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Abstract

In [15], a structure-preserving doubling algorithm (SDA) wasproposedfor the solution of the nonlinear
matrix equation X + AT X � 1A = Q (with Q > 0). The SDA was proven to be convergent quadratically
to the maximal solution X + when all eigenvalues of X � 1

+ A lie inside the unit circle. In this paper, we
prove that SDA convergeslinearly to a symmetric solution X + when all eigenvalues of X � 1

+ A are inside
or on the unit circle and the partial multiplicit y of each unimodular eigenvalue is half of the partial
multiplicit y of the corresponding unimodular eigenvalue of the associated symplectic pencil.

Keyw ords. doubling, nonlinear matrix equations,unimodular eigenvalue, structure-preserving

AMS sub ject classi�cations. 15A18, 65F15

1 In tro duction

In this paper, we are interest in the study of the nonlinear matrix equation (NME)

X + AT X � 1A = Q; (1)

whereA; Q 2 Rn � n with Q being symmetric positive de�nite. NMEs occur frequently in many applications.

Notable examplesinclude algebraic Riccati equations [1, 2, 10, 11, 15], quadratic matrix equations [6, 7, 8]

AX 2 + B X + C = 0;

where A; B ; C are given coe�cien t matrices. Various aspects of NMEs, like solvabilit y, numerical solution,

perturbation and applications, can be found in [3, 4, 8, 18, 19, 20, 21, 22] and the referencestherein. One

main application of the NME is related to the solution of quadratic eigenvalue problems [7, 9].

For symmetric matrices X and Y , we write X � Y (X > Y) if X � Y is positive semide�nite (de�nite).

A symmetric solution X + of an NME (1) is called maximal if X + � X for any symmetric solution X of (1).

In [15], a structure-preserving doubling algorithm (SDA) was proposedfor �nding the maximal X + of

the NME (1), and moreover, it was proven that this algorithm convergesquadratically when all eigenvalues
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of X � 1
+ A lie inside the unit circle. The main purpose of this paper is to prove that the SDA converges

linearly when the eigenvalues of X � 1
+ A lie inside or on the unit circle and the partial multiplicit y of each

unimodular eigenvalue is half of the partial multiplicit y of the corresponding unimodular eigenvaluesof the

associated symplectic pencil. Note that other iterativ e solution processes,by Newton's iteration or cyclic

reduction, have beenproposedin [6, 8, 18] and linear convergencefor problemswith semi-simpleunimodular

eigenvalues has been observed and proved in [6]. Consequently , becauseof the more general convergence

result for unimodular eigenvalues,our doubling algorithm is more applicable than that in [6].

2 Preliminaries

Consider the NME (1) and de�ne

M �
�

� A 0
Q I

�
; L �

�
0 I
AT 0

�
: (2)

It is easyto verify that the pencil M � � L is symplectic, i.e., it satis�es

M J M T = LJ L T ; with J �
�

0 I
� I 0

�

and � 2 � (M ; L ) if and only if 1=� 2 � (M ; L ).

Let R = X � 1A. Then (1) can be rewritten as

M
�

I
X

�
= L

�
I
X

�
R: (3)

The existenceof a symmetric positive de�nite solution and a maximal symmetric positive de�nite solution

of (1) has beenestablishedin [4].

Theorem 2.1 [4] The NME (1) has a symmetric positive de�nite solution if and only if  (� ) � �A + Q +

� � 1AT is regular, and  (� ) � 0, for all j� j = 1.

Theorem 2.2 [4] If (1) has a symmetric positive de�nite solution, then it has a maximal symmetric pos-

itive de�nite solution X + . Moreover, for the maximal solution X + , we have � (X � 1
+ A) � 1; for any other

symmetric positive de�nite solution X , we have � (X � 1A) > 1. Here � ( � ) denotesthe spectral radius.

It follows from [6, Theorem 2.4] that the eigenvaluesof the matrix X � 1
+ A have the following characteri-

zation.

Theorem 2.3 [6] For (1), the eigenvaluesof the matrix X � 1
+ A are precisely the eigenvaluesof the ma-

trix pencil M � � L inside or on the unit circle, with half of the partial multiplicities for each unimodular

eigenvalue.
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3 SDA algorithm

We now considera more generalstandard symplectic form (SSF) than that in (2) as follows

M �
�

A 0
Q � I

�
; L �

�
� P I
AT 0

�
; (4)

where Q � P > 0. Then we can compute a matrix [M ?; L ?] with

M ? =
�

A(Q � P) � 1 0
� AT (Q � P) � 1 I

�
; L ? =

�
I � A(Q � P) � 1

0 AT (Q � P) � 1

�
(5)

which satis�es M ?L = L ?M . Direct calculations give rise to

M̂ � M ?M =
�

Â 0
Q̂ � I

�
; L̂ � L ?L =

�
� P̂ I
ÂT 0

�
; (6)

where

Â � A(Q � P) � 1A ; Q̂ � Q � AT (Q � P) � 1A ; P̂ � P + A(Q � P) � 1AT : (7)

If Q̂ in (7) is again positive de�nite, then (M̂ ; L̂ ) is again a SSF form.

We restate the structure-preserving doubling algorithm (SDA) developed in [15] as follows.

Algorithm 3.1 (SD A for NME)

Input: A; Q; � (a small tolerance);
Output: a symmetric solution X to NME.

Set k = 0; Ak = A; Qk = Q and Pk = 0;
Do until convergence:

ComputeAk+1 = Ak (Qk � Pk ) � 1Ak ,
Qk+1 = Qk � AT

k (Qk � Pk ) � 1Ak ,
Pk+1 = Pk + Ak (Qk � Pk ) � 1AT

k , k = k + 1;
If kQk � Qk � 1k � � kQk k, Stop;

End;
Set X  Qk+1 .

Remark 3.1 To ensure that the iteration in Algorithm 3.1 is well-de�ned, the matrix Qk � Pk must be

positive de�nite for all k. Below we quote from [15, Theorem 2.1] to guarantee this condition is satis�ed,

provided that the NME (1) has a symmetric positive de�nite solution.

Theorem 3.1 Assumethe NME (1) hasa symmetric positive de�nite solution X . Then the matrix sequence

f Ak ; Qk ; Pk g generated by Algorithm 3.1 is well-de�ned and satis�es

(i) Ak = (X � Pk )R2k
;

(ii) 0 � Pk � Pk+1 < X and Qk � Pk = (X � Pk ) + AT
k (X � Pk ) � 1Ak > 0;

(iii) X � Qk+1 � Qk � Q and Qk � X = (RT )2k
(X � Pk )R2k

� (RT )2k
X R2k

.
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Remark 3.2 Algorithm 3.1 is essentially the sameas Algorithm 3.1 proposed in [18] with Qk � Pk and Qk

in Algorithm 3.1 being replaced by Qk and X k , respectively. In other words, Algorithm 3.1 in [18] is an SDA.

In [6], Guo proved that if � (R) = 1, where R is de�ned in (3), and all eigenvaluesof R on the unit circle

are semisimple, then the convergence of Algorithm 3.1 in [18] is at least linear with rate 1=2. But when R

has nonsemisimpleunimodular eigenvalues,the situation is unclear. In the following section, we shall prove

that if Qk � Pk in each iteration of Algorithm 3.1 is invertible and f Pk g is bounded, then the convergence of

Algorithm 3.1 is globally linear with rate 1=2 when the size of Jordan block of each unimodular eigenvalueof

(M ; L ) in (2) is even.

4 Convergence rate of SDA

Consider the matrix pair (M ; L ) de�ned in (2). SinceQ > 0, it is easyto check that (M ; L ) is regular, i.e.,

det(M � � L ) 6� 0. Suppose(M ; L ) satis�es the following assumption.

(H ) The partial multiplicities of (M ; L ) associated with the unimodular eigenvalues(if any) are all even.

(8)

Let J! ;p be the p � p Jordan block with a unimodular eigenvalue ! = ei� :

J! ;p �

2

6
6
6
6
6
6
6
4

! 1 0 � � � 0

0
. . .

. . .
. . .

...
...

. . .
. . .

. . . 0
...

. . .
. . . 1

0 � � � � � � 0 !

3

7
7
7
7
7
7
7
5

: (9)

By the result in [5, p. 557], the 2k power of J! ;p satis�es

J 2k

! ;p =

2

6
6
6
6
4


 1;k 
 2;k � � � 
 p;k

. . .
. . .

...
. . . 
 2;k

0 
 1;k

3

7
7
7
7
5

; (10)

where


 i;k �
2k (2k � 1) � � � (2k � i + 2)

(i � 1)!
! 2k � i +1 ; i = 1; � � � ; p: (11)

For the unimodular eigenvalues! j = ei� j of (M ; L ) with even partial multiplicit y p = 2m j , we have

J! j ;2m j =
�

J! j ;m j � 1;m j

0 J! j ;m j

�
; � 1;m j � em j eT

1 ; (12)

for j = 1; � � � ; r . From the theorem of symplectic Kronecker canonical form for (M ; L ) (seee.g., [12] or [13])

there exist a symplectic matrix bZ (i.e., bZ H J bZ = J ) and a nonsingular bQ such that

bQM bZ =
�

Js � J1 0` � b� 1

0n I ` � J � H
1

�
; (13)

bQL bZ =
�

I ` � I m 0n

0n J H
s � I m

�
; (14)
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whereJs is the stable Jordan block of size` (� (Js) < 1), J1 = J! 1 ;m 1 � � � � � J! r ;m r ; b� 1 = b� 1;m 1 � � � � � b� 1;m r

with b� 1;m j = em j eT
m j

(j = 1; � � � ; r ), l = n � (m1 + � � � + mr ) � n � m, � denotesthe direct sum of matrices

and the supscription 'H ' denotes the conjugate transpose. It is easily seenthat spanf bZ (:; 1 : n)g forms a

unique stable Lagrangian de
ating subspaceof (M ; L ) corresponding to Js � J1 ([13]).

From (12), for each j = 1; � � � ; r , there exists a suitable nonsingular Wj 2 Cm j � m j such that
�

I m j 0
0 W � 1

j

� �
J! j ;m j

b� 1;m j

0 J � H
! j ;m j

� �
I m j 0
0 Wj

�
=

�
J! j ;m j � 1;m j

0 J! j ;m j

�
: (15)

Set

Z = bZ (I n + ` � W1 � � � � � Wr ); Q = (I n + ` � W � 1
1 � � � � � W � 1

r ) bQ: (16)

Thus, from (15)-(16) equations (13) and (14), respectively, become

QMZ =
�

Js � J1 0` � � 1

0n I ` � J1

�
� J M ; (17)

QLZ =
�

I n 0n

0n J H
s � I m

�
� J L ; (18)

where � 1 � � 1;m 1 � � � � � � 1;m r with � 1;m j being given in (12). It also follows that spanfZ (:; 1 : n)g forms

the unique stable Lagrangian de
ating subspaceof (M ; L ) corresponding to Js � J1.

SinceJ M and J L commute with each other, it follows from (17) and (18) that

MZ J L = Q� 1J L J M = LZ J M : (19)

On the other hand, if we interchange the roles of M and L in (17) and (18), and consider the symplectic

pair (L ; M ), there are nonsingular matrices P and Y such that

PLY = J M ; PMY = J L ; (20)

where spanfY (:; 1 : n)g forms a unique stable Lagrangian de
ating subspaceof (M ; L ) corresponding to

Js � J1. Similar arguments also produce

LY J L = MY J M : (21)

Let f (M k ; L k )g1
k=0 be the sequenceof symplectic pairs in SSF with

M k �
�

Ak 0
Qk � I

�
; L k �

�
� Pk I
AT

k 0

�
(22)

generatedby Algorithm 3.1. By the construction of the algorithm we have

M k+1 = M ?k M k ; L k+1 = L ?k L k ; (23)

where

M ?k =
�

Ak (Qk � Pk ) � 1 0
� AT

k (Qk � Pk ) � 1 I

�
; L ?k =

�
I � Ak (Qk � Pk ) � 1

0 AT
k (Qk � Pk ) � 1

�
;
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with

M ?k L k = L ?k M k : (24)

For more details, see[15].

With M 0 = M and L 0 = L , it follows from (23), (24) and (19) that

M 1Z J 2
L = M ?0M 0Z J 2

L = M ?0L 0Z J M J L = L ?0M 0Z J L J M = L ?0L 0Z J 2
M = L 1Z J 2

M : (25)

By an inductiv e process,we have shown

M k Z J 2k

L = L k Z J 2k

M : (26)

Similarly, from (21), it also holds that

L k YJ 2k

L = M k YJ 2k

M : (27)

With ! = ! j and p = 2m j asin (10), for j = 1; � � � ; r , using (17) and (18), equation (26) can be expressed

by

M k Z
�

I 0
0 J 2k

s � I m

�
= L k Z

"
J 2k

s � J 2k

1 0` � � k

0 I ` � J 2k

1

#

; (28)

where � k = � k ;m 1 � � � � � � k ;m r with

� k ;m j �

2

6
6
6
6
6
6
6
4


 m j +1 ;k 
 m j +2 ;k � � � � � � 
 2m j ;k


 m j ;k
. . .

. . .
...

...
. . .

. . .
. . .

...


 3;k
. . .

. . . 
 m j +2 ;k


 2;k 
 3;k � � � 
 m j ;k 
 m j +1 ;k

3

7
7
7
7
7
7
7
5

� J 2k

! j ;2m j
(1 : mj ; mj + 1 : 2m j ); (29)

in which 
 i;k are de�ned in (11) for i = 2; � � � ; 2m j ; j = 1; � � � ; r .

We now state a useful Lemma in [11] for the convergenceof the SDA algorithm.

Lemma 4.1 Let J1 � J! 1 ;m 1 � � � � � J! r ;m r and � k � � k ;m 1 � � � � � � k ;m r , where � k ;m j is de�ned in (29),

for j = 1; � � � ; r . Then � k is invertible and satis�es

k� � 1
k J 2k

1 k = O(2� k ); kJ 2k

1 � � 1
k J 2k

1 k = O(2� k ) as k ! 1 : (30)

We now prove the convergenceTheorem for Algorithm 3.1. Partition Z in (19) and Y in (21) by

Z =
�

Z1 Z3

Z2 Z4

�
; Y =

�
Y1 Y3

Y2 Y4

�
; (31)

where Z i ; Yi 2 Cn � n (i = 1; � � � ; 4).
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Theorem 4.2 Assume that the NME (1) has a symmetric positive de�nite solution and the matrix pair

(M ; L ) of (2) satis�es the assumption (H) as in (8). Let X + be its maximal solution. If � (X � 1
+ A) = 1,

then the sequence f Ak ; Qk ; Pk g generated by Algorithm 3.1 satis�es

(i) kAk k = O
�

� (Js)2k
�

+ O(2� k ) ! 0 as k ! 1 ;

(ii) kQk � X + k = O
�

� (Js)2k
�

+ O(2� k ) ! 0 as k ! 1 where X + = Z2Z � 1
1 solves(1);

(iii) kPk � X � k = O
�

� (Js)2k
�

+ O(2� k ) ! 0 as k ! 1 where X � = Y2Y � 1
1 if Y1 is invertible; moreover,

if in addition, A and Y2 are invertible, then X � solves(1);

(iv) f Qk � Pk g ! singular matrix as k ! 1 .

Pro of. (i) From Theorem 3.1 the sequencef Ak ; Qk ; Pk g is well-de�ned. Substituting (M k ; L k ) of (22)

and Z of (31) into (28), we obtain

Ak Z1 = (� Pk Z1 + Z2)(J 2k

s � J 2k

1 ); (32)

Ak Z3((J H
s )2k

� I m ) = (� Pk Z1 + Z2)(0` � � k ) + (� Pk Z3 + Z4)( I ` � J 2k

1 ); (33)

Qk Z1 � Z2 = AT
k Z1(J 2k

s � J 2k

1 ); (34)

(Qk Z3 � Z4)(( J H
s )2k

� I m ) = AT
k Z1(0` � � k ) + AT

k Z3(I ` � J 2k

1 ): (35)

By assumption(H), Theorem 2.2 and 2.3 the maximal solution X + existsand the eigenvaluesof R+ � X � 1
+ A

are inside or on the unit circle, with half of the partial multiplicities for each eigenvalue on the unit circle.

Since the stable Lagrangian de
ating subspaceof (M ; L ) corresponding to Js � J1 is unique and R+ is

similar to Js � J1, it holds that span([I ; X T
+ ]T ) = span([Z T

1 ; Z T
2 ]T ). Then Z � 1

1 exists and X + = Z2Z � 1
1 .

Post-multiplying (33) by (0` � � � 1
k J 2k

1 )Z � 1
1 , and using (32), we have

Ak

h
I � Z3(0` � � � 1

k J 2k

1 )Z � 1
1

i
= (� Pk Z1 + Z2)(J 2k

s � 0m )Z � 1
1 � (Pk Z3 + Z4)(0` � J 2k

1 � � 1
k J 2k

1 )Z � 1
1 : (36)

Let Ek � Z3(0` � � � 1
k J 2k

1 )Z � 1
1 . Then by Lemma 4.1 it holds that I � Ek = I + O(2� k ) invertible, for k

su�cien tly large. Consequently , (36) becomes

Ak =
h
(� Pk Z1 + Z2)(J 2k

s � 0m )Z � 1
1 � (� Pk Z3 + Z4)(0` � J 2k

1 � � 1
k J 2k

1 )Z � 1
1

i
(I � Ek ) � 1:

By Lemma 4.1 and the boundednessof f Pk g (by Theorem 3.1) the sequencef Ak g satis�es

kAk k = O
�

� (Js)2k
�

+ O(2� k ) ! 0 as k ! 1 : (37)

(ii) Post-multiplying (35) by (0` � � � 1
k J 2k

1 )Z � 1
1 and using (34), we get

Qk

h
I � Z3(0` � � � 1

k J 2k

1 )Z � 1
1

i
� X +

= AT
k Z1(J 2k

s � 0m )Z � 1
1 � AT

k Z3(0` � J 2k

1 � � 1
k J 2k

1 )Z � 1
1 � Z4(0` � � � 1

k J 2k

1 )Z � 1
1 : (38)
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Let Ek = Z3(0` � � � 1
k J 2k

1 )Z � 1
1 . SinceI � Ek = I + O(2� k ) as k ! 0, the equation (38) can be rewritten by

Qk � X + (I � Ek ) � 1

=
h
AT

k Z1(J 2k

s � 0m )Z � 1
1 � AT

k Z3(0` � J 2k

1 � � 1
k J 2k

1 )Z � 1
1 � Z4(0` � � � 1

k J 2k

1 )Z � 1
1

i
(I � Ek ) � 1 :

By Lemma 4.1 and (37), the matrix sequencef Qk � X + g satis�es

kQk � X + k = O
�

� (Js)2k
�

+ O(2� k ) ! 0 as k ! 0

(iii) Substituting (M k ; L k ) of (22) and Y of (31) into (27), we have

Y2 � Pk Y1 = Ak Y1

�
J 2k

s � J 2k

1

�
; (39)

(Y4 � Pk Y3)
�

(J H
s )2k

� I m

�
= Ak Y1 (0` � � k ) + Ak Y3

�
I ` � J 2k

1

�
: (40)

Let X � = Y2Y � 1
1 .As above, post-multiplying (40) by

�
0` � � � 1

k J 2k

1

�
Y � 1

1 and using (39), we get

X � � Pk

h
I � Y3

�
0` � � � 1

k J 2k

1

�
Y � 1

1

i

= Y4

�
0` � � � 1

k J 2k

1

�
Y � 1

1 � Ak Y2

�
0` � J 2k

1 � � 1
k J 2k

1

�
Y � 1

1 + Ak Y1

�
J 2k

s � 0m

�
Y � 1

1 : (41)

By Lemma 4.1 and the result of (i), we have

kX � � Pk k = O
�

� (Js)2k
�

+ O(2� k ) ! 0 as k ! 1 :

Moreover, substituting (L ; M ) of (2) and Y of (31) into (21), we get
�

0 I
AT 0

� �
I

X �

�
=

�
A 0
Q � I

� �
I

X �

�
R� ;

where R� � Y1(Js � J1)Y � 1
1 . It follows that

X � = AR � ; AT = (Q � X � )R� :

SupposeA and Y2 are invertible, then it holds that

X � + AT X � 1
� A = Q

and

� (X � 1
� A) = � (R� 1

� ) = � ((Js � J1) � 1) > 1:

(iv) From (32) and (34), we get

� Pk Z1(J 2k

s � J 2k

1 ) = Ak Z1 � Z2(J 2k

s � J 2k

1 );

Qk Z1(J 2k

s � J 2k

1 ) = Z2(J 2k

s � J 2k

1 ) + AT
k Z1(J 22k

s � J 22k

1 ):
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This implies that

(Qk � Pk )Z1

�
0

I m

�
= Ak Z1

�
0

J � 2k

1

�
+ AT

k Z1

�
0

J 2k

1

�
: (42)

Using the result of (37), the �rst column of (42) becomes

(Qk � Pk )Z1

�
0
e1

�
= Ak Z1

�
0

! � 2k
e1

�
+ AT

k Z1

�
0

! 2k
e1

�
! 0; as k ! 1 :

Therefore, f Qk � Pk g convergesto a singular matrix as k ! 1 .

In the following, we prove a secondconvergencetheorem for Algorithm 3.1 when the NME (1) only has

a symmetric solution.

Theorem 4.3 Assume that the NME (1) has a symmetric solution X + (not necessarily positive de�nite)

and (M ; L ) of (2) satis�es the assumption (H) as in (8), furthermore, the eigenvaluesof X � 1
+ A are inside

or on the unit circle, with half of the partial multiplicities for each eigenvalueon the unit circle. Suppose

the sequence f Ak ; Qk ; Pk g generated by Algorithm 3.1 is well-de�ned for each k. If kPk k is bounded, then it

holds that (i)-(iv) as in Theorem 4.2.

Pro of. By assumptionswe have that the sequencef A k ; Qk ; Pk g is well-de�ned and f Pk g is bounded. Fur-

thermore, � (X � 1
+ A) lies inside or on the unit circle, with half of the partial multiplicities for each eigenvalue

on the unit circle, and X � 1
+ A is similar to Js � J1, so the matrices [I ; X T

+ ]T and [Z T
1 ; Z T

2 ]T span the unique

stable Lagrangian de
ating subspaceof (M ; L ) corresponding to Js � J1, and then X + = Z2Z � 1
1 . Baseson

the above properties, assertions(i)-(iv) hold using the sameargument as in Theorem 4.2.

Remark 4.1 (i) In Theorem 4.2 and 4.3, we see that the sequence f Qk g and f Pk g convergesto X + and

X � , respectively, with convergence rate 1=2

(ii) Note that the symmetric solution X + in Theorem 4.2 is a maximal symmetric positive de�nite solution

for NME (1), but in Theorem 4.3 it is not necessarily a positive de�nite solution for NME (1).

5 Numerical Results

In this section, we test �v e numerical examples satisfying assumption (H) to illustrate the convergence

behavior of Algorithm 3.1. The �rst three examples have symmetric positive de�nite solutions and the

other two exampleshave not. All computations were performed in MATLAB R2006b on a PC with an

Intel Pentium-IV 3.4 GHz processorand 2 GB main memory, using IEEE double-precision 
oating-p oint

arithmetic (eps � 2:22 � 10� 16). The operating system running the machine is Fedora Core 2 with Kernel

2.6.10-1.771-FC2.

In our numerical tests, we report the numbers of iterations by \ITs" for Algorithm 3.1, and the maxi-

mal error between the accurate and the approximate stable eigenvalues of X � 1
+ A by \Err + ", where X + is

9



Example 5.1 Example 5.2 Example 5.3 Example 5.4 Example 5.5
NRes+ 9:49� 10� 17 1:29� 10� 14 9:52� 10� 10 3:99� 10� 14 3:67� 10� 9

Err + 1:04� 10� 8 4:59� 10� 3 1:84� 10� 4 6:83� 10� 3 5:40� 10� 5

ITs 24 16 14 16 15
NRes� 1:38� 10� 6 1:73� 10� 14 7:88� 10� 10 1:40� 10� 14 3:29� 10� 9

Err � � 4:61� 10� 3 1:84� 10� 4 6:87� 10� 3 5:41� 10� 5

Table 1: Numerical results for various examples.

an approximate solution to the NME. Let � i be the exact stable eigenvalue and ~� i be the corresponding

approximate eigenvalue, we have

Err + = max
1� i � n

fj � i � ~� i jg:

Similarly, \Err � " represents the maximal error between the accurate and the approximate unstable eigen-

valuesof X � 1
� A.

To measureaccuracy, we usethe \normalized" residual

NRes� �
kX � + AT X � 1

� A � QkF

kX � kF + kAT X � 1
� AkF + kQkF

;

where X � is an approximate solution to the NME. The algorithm is terminated when NRes+ cannot be

reducedfurther.

The �rst example is provided by Meini [18].

Example 5.1 [18] Let n = 100, Q = I n and A be symmetric whoseentries are de�ned by the scheme:
For i = 1; : : : ; n:

Set aij = i 2 + j for j = i; : : : ; n;
Compute s1 =

P i � 1
j =1 aij , s2 =

P n
j = i aij ;

Set aij = aij (1=2 � s1)=s2, aj i = aij for j = i; : : : ; n.

The symplectic pair (M ; L ) in (2) has an eigenvalue 1 with partial multiplicit y 2. The maximal solution

equalsX = 1
2 (I + (I � 4AT A)1=2) (see[22]).

The numerical results for X � are reported in Table 1. The notation \ � " in the Table 1 meansthat the

value of Err � cannot be computed sincethe exact unstable eigenvaluesare not known. On the other hand,

the relative error kX + � X kF =kX kF equals5:21 � 10� 10 and the sequencef Pk g convergesto X � which is

also symmetric positive de�nite.

In the following, we state the processesof constructing matrices A and Q in the NMEs for Examples5.2{

5.5. Given matrices A0; G0 2 Rn � n such that the partial multiplicities of the purely imaginary eigenvalues

of the Hamiltonian matrix
�

A0 � G0

0 � AT
0

�

10



are all even, we construct a Hamiltonian matrix H as follows:

H �
� ~A0 � ~G0

� ~H0 � ~AT
0

�
=

�
I V
0 I

� �
A0 � G0

0 � AT
0

� �
I � V
0 I

�
; (43)

where V 2 Rn � n .

Using a Cayley transformation with an appropriate 
 > 0, the Hamiltonian matrix H in (43) can be

transformed to a symplectic pair (M ; L ) � (H + 
 I ; H � 
 I ) [16, 17], and then equivalently simpli�es to a

symplectic pair (M 0; L 0). Here

M 0 =
�

Â0 0
� Ĥ0 I

�
; L 0 =

�
I Ĝ0

0 ÂT
0

�
; (44)

with

Â0 = I + 2
 (A 
 + ~G0A � T



~H0) � 1; (45a)

Ĝ0 = 2
 A � 1
r

~G0(AT

 + ~H0A � 1



~G0) � 1; (45b)

Ĥ0 = 2
 (AT

 + ~H0A � 1



~G0) � 1 ~H0A � 1


 ; (45c)

and A 
 � ~A0 � 
 I . Note that ~H0 = Ĥ0 = 0 and Ĝ0 is symmetric. ChooseV so that Ĝ0 is nonsingular.

Then using following similarit y transformation, the symplectic pair (M 0; L 0) in (44) can be transformed to

a symplectic pair (M̂ ; L̂ ) with SSF form:

M̂ �
�

I 0
0 � I

� �
I 0

� ÂT
0 I

� �
Ĝ� 1

0 0
0 I

�
M 0

�
I 0

� Ĝ� 1
0 I

�
�

�
A 0
Q � I

�
(46a)

and

L̂ �
�

I 0
0 � I

� �
I 0

� ÂT
0 I

� �
Ĝ� 1

0 0
0 I

�
L 0

�
I 0

� Ĝ� 1
0 I

�
=

�
0 I

AT 0

�
; (46b)

where Q = Ĥ0 + ÂT
0 Ĝ� 1

0 Â0 + Ĝ� 1
0 = ÂT

0 Ĝ� 1
0 Â0 + Ĝ� 1

0 is symmetric.

Remark 5.1 In Examples5.2{5.5, given A0, G0 and an appropriate 
 > 0 in the Cayley transformation,

we shall chooseV so that Ĝ0 is nonsingular and Q is symmetric positive de�nite. From Theorem 2.1, we can

numerically checked whether the associated NME has at least one or no symmetric positive de�nite solution,

if  (� ) � 0 for all j� j = 1 or if  (� ) � 0 for somej� j = 1, where  (� ) is de�ned in Theorem 2.1.

Example 5.2 [14] Let

A0 =
�

0 1
0 0

�
�

2

4
0 1 0
0 0 1
0 0 0

3

5 � (�
1
3

I 2); (47a)

G0 =
�

0 0
0 1

�
�

2

4
0 0 0
0 0 0
0 0 1

3

5 � I 2: (47b)

11



Then H in (43) has nonzero eigenvalues f� 1=3; � 1=3; 1=3; 1=3g and the zero eigenvalue has partial multi-

plicities f 4; 6g. Taking

V =

2

6
6
6
6
6
6
6
6
4

2 9 0
9 � 1 � 3

� 3 9 3
3 1 1

1 � 1 � 1
� 1 � 4 3

0 3 � 10

3

7
7
7
7
7
7
7
7
5

:

and 
 = 4, then Ĝ0 is nonsingular and Q is symmetric positive de�nite. The symplectic pair (M̂ ; L̂ ) in

(46) haseigenvaluesf� 13=11; � 13=11; � 11=13; � 11=13g and f� 1; � 1g with partial multiplicities f 4; 6g. The

matrix  (� ) is numerically checkedto besymmetric positivesemide�nite for � = e{2� ` =1000 , ` = 0; 1; : : : ; 1000.

By Theorem 2.1, the NME (1) has a symmetric positive de�nite solution.

The numerical results for X � are reported in Table 1. In this example,all eigenvaluesof X + are positive

and X + is a maximal symmetric positive de�nite solution.

Example 5.3 Let A0 and G0 be 5 � 5 real matrices de�ned by

A0 =

2

4
U I 2 0
0 U 0
0 0 2

3

5 ; G0 =

2

4
0 0 0
0 I 2 0
0 0 1

3

5 (48)

where U =
�

0 2
� 2 0

�
: Then H in (43) has nonzero eigenvalues f 2; � 2g and pure imaginary eigenvalues

f 2{; � 2{g with partial multiplicit y 4. Let B be a 5 � 5 uniformly distributed random matrix, generatedwith

seed= 1307483728in the MATLAB command rand, and consider the QR decomposition B = QR. Taking

V = Q and 
 = 1, then Ĝ0 is nonsingular and Q is symmetric positive de�nite. The symplectic pair (M̂ ; L̂ )

in (46) haseigenvaluesf 3; 1=3g and unimodular eigenvaluesf 0:6+ 0:8{; 0:6� 0:8{g with partial multiplicities

4. Numerically, it can be checked that  (� ) � 0.

The numerical results for X � are reported in Table 1. In this example,all eigenvaluesof X + are positive

and X + is a maximal symmetric positive de�nite solution.

Example 5.4 [14] Let A0 and G0 be de�ned in (47). Take

V =

2

6
6
6
6
6
6
6
6
4

8 5 0
5 2 � 3

� 3 6 8
8 4 � 8

� 8 � 10 � 1
� 1 � 6 � 1

0 � 1 � 6

3

7
7
7
7
7
7
7
7
5

and 
 = 4, then Ĝ0 is nonsingular and Q is symmetric positive de�nite. The symplectic pair (M̂ ; L̂ ) in

(46) haseigenvaluesf� 13=11; � 13=11; � 11=13; � 11=13g and f� 1; � 1g with partial multiplicities f 4; 6g. The

12



X + X � X + � X �

� 7 � 7:149� 10� 2 � 8:073� 10� 2 1:879� 10� 10

� 6 9:923� 10� 2 8:720� 10� 2 1:867� 10� 09

� 5 1:828� 10� 1 1:798� 10� 1 1:543� 10� 05

� 4 4:117� 10� 1 2:948� 10� 1 1:253� 10� 03

� 3 5:363� 10� 1 3:839� 10� 1 5:955� 10� 02

� 2 3:020� 10+0 3:009� 10+0 1:179� 10� 01

� 1 4:724� 10+2 4:723� 10+2 1:542� 10� 01

Table 2: Eigenvaluesof X � and X + � X � for Example 5.4.

X + X � X + � X �

� 5 � 2:187� 10� 1 � 2:188� 10� 1 � 6:965� 10� 12

� 4 1:401� 10� 1 1:993� 10� 2 � 6:963� 10� 12

� 3 1:813� 10� 1 1:415� 10� 1 5:397� 10� 04

� 2 2:870� 10+0 2:870� 10+0 5:397� 10� 04

� 1 5:516� 10+0 5:516� 10+0 1:600� 10� 01

Table 3: Eigenvaluesof X � and X + � X � for Example 5.5.

matrix  (� ) with � = � 1 is symmetric inde�nite. Therefore, by Theorem 2.1, the NME (1) with A and Q

de�ned in (46a) has no symmetric positive de�nite solution.

The numerical results for X � are reported in Table 1. The eigenvalues of X � and X + � X � are list in

the second,third and fourth columns of Table 2. We seethat X � are symmetric inde�nite solutions, but

X + � X � is positive semide�nite.

Example 5.5 Let A0 and G0 be de�ned in (48). Take

V = 4 �
�

8 2
2 6

�
�

�
8 1
1 6

�
(49)

and 
 = 1, then Ĝ0 is nonsingular and Q is symmetric positive de�nite. The symplectic pair (M̂ ; L̂ ) in (46)

haseigenvaluesf 3; 1=3g and unimodular eigenvaluesf 0:6+ 0:8{; 0:6� 0:8{g with partial multiplicit y 4. Since

 (� ) with � = 0:6 � 0:8{ is symmetric inde�nite, such NME has no symmetric positive de�nite solution.

The numerical results for computing X � are reported in Table 1. The eigenvaluesof X � and X + � X � are

list in the second,third and fourth columns of Table 3. We seethat X � are symmetric inde�nite solutions,

but X + � X � is closeto positive semide�nite.

Remark 5.2 (i) (Monotone properties for Qk and Pk ) In Examples5.1{5.3, there exist maximal symmetric

positive de�nite solutions X + and Qs are symmetric positive de�nite. That is, the assumptions in

Theorem 3.1 are satis�ed for theseexamples.Hence the globally monotone properties of Qk and Pk in
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Figure 1: � 2(Qk � Pk ), � min (Qk � Qk+1 ) and � min (Pk+1 � Pk ) for Example 5.5.

Theorem 3.1 are preserved. The convergence behaviors of Examples5.1{5.3 comply with Theorem 4.2.

Howeverin Examples5.4 and 5.5, they are no symmetric positive de�nite solutions, the assumptionsof

Theorem 3.1 are not satis�ed, and the globally monotoneproperties do not hold. However,the numerical

results showthat Qk and Pk possessa locally monotone property; i.e. Qk and Pk are monotone when

k is large enough. Such numerical monotone properties for Example 5.5 are shown in (b) and (c) of

Figure 1. The convergence behaviors of Examples5.4 and 5.5 comply with Theorem 4.3.

(ii) (Condition numbers of Qk � Pk ) From the abovenumerical results,weknow that the sequencesf Qk g and

f Pk g converge to X + and X � , respectively. The absolutevaluesof the eigenvaluesfor X � 1
+ A are less

than or equal to one and thosefor X � 1
� A are greater than or equal to one. The unimodular eigenvalues

of X � 1
+ A and X � 1

� A come from the same Jordan block J ! ;p . This leads to il l-conditioned matrices

Qk � Pk when k is large. The condition numbers � 2(Qk � Pk ) in each iteration for Example 5.5 are

shown in (a) of Figure 1. This behavior coincides with result (iv) of Theorem 4.3.

6 Conclusions

We have proved the convergencefor the SDA in Algorithm 3.1, when the eigenvalues of X � 1
+ A are inside

or on the unit circle. The results are con�rmed by �v e numerical examples. Our paper �lls in an existing

gap in the solution of the NME (1), for equations with nonsimple eigenvalueson the unit circle for X � 1
+ A.

14



Consequently , our results are more generalthan those in [6], which consideredonly semi-simpleeigenvalues,

and our doubling algorithm is more applicable than that in [6].
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