXE k+ KATXB (R+ BTXB )i 1BTXAk+ kHk'

NRes’

where X is an approximate solution.
All computations were performed in MATLAB/version 7.0 on a PC with a In tel Pentium-IV 3.2 GHz

processor and 2 GB main memory, using IEEE double-precision °oating-point arithnetic (" ¥ 2:22£ 10 16).

Example 1 . Consider a G-DARE with n =2 de ned by

10 . _1° .00 __.
E_ IIIB_ yH_ Ol,R—l

The matrix A is randomly generated with entries distributed normally in [j 2;2]. The numerical results are
given in Table 1. The G-SDA and QR-SWAP converge well, and the closed-loop eigenvalues all lie inside

the unit circle. The command dare fails to converge when" = 10i & and 10 *°.

13



cond(E) | G-SDA dare QR-SWAP

NRes 703£ 10 7 1.24f£ 10 %7 6:74£ 10 17
10° no. ite. 7 - 7
no. stab. ev. 2 2 2

i, Saxl 318£ 10! 318£10?! 318£10°

NRes 958£ 10 17 6:58F£ 10131 6:46£ 10 17
10 no. ite. 7 - 7
no. stab. ev 2 2 2

J, Sl 318£ 101 318£10! 318£ 101

NRes 394f£ 10 18 o] 1:48£ 10 7
108 no. ite. 7 - 7
no. stab. ev. 2 o 2

J, max| 3:18£ 10 * o 318£ 10 !

NRes L44£ 10 16 a 1:34£ 10 16
101 no. ite. 7 - 7
no. stab. ev. 2 o 2

J, Sl 4:20£ 10 1 o 4:20£ 10 1

Example 2 . Consider a linear descriptor system E; A; B; C ) with n =6 and rank(B) =rank( C) = 3. The

system matrices are

Table 1: Results for Example 1

E = cgag(l;lO‘ 2:10' 4,10 ;10 810 19; R =1I; 3
4:0426 39258 26310  2:1318 55853  7:1839
3:5169 | 0:0108 | 1:7188 i 85395 i 52439 | 0:2965

A = 4:1518 57531 20055 46018 82394 57068 4
- 1:2700  7:3705 | 5:6308 38215 80503 22467 4
1:5915 06336 | 2:9188 52129 01337 | 6:8345

4:0271 j 39175  2:2047 22661 28700 01553 3

i 0:4820 ; 0:4466 | 0:8810 | 0:8007 04766 | 1:2284

BT = 4 12694 07538  0:8847 | 1:1809 05286 03069 5;
) i 0:6425 12407 01126 Q7689  0:8265 02993
0:3285 | 0:9312 10424 11712  0.0214 06355

C = 4 03685 (06990  0:3572  0:5304 | 1:7255  1:37655:
3:0559 | 2:6376 j 1:2290 | 1:6608 Q0370 13068

In this case, one of the closed-loop eigenvalues achieved YR-SWAP lies outside the unit circle, with

modulus equals 24255. The numerical results are given in Table 2.

Example 3 . In this example, we consider a linear descriptor systemi;A;B;C ) with E = T, andR = |,.
The system matricesA; B; C are randomly generated with entries ofA distributed normally in [ i 5;5], and
entries of B and C distributed normally in [ j 1;1]. We set rank(®) = rank( C) = dje (the nearest integer

5) for n = 5;15,25,35;45. Note that the matrix E becomes nearly singular for large values afi and its

condition number varies from O(10') to O(10'#). For n = 35, one of the closed-loop eigenvalues achieved by

14



G-SDA dare QR-SWAP

NRes 311f£ 10 16 o 1:47£ 10 13
no. ite. 8 - 5
no. stab. ev. 6 o 5

. max] 4:11£ 10 1 o 2:43£ 10t

Table 2: Results for Example 2

QR-SWAP lies outside the unit circle, with modulus equals 31413. Whenn = 45, four of the closed-loop

eigenvalues achieved byQR-SWAP lie outside the unit circle. The numerical results are reported in Table 3.

n | cond(E) | G-SDA dare QR-SWAP

NRes 577£ 10 18 884f£ 1002 3:64£ 10 4
5 | 29£ 10 | no. ite. 9 - 8

no. stab. ev. 5 5 5

By Caxl 6:78£ 101 678£ 101 6:78£ 101

NRes 136£ 10 16 1:96£ 100 2 4:05£ 10 12
15| 95£ 10* | no. ite. 8 - 6

no. stab. ev. 15 15 15

i, S 1.57£ 10 1 1:56£ 10 ' 157£ 10'¢

NRes G873£ 10 18 o 2:87£ 10 11
25| 1.7£ 10 | no. ite. 9 - 6

no. stab. ev. 25 o 25

i, Saxl 1:79£ 10 1 o 1:80£ 10 !

NRes 482F£ 10 16 o 1:62£ 10 12
35| 24£ 101 | no. ite. 9 - 6

no. stab. ev. 35 o 34

i, Saxl 1:68£ 10 ! o 1.72£ 10°

NRes 846£ 10 16 o 2:47£ 10 13
45 | 3:3£ 10 | no. ite. 9 - 6

no. stab. ev. 45 o 41

i, Saxl 7:46£ 10 1 o 8:25£ 10t

Table 3: Results for Example 3

Example 4 . Let E 2 R"E" pe the Frank matrix

3
n nilnj2 ¢¢¢ ¢cc@ 1
nilnijlnj2 ¢¢¢ c¢cc@ 1
0 ni2 nij2 ¢¢¢ ¢cce 1

E = 0 0 nj 3 :
w201
0 0 ¢cee 0 11

15



and let
A =trid(20 ;i 10;; 10)2 R"E"; R =I,:

The control matrix B and output matrix C are randomly generated with entries distributed normally in
[i 1,1]. We set rank(B) = rank( C) = d%e. Note that the matrix E becomes nearly singular for increasing
values ofn and its condition number varies from O(1) to O(10'*). The numerical results are reported in
Table 4 for n = 5;8;11;13,16. For n = 13;16, some closed-loop eigenvalues achieved IR-SWAP lie

outside the unit circle, with modula up to 39:85 and 7684, respectively.

n | cond(E) | G-SDA dare QR-SWAP

NRes 134£ 10116 3:92£ 1023 912£ 10 10
5 | 65£ 10 | no. ite. 8 - 7

no. stab. ev. 5 5 5

i S 3:60£ 10 1 360£ 10 ! 3:60£ 10 !

NRes 123£ 10/ 16 6:68£ 10 27 870£ 10 10
8 | 228£ 10° | no. ite. 8 - 7

no. stab. ev. 8 8 8

i S 479£ 101 479£ 101 479£ 10!

NRes 952£ 10 17 a 5:95£ 10 11
11| 3:3£ 10® | no. ite. 8 8

no. stab. ev. 11 o 11

i S 6:05£ 10 1 o 6:05£ 10 1

NRes 122£ 101 16 o 1:94£ 101 10
13| 5:9£ 10 | no. ite. 8 7

no. stab. ev. 13 o 12

i S 5:44£ 10 1 o 3.99£ 10t

NRes 880£ 10 17 a 2:26£ 101 14
16 | 2:3£ 10" | no. ite. 8 7

no. stab. ev. 16 o 15

i, S 5:31£ 10 1 o 7:68£ 10°

Table 4: Results for Example 4

Example 5 . This example is modi ed from Example 15 in [7], which was presented origindy in [18,

Example 3]. Here we consider the G-DARE de ned by

E =diag(1;10' %;10 %;¢¢¢10 M V) 2R A =1tid(0 ;0;1) 2R " ";

and
£ o]
BT= 0 ¢¢¢0 1 2R¥";, R=1; H-=

In:

If E =diag(e11;e22;¢¢¢en), then it is easily seen that the stabilizing s.p.s.d. solution is

X =diag(x1;X2; ¢ ¢ ¢xn);
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taking F =[1;0; ¢ ¢ ¢0]. We see thatdare fails to converge, the NRes by G-SDA are close to the machine
precision, and the NRes byQR-SWAP are only close to 01 after 20 iterations. When n = 8, two of the

closed-loop eigenvalues achieved bQR-SWAP lie outside the unit circle. The numerical results are given in

Table 5.

n [ cond(E) | G-SDA dare QR-SWAP

NRes 222f£ 10 16 7:05f£ 10 15 2:95f 10 17
2 10 no. ite. 6 - 8

no. stab. ev. 2 2 2

iy Sax] 0:00£ 10° 9:73£ 10 34 0:00£ 10°

NRes 876£ 10 14 9:02£ 105 8:56f£ 10 13
4 103 no. ite. 7 - 11

no. stab. ev 4 4 4

iy Sax) 7:75£ 10 7 4:16£ 107 5:72£ 10 14

NRes 109f£ 10 16 a 5:64£ 10 1
6 10° no. ite. 8 - 20

no. stab. ev. 6 o 6

i, Saxl 6:54£ 10 13 o 2:87£ 10 3

NRes 202£ 10 16 a 9:99f 10 1
8 10’ no. ite. 8 - 20

no. stab. ev. 8 o 6

i, Saxl 4:73£ 10 ! o 1:35£ 10°

Table 5: Results for Example 5

Example 6 . Here we consider a linear descriptor systemg;A;B;C ) with E = T, and R = T, T, where
m = rank(B). The matrices A;B;C are randomly generated with entries of A distributed normally in

[i 55], and entries of B and C distributed normally in [ 1;1]. We set rank®) = rank( C) = dje for

n = 5;15;25;35,45. Note that the matrices E and R become nearly singular for increasingn and their
condition numbers vary from O(10%) to O(10'®). For n = 35, one of the closed-loop eigenvalues achieved by
QR-SWAP lies outside the unit circle, with modulus equals 209885. Whenn = 45, four of the closed-loop

eigenvalues achieved byQR-SWAP lie outside the unit circle. The numerical results are reported in Table 6.

5 Conclusions

We have developed the G-SDA algorithm which solves G-DAREs with ill-conditionedR and E. Inversions
of ill-conditioned matrices are circumvented by the Cayley transformation betveen the symplectic pair and
the Hamiltonian matrix. Numerical results show that the G-SDA is competitiv e with QR-SWAP and dare,

out-performing the other algorithms in the selected set of test examples. The advaage of our structure-
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n | cond(E) | cond(R) | G-SDA dare QR-SWAP

NRes 952£ 10 18 1:44f£ 1020 6:73£ 10 ¢
5 2:.9f£ 10 2:9£ 10" | no. ite. 9 - 8

no. stab. ev. 5 5 5

j, Sl 6:88£ 10 ! 6:88£ 101 6:99£ 10 !

NRes 246F£ 10 18 2:30£ 10 28 1:49f£ 10 11
15| 95£ 10" | 1:4£ 10° | no. ite. 8 - 6

no. stab. ev. 15 15 15

j, Coax 1:82£ 10 ! 1:82£ 101 1.95f£ 10!

NRes 508£ 10 16 o] 7:21£ 10 11
25| 1.7£ 108 | 4:2£ 10 | no. ite. 9 - 6

no. stab. ev. 25 o 25

J. mex 2:08£ 10 ! o 2:23£ 10 ¢

NRes 133£ 101 16 o] 2:40£ 10 12
35| 2.4£ 10 | 86£ 101 | no. ite. 9 - 100

no. stab. ev. 35 o 34

j, Coax 2:26£ 10 1 o 417£ 10

NRes 305£ 10 18 o] 6:62£ 10 14
45| 3:3£ 10" | 1:5£ 105 | no. ite. 9 - 100

no. stab. ev. 45 o 41

J. me 9:53£ 10 ! o 1:37£ 10

preserving algorithm is evident from the absence of unstable closed-loop eigenvalugslae end of the iterative
process, contrasting results from QR-SWAP. While some solutions from QR-SWAPmay be accurate with
small residuals, they are obviously useless in terms of stabilizing the closeddp system. The MATLAB
command dare failed frequently for many ill-conditioned examples. Apart from having superiar accuracy,
convergence and structure-preserving properties, the operation count (per iterationfor G-SDA is a small
fraction of those for the other algorithms, analogous to the superiority of the SDA for DAREs [10]. This

exciency is the consequence of the fact that the G-SDA operates ifR"" while QR-SWAP and dare works

with matrices of higher dimensions.
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