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ABSTRACT. In this short article, we present the continuing work on a SARS
model without quarantine by Hsu and Hsieh [STAM J. Appl. Math., 66 (2006),
627—647]. We find the relation between the initial susceptible population So

and the asymptotic susceptible population Soo.

1. INTRODUCTION

The following is a differential equation model for severe acute respiratory syn-

drome (SARS) without quarantine proposed by Hsu and Hsieh [1].
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The initial conditions are S(0) = Sy > 0, I(0) = Iy > 0, E(0) = P(0) = R(0) =
D(0) =0, and S(t) + E(t) + I(¢t) + P(t) + R(t) + D(t) = N = Iy + So. The vari-
ables S(t), E(t), I(t), and P(t) are the number of susceptible individuals, infected
asymptomatic individuals, infected individuals with onset of symptoms, and iso-
lated probable SARS cases at time ¢. R(t) is the cumulative number of discharged
SARS patients and D(t), the cumulative number of SARS deaths, at time ¢. Sys-
tem (1) is an SARS epidemic model without quarantine. To see the details of the
modeling process and the related model with quarantine, please refer to [1].

Hsu and Hsieh [1] had done some analysis for this model. We will state their

results. The disease-free equilibrium (DFE) for the system in (S, E,I, P, R, D) is
1
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(8*,0,0,0, R*, D*) with S*+R*+D* = N; the endemic equilibrium is (0,0, 0,0, R*, D#)
with R# + D# = N. The basic reproduction number R for this model is
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If Ry < 1, the disease-free equilibrium is locally asymptotically stable and if Ry > 1,
unstable. Hsu and Hsieh [1] had obtained the following results.

THEOREM 1. For the SARS model with quarantine (1), the solutions have the
following asymptotic properties: S(t) — Soo > 0, R(t) — Roo > 0, D(t) — Do >
0, I(t) = 0, E(t) — 0, and P(t) — 0 as t — oo.

THEOREM 2. Consider system (1). Let § = lfﬁ and q =01+ p1+ 3.

(i) If ¢ > 3, then S(t) — Sao > 0 as t — 0.
(i) If ¢ < B, then S(t) — 0 as t — oo.

The above theorems state that the asymptotic dynamics are actually global so
that we can write the disease-free equilibrium or the endemic equilibrium to be
(85,0,0,0, R, Do) and (0,0,0,0, R, Do) depending on Ry. In the following
section, we will give details of finding the relation between Sy and S.

We note that in the classical Kermack-Mckendric STR model, the asymptotic
state S satisfies a transcendental equation [2, 3|, so does S obtained in this

model (1).
2. MAIN RESULTS

We can integrate the equations of P, R, and D in (1) from ¢t = 0 to ¢t = co. Since
I(c0) = 0 = P(c0), we have
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By substituting (2) into (3) and (4), we obtain
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and
oo
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Then we have

(6) g;: =r.

Let V=S+E+1. Then P+ R+ D =N —V, and system (1) can be simplified

so that the two equations for S and V are
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Applying the method of separation of variables and integrating both sides of the

equation leads to
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Since Vo = So+ Eo + Ip = N, and Vo, = S, Seo satisfies the following
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We can show that the two equations
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only intersect at x = 0 and 0 < x = S < Sy as seen in Figure 1. We obtain the
results in Figure 1 by choosing the parameters 8 =1, ¢ = 0.4, a = 0.0013, p = 0.14,
01 =03 =0.2, py = p2 = 0.1, 73 = 0.4, and the initial conditions Sy = 10, Iy = 1,
and Ey = Py = Ryg = Dy = 0. We found that S., = 8.8105 which also satisfies (7).

In case (i) of Theorem 2, since S + Roo + Doo = N, and R, and D, satisfied
(6), we can find all three values, Sy, Roo, and Ds. In case (ii) of Theorem 2, all

solutions approach the endemic equilibrium (0, 0,0, 0, Rs, Do), that is to say that
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FI1GURE 1. The top figure shows So, = 8.8105. The number is also
the z value of the intersection of the equations (8) in the bottom

figure.

eventually everyone gets infected and recovered or died. Since Roo + Do = N, it

is also easy to find R, and D.,. Therefore, we have the following results.

THEOREM 3. Let § and q are defined as in Theorem 2 and v as in (5).

(i) If ¢ > B, then Soo > 0 and satisfies (7), Roo = M, and Doy = N=5=

147 a+r
s 2 _ _ rN _
(ii) If ¢ < B, then Soo =0, Roo = 15 and Do =

N
a+r"’
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