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Abstract

In [15], a structure-preserving doubling algorithm (SDA) was proposedfor the solution of the nonlinear
matrix equation X + ATX A = Q (with Q > 0). The SDA was proven to be convergert quadratically
to the maximal solution X. when all eigervalues of X, *A lie inside the unit circle. In this paper, we
prove that SDA convergeslinearly to a symmetric solution X. when all eigervaluesof X, A are inside
or on the unit circle and the partial multiplicit y of eac unimodular eigervalue is half of the partial
multiplicit y of the corresponding unimodular eigervalue of the assaiated symplectic pencil.

Keyw ords. doubling, nonlinear matrix equations, unimodular eigervalue, structure-preserving
AMS subject classications. 15A18,65F15

1 Intro duction
In this paper, we are interest in the study of the nonlinear matrix equation (NME)
X +ATX 'A=0Q; (1)

whereA; Q 2 R" " with Q being symmetric positive de nite. NMEs occur frequertly in many applications.

Notable examplesinclude algebraic Riccati equations[1, 2, 10, 11, 15], quadratic matrix equations|[6, 7, 8]
AX?2+BX +C=0;

where A; B ; C are given coe cien t matrices. Various aspects of NMEs, like solvability, numerical solution,
perturbation and applications, can be found in [3, 4, 8, 18, 19, 20, 21, 22] and the referencestherein. One
main application of the NME is related to the solution of quadratic eigervalue problems|[7, 9].
For symmetric matrices X and Y, wewrite X Y (X > Y)if X Y is positive semide nite (de nite).
A symmetric solution X, of an NME (1) is called maximal if X, X for any symmetric solution X of (1).
In [15], a structure-preserving doubling algorithm (SDA) was proposedfor nding the maximal X . of

the NME (1), and moreover, it was proven that this algorithm corvergesquadratically when all eigervalues
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of X, A lie inside the unit circle. The main purpose of this paper is to prove that the SDA corverges
linearly when the eigervalues of X, A lie inside or on the unit circle and the partial multiplicit y of each
unimodular eigervalue is half of the partial multiplicit y of the corresponding unimodular eigervalues of the
assaiated symplectic pencil. Note that other iterativ e solution processespy Newton's iteration or cyclic
reduction, have beenproposedin [6, 8, 18] and linear convergencefor problemswith semi-simpleunimodular
eigervalues has been obsened and proved in [6]. Consequetly, becauseof the more general corvergence

result for unimodular eigervalues, our doubling algorithm is more applicable than that in [6].

2 Preliminaries

Considerthe NME (1) and de ne

A 0 o 1 .
M Q1 b At o @
It is easyto verify that the pencil M L is symplectic, i.e., it satis es
T _ T . 0 I
MJIM ' =LJIL"; with J I 0
and 2 (M;L)ifandonlyif 1= 2 (M ;L).
Let R = X *A. Then (1) can be rewritten as
I I .
M =L R: 3)

The existenceof a symmetric positive de nite solution and a maximal symmetric positive de nite solution

of (1) has beenestablishedin [4].

Theorem 2.1 [4] The NME (1) hasa symmetric positive de nite solution if andonlyif () A +Q+
IAT isregular,and () O, forallj j= 1.

Theorem 2.2 [4] If (1) hasa symmetric positive de nite solution, then it has a maximal symmetric pos-
itive de nite solution X, . Moreover, for the maximal solution X ., we have (X, A) 1; for any other

symmetric positive de nite solution X, we have (X !A)> 1. Here ( ) denotesthe spectral radius.

It follows from [6, Theorem 2.4] that the eigervaluesof the matrix X, A have the following characteri-

zation.

Theorem 2.3 [6] For (1), the eigenvaluesof the matrix X, A are precisely the eigenvaluesof the ma-
trix pencil M L inside or on the unit circle, with half of the partial multiplicities for each unimodular

eigenvalue.



3 SDA algorithm

We now considera more generalstandard symplectic form (SSF) than that in (2) as follows

A 0 P
M Q I L AT 0
whereQ P > 0. Then we can compute a matrix [M »; L»] with
M. AQ Pyto . 1 AQ
TOOAT@ Pt TR0 AT

which satises M ,L = L,M . Direct calculations give rise to

A 0 A, ,_ P
M\M?M—QI,LL?L— AT

where

P) !
P) !

A AQ P)A; § Q AT(Q P)'A; P P+AQ P):AT:

If @ in (7) is again positive de nite, then (M'; ) is again a SSFform.

We restate the structure-preserving doubling algorithm (SDA) dewveloped in [15] as follows.

Algorithm 3.1 (SD A for NME)

Input: A; Q; (a small tolerance);
Output: a symmetric solution X to NME.
Setk = 0;Ax = A; Qx = Q and Px = 0;
Do until convemgene:
ComputeAgs1 = Ac(Qk  Px) 1A,
Qus1 = Q AL(Qu  Py) A,
Pi+1 = P+ A(Qx  Px) lAI, k=k+ 1,
If kQk Qk 1k kQkk, Stop;
End
Set X Qk+1 .

Remark 3.1 To ensure that the iteration in Algorithm 3.1 is well-de ned, the matrix Q

(4)

(5)

(6)

@)

Py must be

positive de nite for all k. Below we quote from [15, Theorem 2.1] to guarantee this condition is satis ed,

provided that the NME (1) has a symmetric positive de nite solution.

Theorem 3.1 Assumethe NME (1) hasa symmetric positive de nite solution X . Then the matrix sequene

fAx; Qk; Pxg geneated by Algorithm 3.1 is well-de ned and satis es

() Ac= (X PyR?;

i) 0 Py Pr+1 < X and Qxk Py = (X Py) + Al (X Py lAk > 0;
k

(i) X Qi Q¢ QandQy X = (RTHZ(X PYRZ (RT)ZXRZ.



Remark 3.2 Algorithm 3.1 is essentialy the sameas Algorithm 3.1 proposed in [18] with Qx Py and Qg
in Algorithm 3.1 being replacd by Qx and Xy, resgectively. In other words, Algorithm 3.1 in [18] is an SDA.
In [6], Guo provd that if (R) = 1, where R is de ned in (3), and all eigenvaluesof R on the unit circle
are semisimple, then the convergene of Algorithm 3.1 in [18] is at least linear with rate 1=2. But whenR
has nonsemisimpleunimodular eigenvalues the situation is unclear. In the following section, we shal prove
that if Qx Py in eachiteration of Algorithm 3.1 is invertible and f Py g is boundel, then the convegene of
Algorithm 3.1 is glokally linear with rate 1=2 whenthe size of Jordan block of each unimodular eigenvalueof
(M ;L) in (2) is even.

4 Convergence rate of SDA

Considerthe matrix pair (M ; L) de ned in (2). SinceQ > 0, it is easyto ched that (M ; L) is regular, i.e.,
det(M L) 6 0. Suppose(M ; L) satis es the following assumption.

(H) The partial multiplicities of (M ; L) assaiated with the unimodular eigenvalues(if any) are all even.

8
Let J, , bethe p p Jordan block with a unimodular eigervalue! = €' :
2 ! 1 0 0 3
0 :
Jip e . L 004 ©)
o
0 0o !
By the result in [5, p. 557],the 2¢ power of J, ., satis es
2 3
1:k 2:k p;k
ok : _
‘]! P g . % 1 (10)
e 2:k
0 1:k
where
2@k 1) (2 i+2), x .
. | i+1 . - l ‘n: 11
I,k (| 1)| ’ I ’ 1p ( )
For the unimodular eigervalues! j = € i of (M ; L) with even partial multiplicit y p = 2m;, we have
Jim. M
Ji j2my = ) Jdmj Il_':;] ; 1;mj €m; e-{; (12)
LIS
forj = 1; ;1. From the theorem of symplectic Kronecker canonicalform for (M ; L) (seee.qg.,[12] or [13])
there exist a symplectic matrix 2 (i.e., 2/ J2 = J) and a nonsingular ® such that
Jb J1 o b
MP = s 1 1 1
@ On I‘ Jl H ’ ( 3)
_ R On .
aLp = TR T (14)



where J; is the stable Jordan block of size* ( (Js) < 1), J1 = Ji ,m, Ji . 0= by by,
with bl;mj = em, eﬁh G=1 ;r)l=n (my+ +m) n m, denotesthe direct sum of matrices
and the supscription 'H' denotesthe conjugate transpose. It is easily seenthat sparf Z’(:; 1: n)g forms a

unique stable Lagrangian de ating subspaceof (M ; L) correspndingto Js  J; ([13]).

From (12), for eadj = 1; ;r, there exists a suitable nonsingular W; 2 C™ ™ such that
Imj 0 J'j'mj bl'mj Imj O J!J'mj 1'mj
Y , = ! ’ . (15)
o w ! 0o I, 0 W, 0 Ji,m,
Set
Z=D(1n W W) Q= (Inss W, 1* w, Hd: (16)

Thus, from (15)-(16) equations (13) and (14), respectively, become
J J1 O 1

Mz = Im; 17
Q On | \]1 M ( )
oz = I On I (18)

O I In L
where 1 1m, 1m, With 1., beinggivenin (12). It alsofollows that spanfZ (:; 1: n)g forms

the unique stable Lagrangian de ating subspaceof (M ; L) corresponding to Js = J;.

SinceJy and J_ comnute with ead other, it follows from (17) and (18) that
MZJ . =Q Y Iy =LZJy: (19)

On the other hand, if we interchangethe rolesof M and L in (17) and (18), and considerthe symplectic

pair (L;M ), there are nonsingular matrices P and Y suc that
PLY =Jn; PMY =J; (20)

where sparfY (:; 1 : n)g forms a unique stable Lagrangian de ating subspaceof (M ; L) corresponding to

Js Ji. Similar argumerts also produce
LYJ, = MY Jw: (21)

Let f(M ; Lk)gi=0 be the sequenceof symplectic pairs in SSFwith
Ax 0o . P |

M k Qk I l Lk A'IE 0 (22)
generatedby Algorithm 3.1. By the construction of the algorithm we have
M+ = M kM ; L1 = LokL; (23)
where
_ Ac(Qc P) ' 0 . _ 1 AQe Pt
M o = Lok =

Af(Qe Pt 1 0 Al(Qx P! !



with
M oLk = LM g: (24)

For more details, see[15].

With M= M andLg =L, it follows from (23), (24) and (19) that
M1ZJ2= MM ZJ 2= MogloZIym Il = LogM ZJI Iy = LooloZd2 = L1ZJ3:  (25)

By an inductiv e process,we have shown

M ZJ2 = LZd2" (26)
Similarly, from (21), it also holds that
LeYIZ = M Y2 27)
With I =1; andp= 2m; asin (10), forj = 1; ;r, using(17) and (18), equation (26) can be expressed
by " k k #
| 0 J2 JZ o K
M Z = LgZz s ! ; 28
Z o a2, ’ o o (28)
where = «m, k:m, With
2 3
mj +1 :k mj +2 :k 2mj k
mj k .
k
) : : 3 am, (L imymy + 1:2mp); (29)
3k m; +2 k
2:k 3k m; k m; +1 ;k

in which . aredened in (11) fori = 2; yemy;sj = 1, 0T,

We now state a useful Lemma in [11] for the corvergenceof the SDA algorithm.

Lemma 4.1 LetJ:s Ji,m, Ji,:m, and Kim 4 km,,» Where ., is denedin (29),
forj = 1, ;r. Then  is invertible and satis es
k 13%k=0@2 *%); k2 NZk=0@2 ¥ ask! 1: (30)

We now prove the corvergenceTheorem for Algorithm 3.1. Partition Z in (19) and Y in (21) by

Z, Z3 Yy = Y1 Y3

2= 2,7, YT v, v,

(31)

whereZ;;Y; 2 C" " (i=1; ;4).



Theorem 4.2 Assumethat the NME (1) has a symmetric positive de nite solution and the matrix pair
(M ; L) of (2) satis es the assumption (H) asin (8). Let X, beits maximal solution. If (X, A) = 1,
then the sequene f Ay; Qk; Pxg geneated by Algorithm 3.1 satis es

(i) kKAkk= 0 (Js)> +0@2 ¥)! Oask! 1:

(i) kQk X+k=0 (JS)2k + 0@ X! Oask! 1 wheeX, = Z,Z,; ! solves(1);

(i) kPk X k=0 (JS)2k +0@ ¥)! Oask! 1 wheeX =Y,V Lif v, is invertible; moreover,
if in addition, A and Y, are invertible, then X solves(1);

(iv) fQx Pxg! singular matrix ask! 1 .

Pro of. (i) From Theorem 3.1 the sequence Ay; Qk; Pxg is well-de ned. Substituting (M ; Lk) of (22)
and Z of (31) into (28), we obtain

AZy = ( PeZi+ Z2)(3Z 3% (32)

AZ3((I)Z 1m) = ( PZi+ Z2)(00 W)+ ( PeZs+ Z)(- I (33)
QZ1 Z» = Alz,32 3%y, (34)

(QZs  Za(I)* Tm) = ALZUO W)+ A[Za(- IE): (35)

By assumption(H), Theorem 2.2 and 2.3the maximal solution X ; existsand the eigervaluesof R, X, A
are inside or on the unit circle, with half of the partial multiplicities for ead eigervalue on the unit circle.
Since the stable Lagrangian de ating subspaceof (M ; L) corresponding to Js  J; is unique and R, is
similar to Js  Jy, it holds that span(]l ; XT]") = span(Z{;ZJ17). Then Z, * existsand X, = Z,Z, *.
Post-multiplying (33) by (0© , *J2")Z, %, and using (32), we have
h i

A L Za(0  NF)Zyt = ( PZit 23T 0m)Zyt (PZat Za)O 9P NIE)Z,h (36)
Let Ex  Zs(00 *32)Z, ' Then by Lemma4.1it holdsthat | E, = | + O(2 ¥) invertible, for k
su cien tly large. Consequetly, (36) becomes

h i
Ac= ( PZi+ 232 0m)Zy Y ( PZa+ Z)O 32 NFHz,1 (1 B L

By Lemma 4.1 and the boundednessof f P,g (by Theorem 3.1) the sequence Ay g satis es
kAkk=0 (J5)% +0@ ¥)1 0 ask! 1: (37)
(i) Post-multiplying (35) by (0- | *J2)Z, ! and using (34), we get

h i
Q| zs0 Nzt X,

= ATZi(QZ om)Zyt AlZa0 3 NPzt zi0 WPz (38)



Let Ex = Z3(00  ,J2)Z, % Sincel E,=1+0( ¥)ask! 0,the equation(38) can be rewritten by

Qe X. (I EQ ! _
|
= AIZiOZ 0n)zyt ATZs(0 9P WPzt oz W)zt (l

By Lemma 4.1 and (37), the matrix sequence Qx X, g satis es
kQk X.k=0 (J)¥ +0@2 %! 0 ask! 0
(i) Substituting (M g;Lg) of (22) and Y of (31) into (27), we have

Ay, 32 3%

Y> PgYp

k

AYi (00 W)+ AcYs I J2

Ya PeYs) 3% I

Ek) 1:

Let X = YoY, ! .As above, post-multiplying (40) by 0,32 Y, ! and using (39), we get

h i
X Pl Yo (N vy!

By Lemma 4.1 and the result of (i), we have
kX Pk=0 (J)2 +0Q2 %! 0 ask! 1:
Moreover, substituting (L;M ) of (2) and Y of (31) into (21), we get
0o | I A 0 I

AT 0O X - o 1 x R

where R Yi(Js J1)Y; . It follows that
X =AR ; AT=(Q X )R :
SupposeA and Y, are invertible, then it holds that
X +A™X A=0Q
and
X *A)= (RNH= (s ) H>1

(iv) From (32) and (34), we get

AcZy Z,(32 3%y,
k k 2k 2k
Z,(3&  I7 )+ ALZi(32 IF):

k k
PcZ1(3Z  J?

kal(Js2k lek)

= Y, 0 NVt A0 32 U YV irAY I 0, VL

(39)
(40)

(41)



This implies that

0
Qv PZ1 =AZy ot Ak Z1 32 (42)
m 1 1
Using the result of (37), the rst column of (42) becomes
0 _ 0 T 0 . :
(Qk Pk)Zl e = AkZ; | ok e + Ak Zy | 2ke1 I 0, ask! 1:
Therefore,fQx  Pxg convergesto a singular matrix ask! 1 . |

In the following, we prove a secondcorvergencetheorem for Algorithm 3.1 whenthe NME (1) only has

a symmetric solution.

Theorem 4.3 Assumethat the NME (1) has a symmetric solution X, (not necessarily positive de nite)

and (M ; L) of (2) satis es the assumption (H) asin (8), furthermore, the eigenvaluesof X , *A are inside
or on the unit circle, with half of the partial multiplicities for each eigenvalueon the unit circle. Supmse
the sequene f Ag; Qk; Pxg geneated by Algorithm 3.1 is well-de ned for each k. If kPyk is bounded, then it
holdsthat (i)-(iv) asin Theorem 4.2.

Pro of. By assumptionswe have that the sequencef Ag; Qx; Pxg is well-de ned and f Pxg is bounded. Fur-
thermore, (X, 'A) liesinside or on the unit circle, with half of the partial multiplicities for eac eigervalue
on the unit circle, and X, *A is similar to Js  J1, sothe matrices [I ;X ]]" and [Z];Z]]" spanthe unique
stable Lagrangian de ating subspaceof (M ; L) correspondingto Js Ji, and then X, = Z,Z, 1. Baseson

the above properties, assertions(i)-(iv) hold using the sameargumert asin Theorem 4.2. |

Remark 4.1 (i) In Theorem 4.2 and 4.3, we see that the sequene f Qg and f Pyg convergesto X, and

X , respctively, with convemgene rate 1=2

(ii) Note that the symmetric solution X, in Theorem 4.2 is a maximal symmetric positive de nite solution

for NME (1), butin Theorem 4.3 it is not necessarily a positive de nite solution for NME (1).

5 Numerical Results

In this section, we test v e numerical examples satisfying assumption (H) to illustrate the cornvergence
behavior of Algorithm 3.1. The rst three exampleshave symmetric positive de nite solutions and the
other two exampleshave not. All computations were performed in MATLAB R2006b on a PC with an
Intel Perntium-IV 3.4 GHz processorand 2 GB main memory, using IEEE double-precision oating-p oint
arithmetic (eps 2:22 10 16). The operating system running the machine is Fedora Core 2 with Kernel
2.6.10-1.771-E2.

In our numerical tests, we report the numbers of iterations by \ITs" for Algorithm 3.1, and the maxi-

mal error betweenthe accurate and the approximate stable eigervaluesof X, *A by \Err . ", where X, is



Example 5.1 Example 5.2 Example 5.3 Example 5.4 Example 5.5

NRes. 949 10 129 10 952 10% 399 10 367 10°
Err. 1:04 108 459 103% 184 10* 683 103% 540 10°

ITs 24 16 14 16 15
NRes 1:38 106 1:73 10 788 1019 140 10 329 10°
Err 461 103 1:84 10 4 6:87 10 3 541 10 °

Table 1: Numerical results for various examples.

an approximate solution to the NME. Let ; be the exact stable eigervalue and ~; be the corresponding

approximate eigervalue, we have
Erry = maxfi i Tijo:
1 i n

Similarly, \Err " represens the maximal error betweenthe accurate and the approximate unstable eigen-
valuesof X !A.
To measureaccuracy we usethe \normalized" residual

kX +ATX A Qke
kX ke + KATX Ak + kQkg '

NRes

where X is an approximate solution to the NME. The algorithm is terminated when NRes. cannot be
reducedfurther.

The rst exampleis provided by Meini [18].

Example 5.1 [18] Let n = 100,Q = I, and A be symmetric whoseertries are de ned by the scheme:

Fori=1;:::;n:
Seta; = i+ jforj=1i::::m
! _pri { _rbn .
Compute sy = _; a&j,S2= |_;a;
Seta; = a; (1=2 s1)=%, & = a; forj =i, :::5n.

The symplectic pair (M ;L) in (2) has an eigervalue 1 with partial multiplicit y 2. The maximal solution
equalsX = (1 + (I 4ATA)¥?) (see[22)).

The numerical results for X are reported in Table 1. The notation \ " in the Table 1 meansthat the
value of Err  cannot be computed sincethe exact unstable eigervaluesare not known. On the other hand,
the relative error kX, X kg =kX ke equals5:21 10 ° and the sequence Pxg corvergesto X  which is
also symmetric positive de nite.

In the following, we state the processe®f constructing matrices A and Q in the NMEs for Examples5.2{
5.5. Given matrices Ag; Gg 2 R" " such that the partial multiplicities of the purely imaginary eigervalues

of the Hamiltonian matrix

Ao Go
0o Al

10



are all even, we construct a Hamiltonian matrix H as follows:

Ao Go
Ho AL

H

V. Ay Gy, IV
, (43)

l :
0 0 Al o | '
whereV 2 R" ",

Using a Cayley transformation with an appropriate > 0, the Hamiltonian matrix H in (43) can be
transformed to a symplectic pair (M ;L) (H+ |I;H I) [16, 17], and then equivalertly simplies to a

symplectic pair (M o;Lg). Here

Ay 0 I G
Mg= i Lo= ; 44
°T Bt T 0 A7 @
with
Ry = 1+2 (A +GoA THy & (45a)
Go = 2 A, 'GoAT + HoA Gp) L (45b)
Ro = 2 (AT + HoA Gp) *HoA 1 (45c)
and A A, |. Note that Ho = o = 0 and G, is symmetric. ChooseV sothat Gy is nonsingular.

Then using following similarity transformation, the symplectic pair (M o;Lo) in (44) can be transformed to

a symplectic pair (M'; ) with SSFform:

I 0 | 0 Gt o | 0 A 0
M 0 M 462
0 | AT | 0 1 MO Gt Q | (462)
and
A ) I 0 é,1 0 | o 0 I
Lo AT o 1 gt T AT o (46b)

whereQ = Ho + AL G, Ao+ 6,1 = AT G, Ay + 6,1 is symmetric.

Remark 5.1 In Examples5.2{5.5, given Ap, Go and an appropriate > 0 in the Cayley transformation,
we shall chaoseV sothat Gg is nonsingular and Q is symmetric positive de nite. From Theorem 2.1, we can
numerically checked whetherthe assaiated NME has at least one or no symmetric positive de nite solution,

if () Oforalljj=1orif () Oforsomejj=1, where () is denedin Theorem 2.1.

Example 5.2 [14] Let

3
010

A, = 83 40015(%|2); (47a)
00 0
3
- 00 0

Gy = 01 400 05 Iy (47b)
00 1

11



Then H in (43) has nonzeroeigervaluesf 1=3; 1=3;1=3;1=3g and the zero eigernvalue has partial multi-

plicities f 4;6g. Taking

2 3
2 9 0
9 1 3
3 9 3
V = 3 1 1
1 1 1

1 4 3

0 3 10

and = 4, then &g is nonsingular and Q is symmetric positive de nite. The symplectic pair (M‘ ; E‘) in

(46) haseigervaluesf 13=11; 13=11; 11=13; 11=13gandf 1; 1gwith partial multiplicities f4;6g. The
matrix () is numerically chededto be symmetric positive semide nite for = ef2 =100 ~ = 0:1:::::1000.

By Theorem 2.1, the NME (1) has a symmetric positive de nite solution.

The numerical results for X arereported in Table 1. In this example,all eigervaluesof X . are positive

and X . is a maximal symmetric positive de nite solution.

Example 5.3 Let Ag and Go be5 5 real matrices de ned by

2 3 2 3
Ul O 0 0 O
Ap=4 0 U 05:Gy;=401, 05 (48)
0 0 2 0 0 1
where U = g S : Then H in (43) has nonzero eigervaluesf2; 2g and pure imaginary eigervalues

f2{; 2{gwith partial multiplicit y 4. Let B bea5 5 uniformly distributed random matrix, generatedwith
seed= 1307483728n the MATLAB commandrand, and considerthe QR decomposition B = QR. Taking
V = Qand = 1,then Gq is nonsingular and Q is symmetric positive de nite. The symplectic pair (M ; )
in (46) haseigervaluesf 3; 1=3g and unimodular eigervaluesf0:6+ 0:8{; 0:6 0:8{g with partial multiplicities
4. Numerically, it canbe chekedthat () O.

The numerical results for X arereported in Table 1. In this example,all eigervaluesof X . are positive

and X . is a maximal symmetric positive de nite solution.

Example 5.4 [14] Let Ay and Gy be de ned in (47). Take

3
8 5 0
5 2 3
3 6 8
V = 8 4 8
8 10 1

1 6 1

0 1 6
and = 4, then G, is nonsingular and Q is symmetric positive de nite. The symplectic pair (M ;L) in

(46) haseigervaluesf 13=11; 13=11; 11=13; 11=13gandf 1; 1gwith partial multiplicities f4;6g. The

12



X+ X X+ X

7 7149 102 8073 102 1:.879 10 10
6 9923 102 8720 102 1:.867 10 9
5 1:828 101! 1:798 10! 1:543 10 %
4 4:117 101 2948 101! 1:253 10 %
3 5363 10! 3839 10! 5955 10 2
2 3:020 10%° 3:009 10 1179 10 @
1 4:724 102 4:723 10 1:542 10

Table 2: Eigervaluesof X and X, X for Example 5.4.

X+ X X. X

2:187 101 21188 101 6:965 10 12
1401 101 1:993 10 2 6:963 10 12
1:813 101! 1:415 101 5:397 10 %
2:870 10'° 2:870 10'° 5:397 10 %
5516 10 5516 10 1:600 10

P N W b~ O

Table 3: Eigenvaluesof X and X. X for Example 5.5.

matrix () with = 1is symmetric inde nite. Therefore, by Theorem 2.1, the NME (1) with A and Q

de ned in (46a) has no symmetric positive de nite solution.

The numerical results for X are reported in Table 1. The eigervaluesof X and X, X arelist in
the second,third and fourth columns of Table 2. We seethat X are symmetric inde nite solutions, but

X+ X is positive semide nite.
Example 5.5 Let Ag and Gy be de ned in (48). Take

_ 8 2 8
V=4 1

> 6 (49)

1
6
and = 1, then Gy is nonsingular and Q is symmetric positive de nite. The symplectic pair (M ;L") in (46)
has eigervaluesf 3; 1=3g and unimodular eigervaluesf0:6+ 0:8{;0:6 0:8{g with partial multiplicit y 4. Since

()with = 0:6 0:8{issymmetric inde nite, such NME has no symmetric positive de nite solution.

The numerical results for computing X arereported in Table1. The eigervaluesof X and X, X are
list in the second,third and fourth columns of Table 3. We seethat X are symmetric inde nite solutions,

but X, X s closeto positive semide nite.

Remark 5.2 (i) (Monotone properties for Q¢ and Py) In Examples5.1{5.3, there exist maximal symmetric
positive de nite solutions X, and Qs are symmetric positive de nite. That is, the assumptionsin

Theorem 3.1 are satis ed for theseexamples.Hence the glokally monotone properties of Qx and Py in
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(i) (Condition numkbers of Qy
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Figure 1. 2(Qx Pk), min(Qx Qk+1) and min (Pk+1  Px) for Example 5.5.

Theorem 3.1 are preservel. The convergene behaviors of Examples5.1{5.3 comply with Theorem 4.2.
Howeverin Examples5.4 and 5.5, they are no symmetric positive de nite solutions, the assumptionsof
Theorem 3.1 are not satis ed, and the glokally monotoneproperties do not hold. However,the numerical
results showthat Qx and Px possessa locally monotone property; i.e. Qx and Py are monotone when
k is large enough. Such numerical monotone properties for Example 5.5 are shownin (b) and (c) of

Figure 1. The convemgene behaviors of Examples5.4 and 5.5 comply with Theorem 4.3.

Py) From the alove numerical results, we know that the sequenesf Qx g and
fPcg convemgeto X, and X , respectively. The absolutevaluesof the eigenvaluesfor X, A are less
than or equal to one and thosefor X A are greater than or equalto one. The unimodular eigenvalues
of X, 'A and X A come from the same Jordan block J; ;. This leads to il l-conditioned matrices
Qk Px whenk is large. The condition numbers ,(Qx Px) in each iteration for Example 5.5 are

shownin (a) of Figure 1. This behavior coincides with result (iv) of Theorem 4.3.

Conclusions

We have proved the corvergencefor the SDA in Algorithm 3.1, when the eigervalues of X, 1A are inside

or on the unit circle. The results are con rmed by v e numerical examples. Our paper lls in an existing

gap in the solution of the NME (1), for equations with nonsimple eigervalueson the unit circle for X, A.

14



Consequetly, our results are more generalthan thosein [6], which consideredonly semi-simpleeigenvalues,

and our doubling algorithm is more applicable than that in [6].
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