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1 Introduction

In these talks we consider mainly interpolation sequences for the analytic Besov-
Sobolev spaces By (B,) on the unit ball B,, in C", consisting of those holomorphic
functions f on the ball such that

1 £ll3g e,y = (/)1—|\ )" ()\pdxn<z>+§|f<k><o>\p>;<oo,

where m + 0 > 2, dX, (2) = (1- ]z\2)7n71 dz is invariant measure on the ball

with dz Lebesgue measure on C*, and f™ is the m** order complex derivative
of f. Thus By (B,) consists of those holomorphic functions on the ball having
o “invariant” derivatives in LP with respect to invariant measure. This scale

of spaces includes the Hardy space on the disc H? (D) = B} (D) with ¢ = %,

the Dirichlet space BY (D) with o = 0, and the various weighted Bergman and
Dirichlet-type spaces. In fact, for f(z) = > 7 a,z", z € D, the orthogonality
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while the calculation
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Finally, the Dirichlet norm squared of f satisfies

2m
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is the area of the image f (D) of the disc under f by the Cauchy-Riemann equa-
tions u, = vy, uy = —v, if f =u+iv.

The case ¢ = 3 and p = 2 is the Drury-Arveson Hardy space H?2 B2 (B,)
that can be identified with the symmetric Fock space over C™ (see [10] and [19]),
and enjoys many universal operator-theoretic properties. An excellent survey
of Hilbert space developments in this area up to now is the beautiful recent

monograph of K. Seip [32].

where

1.1 Origins of interpolation in the Corona problem

The theory of Carleson measures and interpolating sequences has its roots in
Lennart Carleson’s 1958 paper [15], the first of his papers motivated by the corona
problem for the Banach algebra H* (D) of bounded holomorphic functions in the
unit disk D: if { fJ} _, is a finite set of functions in H*° (D) satisfying

Z]f] ) >ec>0, zeD,



are there are functions {g; };]:1 in H>* (D) with

J
ij(z)gj(z)zl, z e D,

i.e., is every multiplicative linear functional on H* (D) in the closure of the point
evaluations, so that there is no “corona”? In [15], Carleson observed the following
connection between the corona problem and interpolating sequences. A Blaschke
product By has the “baby corona” property,

For all f; € H* (D) satisfying in]g{|Bo ()| + [f1 (2)]} >0, (1)
zE
there are go, g1 € H* (D) with Bogo + fig1 = 1,

if the zero set
Zo={z€D: By(z) =0} = {}7,

of By is an interpolating sequence for H* (I):

The map f — {f (zj)} takes H* (D) boundedly into and onto ¢*° (Zy),
(2)
(if ¢n € H*>* (D) satisfies f1(2;) g1 (2;) = 1 for all j, then we can choose gy =
%;91). Carleson solved this latter problem completely by showing that a se-
quence Z = {z; };’;1 is an interpolating sequence for H* (D) if and only if
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The necessity of (3) is easy. The open mapping theorem shows that given & =
{fj};il € (>, there is an interpolating f € H> (D) such that [|f[|epy <

Cliélly- Let B(2) =1, lzxl z=2 16 the Blaschke product with zeroes {zk}k .

2 1—2zpz
and B; (2) = ], 'j:'lﬁ% If f; is such that f; (z) = 8 and || fjl| ooy < C,
then —— = f], = ‘ I < C, which is (3). The rest of Carleson’s proof
B;(z;) BJ He ()

made crucial use not only of Blaschke products, but also of duality. In the same
paper he showed implicitly that the characterizing condition (3) can be rephrased
in modern language as

Zj — 2k
1-— Zij

>c¢ >0 for j # k, and

Q= Z (1- |z]\ 6, is a Carleson measure for H” (D),
j=1



where a positive Borel measure p on the disk ) is now said to be a Carleson
measure for H? (D) if the embedding H? (D) C LP(du) holds. Carleson later
showed that p is a Carleson measure if and only if

p(S () <ClI|, forallarcsICT,

where S (I) = {re :0 € I and 0 < 1 —r < |I|}, and solved the corona problem

afﬁrmatlvely in [16] by demonstrating the absence of a corona in the maximal
ideal space of H* (D).

1.2 Peter Jones’ proof in the upper half plane

We follow the excellent exposition in Seip [32]. First we show that the analogue
of (3) in the upper half plane,
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>c>0, k=1,23,.. (4)
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implies the following separation condition on Z, and the following Carleson con-
dition on the associated measure p = p, = Z]oil Y0, where z; = x; + iy;:

Lﬁzc>0forj7ék,and (5)
Rk — %5
p(T (z)) = > y; < Cyp=C x height of T (2),
2 €T (21)

where the tent T (z) is the equilateral triangle with vertex zj, and opposite side
on the z-axis. Clearly the separation condition in (5) is implied by (4). Fix k.
If By, (2) = [1;.;..4 === denotes the Blaschke product with zeroes Z \ {z}, then
from —Int >1—t¢ for t > 0 we have that

Rk — %j

21n—_—1n|Bk )| Zl
J#k

>Z<1—

J#k

k_Z] 2k — Zj T |z — 7]

Now if z; € T (2), then |2 — Z;|° < 4y? and so,

> oui<u Z M <2ln—)yk

z; €T (z1) z; €T (z |Zk B ZJl

Finally, we remark that a covering lemma shows that we have the extended
inequality,

w(T (2)) = Z Yj < <41n%) y, forall z=x+iy. (6)
)
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To see this, fix z, let I.; be the base of the tent T'(z;), and let {I.,}, 5 be
a subcollection of the intervals {Izj cz; €T (z)} having union U, cr(»)1;;, and
finite overlap 2 (we may assume the sequence finite for this). Then

DS y]<z<21n )
z;€T(2) keE z;€T(z) kekE
:21n—zg| | <4 1£uy
kelE

1
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1.2.1 A linear interpolation operator

We wish to construct bounded analytic functions f; in the upper half plane such
that

fk(Z]) 6]k (7)
Z|fk )| <C < oo, forall .

With this done, the function f = Y 72 axfi () takes the value ay at z; and
has ] = < C||a}2,
upper half plane. A natural choice to try first is

, showing that Z is an interpolating sequence for the

Bk (Z)
By, ()

since fr € H® satisfies the first condition in (7), fx(z;) = 6;x. However, the
Blaschke products have modulus one on the boundary R (again it suffices to
consider only finite sequences Z), and so typically > 27, |fi (2)] — oo as z —
R. To remedy the problem at infinity, we introduce the bounded holomorphic

function g (2) = ﬁ that vanishes at oo (note g (¢) = 1) and try the modification

fi(2) =

_ Bi(2)
where gy (2) = ¢ (z ””’“) = (z__Z’“)g is g rescaled and translated to take the value 1

at zx. Of course the modified f’s still fail to satisfy the second condition in (7).
This could be fixed by further modifying the f; by multiplying by an exponential

k‘(Z)
Zyy SUk | By, (zx)

factor of the form e , but this has the defect that it fails to be



holomorphic. Instead, we use a positive harmonic majorant u for |g| and the
corresponding exponential factor

uj (z)+i'uz- (z)
o Zy] <yk

e U lm(s)

where v is the harmonic conjugate of u in the upper half plane. Here are the
details.

Let u (z,y) = mﬁf}ﬁ’;)z = Tiit‘?é) be 4 times the Poisson kernel for the half space
4

R x (—1, 00) so that u is positive harmonic and coincides with |g (x,y)| = T

on the boundary y = 0. Obviously, u > |g| (or more generally by the maximum

2=Tk | — Wk (Yk +y
Yk |z—Z% |2

=Y B

Y5 <yn

and

principle). Define uy (z) = u

Note that U, (2) is finite, and so a positive harmonic function, by the extended
Carleson inequality (6) with z (¢) = z + i2%y:

Un(y<et Y Bty —12 y bty

% ET(2(2)) |z =7 (=2 ;€T (2(O))\T(2(£—1)) |z — 7]
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but that this bound is not uniform in z and n. With V,, the harmonic conjugate
of U, in the upper half plane and G,, = U,, +iV,,, we set

. Bn (Z) —0{Gn(2)—Gn(zn)}
fn (Z)_ B, (Zn)gn (Z)@ ’

for a positive constant a to be chosen momentarily. Clearly, the f,, are holomor-
phic in the upper half plane and satisfy the first condition in (7). We estimate
the second condition in terms of the quantity

c. 1

A (Z)=supU, (z,) < —In—
n>1 C C



to obtain (!!)
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with a = (IZ) since if the z; are ordered with decreasing y; and t,, Zyj<y %(z;'
SYn |Bj(z;

for any fixed z, then
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Thus we have obtained (7) with constant C' = e A (Z) (see [32] for a discussion
of sharpness).

Remark 1 If B is the Blaschke product with zeroes Z and we write the above
linear operator of interpolation as

z) = Zajfj (2) = Zaﬂ B (z) (2 — zj)

then a computation reveals that the function u = % solves the equation

can then be solved with u € L*® for any complex measure p such that |u| is a
Carleson measure: |u| (T (2)) < Cy for all z in the upper half plane. See Peter
Jones [23] on this topic.

1.3 Origins of interpolation in control theory

Here we follow the excellent expository lecture by John M¢Carthy [25]. Let P
denote an engineering plant that accepts an input v = {u,} -, and produces an
output y = {y,}, -, We assume



1. Causality: u,, = 0 for n < N implies y,, =0 for n < N,
2. Time invariance: input {0, uq, us, ...} has output {0, y1, v, ...},

3. Stability: energy > 2 lyn|® of output y is at most a constant times that
of the input u,

4. Linearity: input u! + Au? has output y' + Ay

The setup can be transferred to the unit disk D by viewing u as the sequence
of coefficients in a power series about the origin: @ (z) = )" ", u,2". The energy
of u is then given by

2

d > 1 2
Z up|> = sup Z |un|* 72" = sup Py | (re)|” do = HﬂH?{z(D).
e 0<r<1 =) 0<r<1 470 Jo

Properties Stability and Linearity show that the plant P is a continuous (bounded)
linear operator on H? (D). Properties Causality, Time invariance and Linearity
show that P is the operator M, of multiplication by ¢ = P1: if f = Zgzo Qp 2"
is a polynomial, then

Pf(z) = anP (") =) an2"PL(2) = f(2) 0 (2) = Myf (2),

which by the density of polynomials in H? (D), extends to all f € H? (D). Now
the operator norm squared of M, satisfies

2

1 . .
M2, = ||f”;sup <1OS<1:I<)1 o /. o (re”) ‘2 |f (re®) ‘2 d0 < [|o)|} o) »
H2m S

and with f =1 and M, iterated n times, we have the reverse inequality

1 [ oon 17 I 0 2
L 3o [Tlo e a0} = {10210} < (VI = 1041,

0O<r<1 27 0

which yields ||| goo () < [[My|[,, upon letting n — oo.

Thus the plant P is identified with an element ¢ of H* (D), and
viewed as a multiplier operator ), on the Hilbert space H? (D).

Now we suppose there is another plant W that modulates a noise input e that
is added to the output x of P to get y. In order to minimize the effects of the
noise, the engineers create a feedback loop by subtracting the output y from the
input v to get v and then modifying v by another plant C' called a compensator,



to get w which is then fed back into the plant P to get x. See the diagram. Thus
we have

y=PC (y —u) + We, or solving for v,
y=(I+ PC)" PCu+ (I +PC)™ We.

The requirements that the internal signals x, v and w be stable (the plant C' need
not be assumed stable) leads, after a small calculation, to the requirement that
F = C (I + PC)" satisfy the Stability property. i.e.

C(I+PC)" e H®(D).

The compensator C' that minimizes the effects of noise is that which minimizes
the operator norm

|1+ POY W], = (T = PF)W,.
since a short computation reveals (I + PC) (I — PF) = I. However, factoring P

and W into their inner and outer factors P, P, and W;W,, we have (the following
can be made rigorous by assuming P and W are rational)

inf I - PF = inf — P P,F ;
Fegloo(]ﬂ)) H( )WHop FG}{HOO(]D)) ||(WO 1+ 0 WO)VVZHOP
= inf ||W,— BP,FW,|,
FeH (D) P
— inf |W,- PG|,
GeH>(D) P
= 1 . i) = ] < ]
poink |, 2 H () = W (2) 1< < oo}

where Z = {z;}77, is the zero set of P = ¢.

Thus the noise reduction problem is equivalent to the interpolation
problem of finding the bounded analytic function of least norm that
takes the values of W, on the sequence Z of zeroes of P. For a given
plant P, solving this problem for all stable plants W can be achieved
by solving the interpolation problem (2) of Carleson.

1.4 Hilbert space methods

In 1961, H. Shapiro and A. Shields [35] demonstrated that the interpolation
property (2) is equivalent to weighted interpolation for Hardy spaces H? (D),

o0

The map f — {(1 — |Zj‘2)% f(zj)}‘

takes H” (D) boundedly into and onto ¢ (Zy)
1

10



1 .
The factor (1 — |zj\2)7’ forces the map to be into (> (Z;), since if z; = r;e’s,
then

1 o * it
FEl=lg [ Pe -0 @) a
S HPT]'HLP’(T) ”f*HLP(T)
<O =1 o

the Carleson measure condition ensures that it is into 7 (Zy).

We now recast the case p = 2 of this result in a way that will emphasize
the analogy with what comes later. The Hardy space H? (D) is a Hilbert space
with reproducing kernel, i.e. the point evaluations f — f (z) are continuous linear
functionals. This means that for each z € D, thereis k, € H? (D), the reproducing
kernel for z, which is characterized by the fact that for any f € H* (D) we have
f(2) = (f,k.). Asequence Z = {;}7°, is an interpolating sequence for H* (ID)
if one can freely assign the values of an H? (D) function on Z, subject only to

the natural size restriction. More precisely, Hilbert space basics ensure that if
f € H? (D), then the function

f (21)
|52,

i —

— (1= 5P (=)

is a bounded function on Z. The sequence Z is called an interpolating sequence
for H? (D) if all the functions on Z which are obtained in this way are in ¢? (Z),
and if furthermore, every function in £2 (Z) can be obtained in this way. For any

z e D, set /~c~z = kZH’ and note that by the Cauchy-Schwarz inequality,

1A
)<l§z,a>‘§1, z,w e D.

If Z is an interpolating sequence, then it must be possible, given any ¢ and 7, to
find f € H? (D) so that

1

(1- \Zilz)% Fz)=0,(1-12")° f(z) = 1;

and to do this with control on the size of ||f||: say ||f|| < C. This implies a
weak separation condition on the points of Z which is necessary for Z to be an

interpolating sequence: there is € > 0 so that for all ¢ # 7, ‘<I;;:, lg:]>‘ <1l-—e.
Indeed, simply minimize over A € C the right side of

F()? (fiks = M) k., — M,
R

11



This states that there is a uniform lower bound on the angle between reproducing
kernels associated to the points in Z. An equivalent geometric statement is that
there is a uniform lower bound on the hyperbolic distances (3 (z;, 2;), where the
hyperbolic distance is obtained by transporting the Euclidean Riemannian metric
at the origin to points of the disk via the automorphism group z — eio%. The
result of Shapiro and Shields can now be restated as saying that interpolating
sequences for H? (D) are characterized by the following two conditions:

There is € > 0 so that ‘<l;::i,lfc;>‘§1—5f0ralli7éj, (8)

and -
Z %2, H_2 §., is a Carleson measure for H” (D). (9)

j=1

Interpolation problems, multiplier questions and Carleson measure character-
izations have been studied by various authors in other classical function spaces
on the disk, including certain of the spaces By (D) normed by

m—1

19 (0)] + {/D‘(l = [2P)" e (2 an (z)}%,

k=0

where dX (z) = (1 — ]z\2)72 dz is invariant measure on the disk, and for fixed a
and p, the norms are equivalent for (m + «)p > 1. This scale of spaces includes
the Hardy space H? (D) = Bé (D) with o = 3, the weighted Bergman spaces with
a > ]l), and the weighted Dirichlet-type spaces with 0 < a < %. See for example
the recent book by K. Seip [32], which contains an in depth discussion of the
history of interpolating sequences for Hilbert spaces of functions of a single vari-
able. Interpolation proved more difficult for the family of analytic Besov spaces
B, (D) = B) (D) on the disk, the prototypical Mobius invariant spaces, which do
not admit any infinite Blaschke products - the Dirichlet norm || f{| 5, ) measures
the square root of the area of the range of f counting multiplicities, and so is
infinite for every infinite Blaschke product f. These Besov spaces are also distin-
guished by being the limit of those spaces By (D) with o < 0 that are too smooth
(they admit continuous extensions to the closed disk ) to contain any infinite
interpolating sequences. Indeed, if ( € T is an accumulation point of an interpo-
lating sequence Z, say z;, — ( as k — oo, then the subsequence {f (z;,)},-, has
limit f (¢), and hence we cannot interpolate any bounded sequence {f ; }jil for
which the subsequence {§ i }Zozl has no limit.

1.4.1 The Dirichlet space

In a revolutionary paper in 1994, D. Marshall and C. Sundberg [24] used Hilbert
space methods (and independently C. Bishop [11] used different techniques) to

12



characterize interpolating sequences for the Dirichlet space By (D) and its multi-
plier space Mp,(p) (note the connection H* (D) = Mp2(py) by the condition

B (z,0) < CpB (2, %) fori+# j and

-1
= 1

g (1 + log 1—||2> 6, is a By (D) -Carleson measure,
‘ — |z;

]:1 J

where [ is the Bergman metric, and a positive Borel measure p is a By (D)-
Carleson measure if the embedding B, (D) C L? (du) holds:

/ F P () < C Iy -

A crucial part of their argument used the Nevanlinna-Pick property of By (D):
an important consequence of this property for any space X of analytic functions
on the disk, is that X then has the same interpolating sequences as its multiplier
algebra My - see e.g. [32]. The above two conditions can be rewritten in exactly
the same form as (8) and (9) with only the natural changes; the &’s must now be
normalized reproducing kernels for the Dirichlet space and the measure must be
a Dirichlet space Carleson measure.

1.5 Interpolation in Besov spaces

More recently, in 2002 in [12], B. Boe has extended the above theorem to all 1 <
p < o0 by a long and clever construction involving Carleson measures, that was in
turn based on an earlier construction in [24] (see also the analogous construction
on trees in Section 6 of [7]), together with, in Boe’s words, a “curious lemma” on

unconditional basic sequences {f;}>~, of positive functions in a Lebesgue space

L7 (dp): ’

[e o]

> lajf]

Jj=1

~ C,

La(dp)

sup |a; f;|
i1

La(dp)

‘Z]oil bjfj

<C HZ}’L a; fj

The sequence { f; }3011 is an unconditional basic sequence if
whenever |b;| < |a;].
1.5.1 Higher dimensions

In Arcozzi, Rochberg and Sawyer [8], Boe’s results were extended to the ana-
lytic Besov spaces B, (B,) on the unit ball B,, in C" for n > 1. We note that
the corresponding questions for the Hardy spaces on the ball remain open in
higher dimensions, due in part to the lack of Blaschke products, but also since
the relevant separation condition fails to be sparse enough to accommodate the
“hands-on” type of construction used by Boe. The Nevanlinna-Pick property fails
as well.

13




At least two difficulties arise immediately in higher dimensions. Boe makes
use of Stegenga’s 1980 characterization [37] of B (D)-Carleson measures by a
capacity condition, as well as later extensions to p > 1:

1 (T (E)) < C cap, (E),

for all compact subsets F (or equivalently finite unions of arcs) of the circle T,
and where T (E) denotes the Carleson tent associated to E, and

cap, (E) = inf {/ f(e?®)’df: f>0and / F(ECDY 1072 df > xp (¢)}.
This characterization is not yet available in higher dimensions, and as indicated in
[12], seems difficult to check even in certain one-dimensional situations. Instead,
the characterization in [7] involving the discrete Bergman tree condition,

/

> (Z u(v)) <C” Y pla)<oo, a€T,  (10)

BeET:>a \veT:v>p BeT B>

is extended to higher dimensions where it plays a crucial role both as a substi-
tute for a capacity condition, and in generalizing the clever Carleson measure
construction of Boe in [12].

The second difficulty runs deeper. It is connected to the fact that the re-
producing kernel k&, (z) = log == for B, (D) has derivative W= where ——
has positive real part, and that this positivity played a crucial role in part of
Boe’s argument when p < 2. In particular his “curious lemma”, which deals
with positive functions, is applied to those real parts. This property persists in
dimension n only for 1 < p < 1+ —, where the analogous derivative R%.,.. of

=

the reproducing kernel k%7 (z) is

_ntl4a
/

R%+1+ak’g’p (Z> = (1 —w - Z) noy a> —1,
pl

which has positive real part only when
1+ -4

As a consequence, the aforementioned “curious lemma” of Boe only generalizes
to prove the necessity of the discrete tree condition for Mp (g,) interpolation in
the thin range 1 < p < 14 —= (where reproducing kernels for B, (B,) have the
requisite positivity property). To combat the failure of this positivity property for
larger p, we introduce “holomorphic” Besov spaces H B, (7,) on Bergman trees
7, whose reproducing kernels do enjoy a suitable positivity property, and such
that the restriction map from B, (B,) to HB, (B,7,), as well as the restriction
map between their multiplier spaces, is bounded. This requires a great deal of

%&a < 1 for some o« > —1, ie. p <

14



effort and is accomplished in the latter half of the paper [§]. Another consequence
is that our one-dimensional proof of the characterization of Carleson measures
by the discrete tree condition extends to dimension n only in the thin range of
pgiven by 1 <p <1+ ﬁ A TT* argument lifts the proof to the larger range
l<p<2+ ﬁ, beyond which we are unable to proceed at this time.

1.5.2 The Drury-Arveson space

In [9], Carleson measures are characterized in particular for the Besov-Sobolev
spaces BS (B,,), 0 < o < i, by the tree condition

Z 22"d(ﬁ)< Z u(’y)) <C Z pla) <oo, a€T,.

BETn: B> YETRY 20 BETn: B>

Combined with recent work of Boe [12] and Agler and M¢Carthy [1], the above
Carleson measure characterization yields that a sequence Z = {z; };’il in the ball
B,, is an interpolating sequence for BY (B,,) if and only if it is an interpolating
sequence for the multiplier algebra Mpg,,) if and only if Z is separated in the
sense that infi,; 3 (2, 2;) > 0 and the measure p = » 7 (1- |zj|2)20 6., satisfies
the above tree condition. This characterization of Carleson measures fails for
the Drury-Arveson Hardy space BZ (B,) (the “endpoint” case), and is instead
replaced by the simple condition 2% [*; (o) < C, a € Ty, together with the
“split” tree condition

SN e Nt P () < Clp(e), €T,

k20 72 (6:8)€G*) ()

The restriction (8,8) € G® () in the sum above means that we sum over all
pairs (8, ¢") of grand*-children of -y that have «y as their minimum in 7,,, and do not

lie in a common ring in the quotient tree R,, but whose immediate predecessors
do.

von Neumann’s inequality We can now give a sharp estimate for the gen-
eralization of von Neumann’s celebrated inequality [26] to the complex ball by
Drury [21]. Let A = (A, ..., A,) be an n-contraction on a complex Hilbert space
‘H, i.e. an n-tuple of linear operators on H satisfying

AjAp = AgAj for all 1 < j k< n, and Y [|A;h|* < [|h]* for all h € H.

j=1
Equivalently, the A; commute and the row operator A = (4y, ..., 4,) is bounded
2
with norm one from 7_, H to H: HZ;L:I Ajhill <300 |h;||>. Drury showed
in [21] that if f is a complex polynomial on C™, then

sup £ A= 1 g, (1)

A an n-contraction

15



where || f (A)]| is the operator norm of f(A) on H, and ||fHMIC(]B% , denotes the
multiplier norm of the polynomial f on Drury’s Hardy space of holomorphic

functions
{Zakz z€B, Z|ak] W <oo}

denoted by H? in Arveson [10] (who also proves (11) in Theorem 8.1). The
original inequality of von Neumann in dimension n =1 is

sup —|[f (Al = £l

A a contraction H2(D)
Chen [19] has identified the Drury-Arveson Hardy space K (B,) = H? as the
1

Besov-Sobolev space B3 (B,,) consisting of those holomorphic functions ", az*
in the ball with coefficients a;, satisfying

Z| | |k’n 1(’fl—1)']{3' < 00
@ — 1+ |k|)!

= 1 F 1l oy

1
Indeed, the coefficient multipliers in the definitions of K (B,) and Bj (B,,) are
easily seen to be comparable. It now follows that the multiplier norms are equiv-
alent:

1l ~ 1 F1las |

B3 (Bn)
We note in passing that a number of important operator-theoretic properties of
the Hilbert space H? are developed by Arveson in [10] that establish its central
position in multivariable operator theory.
Ortega and Fabrega [28] have shown that f is a pointwise multiplier on

BQ% (B,,) if and only if f is a bounded holomorphic function and the measure
2
dpy (2 ‘R (z)) (1- ]z|2) dz

1
is a Carleson measure for the Drury-Arveson Hardy space B3 (B,). In fact, we
can replace du, by any of the measures

duy' (2 ‘f | (1- |z|2)2m_ndz, m > n;l'

Using this we obtain the following estimate.

Theorem 1 For any m > "T’l,

sup [f (A= £lloo + sup (/240 L 4 (o)
acln

A an n-contraction

(12)

+ sup I*m 72 HOE D Iup (8 Iy

k>0 e Ky 5I€g(k)(7)

16

(&),



for all polynomials f on C™.

The right side of (12) can of course be transported onto the ball using that
Ug>a K is an appropriate nonisotropic tent in B, and that 274 ~ (1 — |z]2)
for z € K,.

Complete Nevanlinna-Pick kernels The wuniversal complete Nevanlinna-

Pick property of the Drury-Arveson space H? = Bé (B,,) provides another appli-
cation of Carleson measures for H2. We recall the theory of Hilbert spaces with
a complete Nevanlinna-Pick kernel k (z,y) in Agler and MCCarthy [1], keeping in
mind the classical model of the Szego kernel k (z,y) = ——= on the unit disk D.

Let X be an infinite set and & (z,y) be a positive deﬁmte kernel function on X,
i.e. for all finite subsets {xz;}.- of X,

Z a;a;k (z;,x;) > 0 with equality < all a; = 0.

ij=1
Denote by Hj the Hilbert space obtained by completing the space of finite linear
combinations of k,,’s, where k, (y) = k (z,y), with respect to the inner product

OIS SRS S
i=1 j=1

1,7=1

The kernel k is called a complete Nevanlinna-Pick kernel if the solvability of the
matrix-valued Nevanlinna-Pick problem is characterized by the contractivity of
a certain family of adjoint operators R, s (we refer to [1] for an explanation of
this generalization of the classical Pick condition).

Let a, (z,y) = m for x,y € B,, the unit ball in n-dimensional Hilbert

space 2 of cardinality n, and denote the Hilbert space H,, by H? (so that

H? = B (B,,) when n is finite). Theorem 4.2 of [1] shows that if & is an irreducible
kernel on X, and if for any fixed point zy € X, the Hermitian form

_ k (z,20) k (%0,y)
k(z,y) k (0, Yo)

has rank n, then k is a complete Nevanlinna-Pick kernel if and only if there is
an injective function f : X — B,, and a nowhere vanishing function 6 on X such

that
k(2,y) =06 (@) (y) an (f (2), f (1) = | i;?f )( )

Moreover, if this happens, then the map k, — 6 (z) (a,,) f(z) €xtends to an isomet-

F(z,y) =

ric linear embedding T' of H}, into H2. If in addition there is a topology on X so

17



that k is continuous on X x X, then the map f will be a continuous embedding
of X into B,,.

As a result, the Carleson embedding norm |||l o seson Of Hz C L? (1) can be
used to give a necessary and sufficient condition for Carleson measures on any
Hilbert space Hj with a complete continuous irreducible Nevanlinna-Pick kernel
k. To see this, consider first the case where the Hermitian form F' above has
finite rank (F' is positive semi-definite if & is a complete Nevanlinna-Pick kernel
by Theorem 2.1 in [1]). Denote by f.v the pushforward of a Borel measure v on
X under the continuous map f. If u is a positive Borel measure on X, then p is
‘H;.-Carleson, i.e.

/ h(@)Pdu(z) < CIRE, . heH (13)
X

1
if and only if the measure pf = f, (|6|2 1) is B3 (B,)-Carleson, i.e.

[lerad<cier,, . GeBiE). (14)
B, 322 (Br)
Indeed, the functions h =Y ;" ¢;k,, are dense in Hj, and have norm squared

m m

<Z Cikz;, Zczkx,> = Z ciCik (x5, ;) = Z ciC;0 (zi)an (f (i), f (5)) 0 (z5),

,j=1 i,j=1

which coincides with the norm squared in H2 of H = Th = > 1" | ¢;6 (x) (an) )

<Z ¢i6 (21) (an) zy » Y €i6 (@) (a”)f(z,-)> = > e (@)e6 (x5) an (f (1), f (7)) -

i=1 i=1 i,j=1

The change of variable f yields

/X!h(y)lzdu(y)zfx D>k (@)
= [ > e (F ). £ )

- / HP dyf = / HP i,
F(X) B,

and it follows immediately that (14) implies (13).

For the converse, we observe that if G € H2 = B2 (B,,), then we can write
G = H+ J where H € T (Hy) and J is orthogonal to the closed subspace T (Hy,).

2

dp (y)

16 () dus (y)

18



Now since J is orthogonal to all functions ¢ (2) (an) () with € X, and since 6
is nonvanishing on X, we obtain that J vanishes on the subset f (X) of the ball
B,,. Since 7 is carried by f (X) and orthogonal projections have norm 1, we then
have with H = Th,

G2 dytf = / H dut = / en
Bn Bn X

and
1ll3, =1 H gz < |Gl g2 -

It follows immediately that (13) implies (14).

We can extend the above characterization to the case of infinite rank n, by
characterizing Carleson measures on H2 (where co denotes any infinite cardinal)
as follows. Given a finite dimensional subspace L of C*, let P, denote orthogonal
projection onto L and set B, = B, N L, which we identify with the complex ball
B,, n = dim L. We say that a positive measure v on By, is H2 (B,)-Carleson if,
when viewed as a measure on B,,, n = dim L, it is H? (B,,)-Carleson.

Lemma 2 A positive Borel measure v on By, is H2-Carleson if and only if
(Pp), v is uniformly H? (Br)-Carleson, n = dim L, for all finite-dimensional
subspaces L of C*.

Proof. Suppose that (P;), v is uniformly H? (By,)-Carleson for all finite-dimensional
subspaces L of C*°, n = dim L. Let

m m 1

f (Z) = Zciaoo (wz‘;Z) = Zczm (15)

=1 i=1

for a finite sequence {w;};", C By (such functions are dense in HZ). If we let L
be the linear span of {w;};~, in C*, then since f (Prz) = f(z), we can view f
as a function on both B, and B, and from our hypothesis we have

/B v = [ 1Pa(P).v < Cllign,y = Clfe . (16)

with a constant C' independent of f. Since such functions f are dense in H2 | we
conclude that v is H2 -Carleson. Conversely, given a subspace L and a measure
v that is H2-Carleson, functions of the form (15) with {w;};", C B are dense
in H2 (Br) and so (16) shows that (P;), v is a H? (B;)-Carleson measure on By,
with constant C' independent of L, n = dim L.

The above lemma now yields the following characterization of Carleson mea-
sures on any Hilbert space Hj, with a complete continuous irreducible Nevanlinna-
Pick kernel k. Note that the irreducibility assumption on £ can be removed using
Lemma 1.1 of [1].

19



Theorem 3 Let k be a complete continuous irreducible Nevanlinna-Pick kernel
on a set X. With notation as above, and rank (F') = m, a positive measure y on
X 1s Hi-Carleson if and only if there is a positive constant C' such that

H(PL)* f* (|6‘2/’L)H0arleson < O’

for all finite-dimensional subspaces L of C™, and where ||V||oueson denotes the
norm of the embedding H? (Br) C L?(u) with n = dim L. Note that (Pr), f. =

(PLof),-
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Taiwan lecture 2

Monday July 4 2005

1 Plan of the attack on interpolation in Besov spaces in
higher dimensions

We will introduce a tree structure for the unit ball B, by choosing a set 7,
of points in the ball at roughly a fixed distance apart in the Bergman metric,
and declaring a point 8 € 7, to be a child of another point o € 7, if the
Bergman ball around S lies just “beyond” the Bergman ball around «. This
simple construction suffices for dealing with Carleson measures and sufficient
conditions for interpolation. The construction must be significantly refined in
order to deal with the holomorphic Besov spaces on trees. The refinement allows
us to develop an effective discrete version of passing from spaces defined by a single
derivative to spaces of functions defined using higher derivatives. We postpone
the rigorous construction of 7, for now, since we only need it for the sake of
completeness in stating our interpolation theorem below.

We use this tree structure 7, to characterize Carleson embeddings for Besov
spaces B, (B,,) on the ball,

) If ()P dp(2) < CIf (D), @, -
in terms of a discrete condition on the Bergman tree,

Y ru@ <C’ru(a) <o, acT, (1)

BETh: B>

where I (3) = >~ cr > 1t (7) - we are however unable to obtain the necessity
of the tree condition when 2+ ﬁ < p < oo. It turns out that the one-dimensional
methods in [7], using a positivity property of the reproducing kernels, generalize
to obtain the characterization in the thin range 1 < p < 1+ ﬁ A standard TT™*
argument can be used to obtain the case p = 2 since the kernel K (z,w) of TT*
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turns out to have appropriate “derivative” log (1_1m.z)> whose real part is positive.
We combine the two techniques to obtain the larger range 1 < p < 2 4 ﬁ
Interpolating sequences for both Besov spaces B, (B,,) and their multiplier
spaces Mp, (s,) are the treated by following, for the most part, the development
in Boe [12]. In Theorem 5, weighted B, (B,) interpolation is characterized by

separation and Carleson embedding conditions for all 1 < p < co:
ﬂ(z’ia ) < Cﬁ (ZZ,Z]) 72. 7é.] and

z\

where k7 (2) is a reproducing kernel for B,. In Theorem 6, the separation and
tree conditions,

ka’p

-p
‘ 6., is a By-Carleson measure,
/

d (e, 0) < Cd(a;, ) ,i # j and
L) 1-p
1
Z (1 + log W) Oc,, satisfies the tree condition (1),

=1

are proved sufficient for Mp (s,) interpolation, and the separation and Carleson
embedding conditions above are proved necessary, for all 1 < p < co. As well,
in the range p > 2n, we prove that the separation and Carleson embedding
conditions are sufficient. The necessity of the Carleson embedding condition is
proved first for p in the two ranges (1, 1+ ﬁ) and [2,00). The first range
exploits the positivity of a reproducing kernel on the ball, and the second range
exploits the embedding of #¢ spaces in connection with Khinchine’s inequality.

Necessity of the Carleson embedding condition for Mp ,) interpolation in
the remaining range 1 + % < p < 2 is much more difficult, and is the subject
of later talks.

2 Interpolating sequences

Let {zj} be a sequence of points in the unit ball B,,, and 1 < p < co. Here we
will prove that weighted 7 interpolation for Besov spaces B, (B,) holds on the
sequence {z; };’il if and only if the following separation Condition and Carleson
embedding hold;

B (#,0) < CB(z,2;) and (2)
00 1-p
1
E (1 + log 1—||2> 6., is a B, (B,)-Carleson measure.
: — |2
]:1 )

We may assume without loss of generality that the points z; occur as the centers
of Bergman kubes for a corresponding sequence {«; };)';1 in the Bergman tree 7,

3



(this requires only a much weaker notion of separation, 3 (z;,z;) > ¢ > 0). Note
that

1
d(a;,0) = [ (cqy,, 0) = log PR

_’ai

where d denotes distance in the Bergman tree 7,,. Furthermore, the separation
condition 3 (z;,0) < CB (2, %;) on the ball implies the tree separation condition
d(cy,0) < Cd(a, ), but not conversely. We then show that the analogue of
condition (2) on the Bergman tree 7,,,

B (2,0) < CB(z,2;) and (3)

Z (1+d(ej,0 péaj is a B, (7,)-Carleson measure,
7j=1

is sufficient for £°° interpolation of the multiplier spaces Mp,5,) on {zj};il for

all 1 < p < oo, and necessary provided 1 < p < 2 + ﬁ More precisely, for
the sufficiency, we need (3) taken over all unitary rotations of the Bergman tree
7T,, since on average over the unitary group U, tree distance is comparable to
Bergman distance.

We are however able to show that (2) is sufficient for /> interpolation of the
multiplier spaces Mp, (g, for p > 2n, and that (2) is necessary for /> interpolation
of the multiplier spaces Mp,m,) for all 1 < p < oco. Since a measure p is a
B, (7,,)-Carleson measure if and only if it satisfies the tree condition (1), we
see that one obstacle to obtaining a characterization of /> interpolation of the
multiplier spaces Mp (g, in the exceptional range [2 + — 1,2n] is our failure to
find a characterization of Carleson measures for B, (B,) when p > 2+ —L-. We
consider mostly Besov spaces B, (B,) on the unit ball, and for convenience in

notation, we will suppress the dependence on the ball by writing simply B, for
B, (B,).

2.1 Invariant metrics, measures and derivatives

We recall some basic definitions and properties from W. Rudin’s book [29], K.
Zhu’s book [38] and our paper [8]. For a € B, let P, denote orthogonal projection
onto the one-dimensional complex subspace Ca generated by a, i.e.
P,z = Lga, (4)
lal
and let @), = I — P, denote orthogonal projection onto the orthogonal complement
of Ca. Define an involutive automorphism of the ball B,, by ([29], page 25)

a— P,z — (1 — ]a|2)% Quz

0, (2) = (5)

1—z-a
21
za . _ 2 __ za
T e (1 —lal) <Z \a|2“>
1—z-a ’



for z € B,,. Then Aut (B,), the group of automorphisms of B,,, consists of all
maps Uy, where U is a unitary transformation and a € B,,.We have ¢, (0) = q,
¢, (a) =0 and ¢, o p, = I. We also have the following identities ([29], Theorem
2.2.2),

2 (0)=— (1= [a*) P, — (1= |af*)* Qu, (6)
vula)=— (1 af?) " Pa— (1= a]) " Qu,
N O e
1 - ’90[1 (Z)|2 - (1 _”1&|_)a(1z;2’2:| )7

and ([29], Theorem 2.2.6)
n+1
R e
Joo (2) = ldet g, (2)" = | ———= |
I1—a- z|

where Jg, (z) denotes the real Jacobian of ¢, at z. For example, in dimension

a—=z

n=1, ¢, (z) = =, and we have

n —az]’ — |z —al?
11 —az|?
{1 —2Re(az) + ]a\2 \z]Z} — {|z|2 —2Re(az) + |a|2}

11 —az|?

L= e, (2)

(1= laP) (1= |")

1—a-z

An invariant measure on B,, is given by (][29], Theorem 2.2.6)
A (2) = (1= [2) " dz.

The invariance of d), follows from the above Jacobian formula and the last
identity in (6).

An invariant metric on B, is the Bergman metric (3 (z,w) given by ([38],
Proposition 1.21)

z,w € B,. (7)

By invariance, the Bergman metric balls Bs (a,7) of radius r at the point a € B,
satisfy

By (a,r) = ¢, (Bs (0,7)),
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and if £ > 0 is such that Bs (0,7) = B (0,t) (note from (7) that Bergman metric
balls centered at the origin are Euclidean balls), then the S-balls are the ellipsoids
([29], page 29)

P, 2 P2
Bg(a,r):{zelBﬁ [Pz — ]+\Qz| <1},

t2p2 t2p,
where )
 (1-t)a _ 1—|al

R 2 1Y R R 3 P

We have the reproducing formula of Bergman ([29], Theorem 3.1.3),

f(z):ﬂ/ G_&dw, fe Lt (d)nH(B,), (8)

" W - z)nJrl

and the following variants ([29], Theorem 7.1.2)

n (n+s (1 — |wl )
= — R —1 9
=5 (") [ g W, Res>-1 ()
valid for all f € H (B,,) for which the integrand is in L'.

We now recall the invertible “radial” operators R : H (B,,) — H (B,,) given
in [38] by

i (n+1+9)T(n+1+k+vy+1t)

RV f (2
Fn+l1+y+t)L(n+1+k+7)

fr (2),

k=0

provided neither n + y nor n + v + ¢ is a negative integer, and where f(z) =
> reo fi (2) is the homogeneous expansion of f. Note that

F'n+14+y) T (n+1+k+v+1)
FTn+l1+y+H)T(n+1+k+7)

~(1+Ek).

If the inverse of R™* is denoted R, ;, then Proposition 1.14 of [38] yields

o 1 B 1
(1—w-2)"" ) (1—mw. )"

(10)

R 1 B 1
vt (1-w- Z)n+1+v+t - (1-w- Z)n+1+w

for all w € B,,. Thus for any v, R is approximately differentiation of order t.
From Theorem 6.1 and Theorem 6.4 of [38] we have that the derivatives R"™ f (2)
are “LP norm equivalent” to ) ;" 01 }Vk )‘ + V™ f (2) for m large enough.



Proposition 1 (Theorem 6.1 and Theorem 6.4 of [38]) Suppose that 0 < p < oo,
n+-y is not a negative integer, and f € H (B,,). Then the following four conditions
are equivalent:
(1- |z]2)mef (z) € LP (d\,) for some m > %,m eN,
(1- |z|2)mef (2) € LP (d\,) for all m > ﬁ,m eN,
p
(1- |z]2)mR7’mf (z) € LP (d\,,) for some m > %,m +n+v ¢ -N,

(1- |z[2)mR7’mf (2) € L (d\,) for all m > g,m+n—|—7 ¢ —N.

Moreover, with o (z) = 1 — |z|*, we have for 1 < p < oo,

c! ||‘7m1R%mlfHLp (dAn) (11)
mo—1 %
< (PO (f [0k o)
§C||‘7m1R7mlfHLp(d,\n)
for all my,mg > %, mi+n+vy ¢ —N, my € N, and where the constant C depends
only on my, ma, n, v and p.

Definition 2 We define the analytic Besov spaces B, (B,) on the ball B, by
taking v =0 and m = [ﬂ + 1 and setting

By = By (Ba) = { € HB) : o™ B" || yn. < 0} (12)

We will indulge in the usual abuse of notation by using || f||5 @, to denote
any of the norms appearing in (11).

2.1.1 Duality and reproducing kernels

For a > —1, let (-, -),, denote the inner product for the weighted Bergman space
AZ:

{(f:9)a = f( )9 (2)dva(2), f.g€ AL,

where dv, (2) = (1 — |2|*)" dz. Recall that K2 () = K® (z,w) = (1 —w-2) "'
is the reproducing kernel for A% (Theorem 2.7 in [38]):

fw) = (f, K)o = f() K3 (2)dva(2),  fe A



This formula continues to hold as well for f € A2, 1 < p < oo, since the
polynomials are dense in AP.

Corollary 6.5 of [38] states that R is a bounded invertible operator from
B, onto AP, provided that neither n 4« nor n + v + ”+1+°‘ is a negative integer.
It turns out to be convenient to take v = a — ”+]13+‘” here (with this choice we can
explicitly compute certain derivatives and B,y norms of our reproducing kernels
- see (15) and (22) below), and thus we single out the special operators

a a—t,t
RY = RO,

Note that the operators R¢ and their inverses (R®) ™" =Rq_ are self-adjoint with
respect to (-,-), since the monomials are orthogonal with respect to (-,-), (see
(1.21) and (1.23) in [38]), and the operators act on the homogeneous expansion of
f by multiplying the homogeneous coefficients of f by certain positive constants.
The next definition is motivated by the fact that RHHQ is a bounded invertible

operator from B, onto A?, and that Rn+1+a is a bounded invertible operator from
By onto AP, provided that neither n + a, n+a— "HE nor n 4 q — 2 g g

negative integer. Note that this proviso holds in particular for a > —1.

Definition 3 For a > —1 and 1 < p < oo, we define a pairing (-,-),, for By
and B, using (-, -),, as follows:

<f7 9>a,p:<7€%+;+afa R%ﬁa / Rn+1+af n+1+a9( )dVa( )

:/E {(1 — |Z|2)"+,1,+0‘ R%%f(z)} {(1 - |z|2) e ’R%‘g(z)}dkn (2).

With K (z) the reproducing kernel for A2, we have that the kernel

7 () = (Risee ) (Risa) K2 (2) (13)

satisfies the following reproducing formula for B,:

f (w) = (£ K57, / R f () Rigahd? (dva (), f € By (10
Thus we have the following theorem.

Theorem 4 Let 1 < p < oo and o« > —1. Then the dual space of B, can be
identified with By under the pairing (-, ) and the reproducing kernel kXP for
this pairing is given by (13).

a7p7



From (13) and (10) we have

—1
Rewakl? (2) = (Riaa ) K3 (2) (1)

— — 1
:Ra_n+l+a n+l4a ((1 — W - Z) (n+ +a)>
p 7 P

_ _ ntl4a
=(1-w-2z) *

Using this formula we will show in (22) below that the B,y norm of the reproducing

kernel k&P is comparable to < + log — m |2> 7

We now state our analogue of Boe’s interpolation theorem in two separate
statements.

Theorem 5 Let 1 < p < oo, @ > —1 and k%P (z) be the reproducing kernel for
B, relative to the pairing (-,-),, given in Theorem 4 above. Let {ZJ} be a
sequence in the unit ball B,,. Then the following conditions are equwalent

1. {2;}}2, interpolates B,:

f(z)

The map f —
{Hk "I,

} takes B, boundedly into and onto (*.
=1

(16)

2. The following norm equivalence holds:

=

0 k,ap

Z“f RSP

~ (Dw’)p , (1

3. The following separation condition and Carleson embedding hold:

B(2:,0) <CPB (2, 2) 1 # j and (18)

p

6zj is a By-Carleson measure.
B_,

p

Theorem 6 Let 1 < p < oo, a > —1 and kP (z) be the reproducing kernel for
B, relative to the pairing (-,-),, given in Theorem 4 above. Let {z;}>°, be a
sequence in the unit ball B,. If p € (1,2 + ﬁ), then each of condztzons (19)
and (21) below is equivalent to the three conditions in Theorem 5. In general, for
1 < p < oo, (21) implies (19) implies (20). For p > 2n (18) implies (19). If
pe (1, —L-) U [2,00), we also have that (20) implies (18):

9



1. {2;}}2, interpolates Mp,:

The map f — {f (2;)},2, takes Mp, boundedly into and onto £. (19)

2. {k:o‘p } s an unconditional basic sequence in By :
7j=1

ijk?j’p C Zajkfj’p . whenever |b;| < |a;]. (20)
=1 By =1 By
8. {z}2 {caj} _, where {a;}77, is a sequence in a Bergman tree Ty, sat-
zsfymg
ﬂ(zi,O)<Cﬁ (2i,2;),1# j and (21)

Z (14 d(ay,0))" ) P, satisfies the tree condition (1).
7j=1

Note in particular that for p € (1, 2+ ﬁ) U (2n, 00), multiplier interpolation

(19) is characterized by the separation condition and Carleson embedding in (18).

The parameter o« > —1 appearing in condition (18) is not essential, as evi-

denced by the following calculation.

Lemma 7 For a > —1 and 1 < p < oo, we have

@\|H

i
o

||k;fp||3,w(1+log : ) ~ (14 8(0,w)? (22)
: T~ o)

Proof. Using (15) and m = 272 > L we compute that

p
Ik, = ( [
_ /B
G-1R° N
1|4 v
— dz
/Bn |1 _E_Z’nJrlJra >

1

1 Iy
~|(1+log———
( g1—|w|2)

10

L

’ d, (z)) "

2 n+1/+o<
(1 — |2| ) P ‘?i+;,+akf‘u’p (2)

1
n+l+a o

1 — 2
R 0 SO

l—-w-z




by Theorem 1.12 of [38]. Note also that 1 + logﬁ ~d(a)ifwe K,.

Thus we can restate condition (18) in the equivalent form,

B (z,0) < CPB(z,2;) and (23)
0 1-p
1
Z 1+log ——— 6., is a Bp-Carleson measure.
j=1 1 - |ZJ|

Remark 1 Our proofs show that the interpolations in (19) and (16) can be taken
to be linear, i.e. there are bounded linear maps R : {*° — Mp, and S : * — B,
that yield right inverses to the restriction maps in (19) and (16) respectively. In
dimension n = 1 Bde has shown [12] the stronger result that there are functions
fr € Mp, such that Hf’fHMB,, <C, fi(z) =06, and >, |fu (2)| < C forall z € D

(compare Theorem 2.1 in chapter 7 of [22]). It seems likely that this extends to
l<p<2+ ﬁ forn > 1, but we will not pursue this here.

Remark 2 We do not know if (18) is sufficient for (21) whenp € [2+ -1, 00).
Note that (3) and (21) are equivalent.

Proof. Here we only prove the following “soft” implications: that (19) implies
(20), that (16) and (17) are equivalent, that (16) implies (18), and that if p €
(1,1+ =15) U[2,00), then (20) implies (18).

2.2 Multiplier space necessity

We begin with the straightforward necessity implications; (19) implies (20), (16)
implies (17), and (17) implies (18). For the most part, we follow Boe [12], who
in turn generalized the Hilbert space arguments in Marshall and Sundberg [23].
First, we have that condition (20) follows from (19) using that the reproduc-

ing kernels are eigenfunctions of adjoints of multiplier operators: M (k?]ip> =

¢ (2;)k2P. Indeed, for all f € By,
(10 (ker) ) = (@, kem) = 0(2) £ (23) = (20) (1 ke ) = (£ Gehe?)

Now if we choose ¢ € Mp, so that b; = ¢ (2;)a;, then

00 0o

L.o,p _ * %P
> bikerl =My agke
Jj=1 Jj=1
00

. a’p
E a;k?;
Jj=1

Bp/ Bp/

<M,

Bp/

11



We note in passing that the identity M (kg?) = ¢ (2)k3? shows that multipliers
are bounded:
1M 1] |MZRE |

1Mol = [[Mg]],, = sup 7“’28111) = sup | (2)| = [l goo -
ellop = 12421, reB, ISl [l 2 "

Next we prove the equivalence of (16) and (17), the arguments being short

f(z5)
=S
7j=1

and essentially reversible. First, if the map T'f = n (16) maps

B, into (7, then we have
o0 ka D

YT
T, |,

j=1

00 ka‘,p
sup (£, 4y
— ; || 2
“fHBp j=1 J Bp/ ap
= sup
||pr=1Z ”HB,
o0
f(z)
< sup (Z W H{ a;};2,

||fHBp:1
If the map T is also onto, then its adjoint T, given by

{aj}jzl
T ({a}2,) = Z“J 3 pHB

<c|

satisfies

;0

I (i), 2 o],

which is the opposite inequality in (17), and completes the proof that (16) implies
(17). Conversely, if the inequality < in (17) holds, then

(Z f(z) > ! (24)

Hk,avp
flz)
- Sup Z ||k0471?] aj
: Zj Bpl

[Has3 32| =2 15=1

m . ka7p
a,p

||{aj}j:1||ep’:1 j=1 ||B/

Zaf kS

< sup [[fllg,
1

M35l =

' <Clflg,

||B/

12



and thus the map 7T in (16) is into. If the reverse inequality 2 in (17) also holds,

then
a’ (e}
szwkﬂ@

which shows that 1" is also onto.

HT* ({aj}j 1

' ZCH{%};;HW ’
pl

Note We have shown in particular that the inequality < in (17) implies that the
map T in (16) is into. This will be used below.

The implication (17) implies (18) will now follow if we show that (16) implies
(18). The Carleson embedding in (18) is a restatement that the map 7" in (16) is
into. Indeed, the left side of (24) is || f|| " ||7 and thus shows that

)

the Carleson embedding in (18) holds. To obtain the separation condition, fix ¢
and use that T' is onto to obtain f € B, satisfying f (z;) =1 and f (z;) = 0 for
1 # 7. It now follows from the open mapping theorem and the Holder estimate

F(2) = F@I|<ClIfll, B(zw)7, 2zweBy, (25)
that
1f (20)] 1f (2) = ()] Bz, 2)7
<C|Tfllp =C—gp—=C <C — 1
||fHBp — H f”e Hk, HB / ij ”B / HfHBp 5(21,0)_'

for all 7 # j.
2.2.1 The necessity of separation and Carleson

Now we turn to proving the more difficult necessity implication (20) implies (18).
First we dispose of the easy part - namely that the separation condition in (18)
follows from (20). Indeed, by (22), (20) and (25) we have

L
Y

(L8027 ~ e, <0 e k]
—C sup < NSRS
1£15,=1 ap

=C sup |f(z)— f(%)]

1£115,=1
S Cﬁ (Zia Zj>ﬁ

It remains to prove that the Carleson embedding follows from (20). For this,
we show that (20) implies (17) for both 1 < p < 1+ —= and p = 2, and also
that (20) implies the inequality < of (17) for p > 2. The note above then yields
that the map 7" in (16) is into, which we showed above is a restatement of the
Carleson embedding.

13



2.2.2 Thecase l<p<l+ -1

Here we prove the implication (20) implies (17) for the special case 1 < p <
1+ ﬁ Given 1l <p <1+ ﬁ, we make the choice —1 < a < 0o to satisfy

_n—i—1+a

26
n+a ’ (26)

p

which accounts for our restriction 1 <p <1+ ﬁ Note that p’ =n+ 1+ a, so
that

n+1+a«
—:’[’L—’—a7
n+1+a«

Thus in this case we have RG.1.a = Ry,
p
(26), so that

<fa g>a7p - <Rz+af= R?g>Ag

= [ 0= ) R () (L= ) Rig ()b ).

and R%.1,. = RY where « is as in
pl

The point of the choice of p in (26) is that

1
RLESP (2) = ———
has positive real part in the ball. Let {zj};’il be a sequence in the ball B,. We
will need the following two results.

Lemma 8 (Lemma 3.1 in [12]) If {f;}}2, is an unconditional basic sequence of

positive functions in L7 (du), 1 < g < oo, then

1
q

%C’q

sup |a; fj|
j=t La(dp)

> lasfil ~ Cq (Z ;| HfjH%Q(d,u)>
=1 7=t

La(dp)

Proof. For convenience we sketch Boe’s proof, which we will need to adapt to
holomorphic trees later anyway. Since the f,, are positive and unconditional in
L% (dy), we have, letting {r; (¢)},2, denote the Rademacher functions,

> lajfl > lal > ri(t)asf
=1 =1 =1

< <C

La(dp) La(dp) La(dp)
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for all ¢ € [0,1] (since |a;| = |r;(t)a;]). Now average the ¢'" power of this
inequality over ¢ € [0, 1], and use Khinchine’s inequality to obtain
dt

o0 q
Z|ajfj| ZTJ ) a;fj
=t La(dp) La(dp)
q
Z rj(t)a;f;
j=1

SCg/H{ajfj};il ; i

q
<C

dtdp

Since

‘{aafj}] 1

Schwartz 1nequahty,

Z ] (/s
)

which yields the inequality

= H{ajf]

gf j H , we have by the Cauchy-

1 1
qd 2 ‘ qd 2

i

{ajfj};'il

La(dp

< Gy ||sup|a; f;]
L (dp) 7=l La(dp)

(Z |ajfj|7">

are all comparable for 1 < r < oo, and the choice r = q yields the final equivalence
in the lemma.

Thus the expressions

Li(dp)

Lemma 9 For -1 <a<o0,1<q<o0 and F € H(B,) with Im F (0) =0,

( 5 [ (2)[" dve (z))% R (/B [Re F (2)|? dva, (z))% . (27)

Proof. The Koranyi-Vagi theorem (Theorem 6.3.1 in [29]) shows the equivalence
of the left and right hand sides in (27) when the measure dv,, (2) on the ball B,, is
replaced by surface measure do (z) on the sphere dB,, (and F is say a polynomial).
Note that do corresponds to lim,_,_; dv,. This immediately yields (27) by an
integration in polar coordinates.

15



Now suppose that (20) holds. Since p’ = n + 1 + «a, we have from (15) that
1
RIELP (2) = ———. 28
P (2) = 29

We now compute that

Seqei| =)0 1R (Xep
R, dE=d ”HB, ,
J= P Bp/ Lp (d)‘n)
oo akoz,p
. 2 1Vz;
- (1_’z|)(z JHka,pJ ) |
L' (dAn
. 1
-l ==
— 4 B,l—Z] sz,(dV)

since p' =n + 1+ a. Now by the lemmas above, and using p’ =n + 1 + « and

fi = ||k2P Re— >0
J % B 1—%; -2 ’
P’ J
we continue with
o0
E : ka,p 1 ~ § : ka,p Re 1
z
J B,l—z] 2 1-%-2
j=1 LP (dva) j=1 LY (dve)
1
o0 Iy
P’ 14
~ E |aj| ”fj”Lp/(dl,a)
j=1
4
(e o) , p/
o p
~ E |aj| )
j=1
since
. —_— a,p
Hf]”LP’(dya)_ ij B Rel—Z_Z
o’ J LP' (dve)
1
2 _ 5.
By |1 =%z L7 (dva)
= ke |l = 12?) Ruk
Zj Zj /
Bp/ Lp (d)\n)
1
— ||pap a,p _
= k:zj i l{:zj =1
p/ Bp/

upon using the second lemma above once more. This completes the proof of
condition (17) in the case 1 <p <14 5.
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2.2.3 The case p > 2
Here we show that (20) implies the inequality < in (17) for p > 2, and also that

(20) implies (17) for p = 2. First we claim that the unconditional basis condition
(20) and Khinchine’s inequality yield the inequality
(3] a,p

k > p
Z%H# SC(ZWHP)
’ J=1

1
Y

j=1 HB, B

for p > 2, and with equality in the case p = 2. To see this, we compute using
first (20) and then Khinchine, that for any m > 7, we have

ker |7 ko g
a; a; ri ()| dt
Z TNkEPI, ”II Z TNREPI, IIB/
1 © 1—1z R k*P (2 v
:/ / Zaj( | l)a,,, i3 ol dn (o) dt
0 JBa |55 L= ||Bp,
= (1= [2) " Rk (2)
~ > lag T d\, (2) .
/n j:1 ”sz ||Bp/
Since £ < 1, we continue with
= 1—|Z! )" Rk (2) |
i~ —ap a . d)\n (Z)
2 JWHB, / 2 7T,

o,p
K

o 0= R o)

d\, (2)

= Z |a;l”
j=1
= Z |aj|p )
j=1
which is the inequality < in (17). In the case p = 2 we have equality, and so then
(17).
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Taiwan lecture 3

Wednesday July 6 2005

1 Introduction

In this talk we consider Carleson measures for the analytic Besov-Sobolev spaces
By (B,), 0 <0 < o0, 1 <p < oo, on the unit ball B, in C", consisting of those
holomorphic functions f on the ball such that

—_

m—

S0+ { [ Ja=rpm s )| o, <z>}% < oo,

k=0

where m+o > 2, dA, (z) = (1- |z|2)7nf1 dz is invariant measure on the ball with
dz Lebesgue measure on C”, and f(™ is the m* order complex derivative of f.

Recall that this scale of spaces includes the Hardy space H? (B,,) = 32% (D) with

o = 3, the weighted Bergman spaces with o > %, and the weighted Dirichlet-type

spaces with 0 < 0 < %. The case 0 = % and p = 2 is the Drury-Arveson Hardy

space that can be identified with the symmetric Fock space over C™ (see [10] and
[19]). We will follow the development in Arcozzi, Rochberg and Sawyer [9].

For purposes of comparison, we also recall the Hardy-Sobolev scale of spaces
H? (B,), 0 < p < oo, a € R, consisting of all holomorphic functions f in the unit
ball whose radial derivative R*f of order @ belongs to the Hardy space H? (B,,)
(Rf = > oo (k+ 1) fi if f = >"722, frx is the homogeneous expansion of f).
When p = 2 the Hardy-Sobolev scale coincides with the Besov-Sobolev scale and
we have

B (B,) = H2(B,), o+a=5.0<0<<.
Thus ¢ measures the order of antiderivative required to belong to the Dirichlet
space By (B,), and a = § — 0 measures the order of derivative that belongs to
the Hardy space H? (B,,). These equalities fail for p # 2, but are replaced by the
strict inclusions

p = >

B? (B,) S HL__ (By), 1<p<2,0§0<%, (1)



(B,) S B (B,), 2<p<oo, 0<o<—
P

We will now construct the Bergman tree 7, that serves as a discrete model for
function theory on the ball.

Hu
p

(e

1.1 Construction of the Bergman tree 7,
Let 8 be the Bergman metric on the unit ball B,, in C". Note that the set
S, =0B3(0,r)={2€B,:5(0,2) =r}

is a Euclidean sphere (with different radius) centered at the origin for each r > 0.
In fact, by (1.40) in [39] we have 3 (0, z) = tanh™|z|, and so

1—|z/*=1—tanh® 5 (0, 2) (2)
4
- e26(0,2) + 2+ e—25(0,z)
~ 4e200:2)

for (0, z) large. We recall the following elementary abstract construction from
[8] (Lemma 7 on page 18)

Lemma 1 Let (X,d) be a separable metric space and A > 0. There is a denu-
merable set of points E = {mj};ifr 7 and a corresponding set of Borel subsets Q;
of X satisfying

X = U?ilor JQj, (3)

QiNQ;=¢, i#J],
B(ZL‘j,/\>CQj CB(I‘j,Q/\), j > 1.

We refer to the sets @; as unit qubes centered at x;. In [§8], we applied Lemma
1 to the spheres S, for r > 0 as follows. Fix structural constants 6, > 0. For

N € N, apply the lemma to the metric space (Syg, 3) to obtain points {zJN };,]:1

and unit qubes {Qév };.]:1 in Sy satisfying (3).

However, we now wish to facilitate the definition of an equivalence relation
that identifies qubes “lying in the same complex line intersected with the sphere”.
To achieve this, we recall the projective space CP(n — 1) consisting of all complex
circles [(] = {€%( : e € T}, ( € OB, in the unit sphere that was introduced in
[4]. They defined the induced Koranyi metric on CP(n — 1) by

d([n],[¢]) = inf {d (eisn, eitC) e et e ']I‘}

where d(n,() = |1 -7-C |%. We scale this construction to the sphere S, by
defining P, to be the projective space of complex circles [(] = {e**( : ¢ € T},
¢ € S, in the sphere S, with induced Bergman metric

B[], [¢]) = inf {B (¢, "C) : ¢, e € T}.

3



For N € N, we now apply Lemma 1 to the projective metric space (Pyg, 3) to

obtain projective points (complex circles) {wjv }j: in Pyy and unit projective

1
qubes {Q;V };,]:1 contained in Pyg satisfying (3). For each N and j we define

points {zjj\i j‘i , on the complex circle W§V that are approximately distance one

from their neighbours in the Bergman metric: 3 (zJNJ, zj]Yl +1) ~lforl<i< M
(201 = 2}1)- We then define corresponding qubes {QF;}, so that QY = U;Q},
and so that (3) holds for the collection {Q;VZ}]Z

For z € B, let P,z denote the radial projection of z onto the sphere S, (not
to be confused with the orthogonal projection P, defined above). We now define

subsets K of B, by KY = {z € B, : 3(0,2) < 0} and
={zeB,: N0 <d(0,z) <(N+1)0, Pxgz€QY.}, N>1andji>1.

We define corresponding points cj € K N by

e = P(N+§)0 (254) -

We will refer to the subset K of B, as a unit kube centered at ¢} (while K7 is
centered at 0). Similarly we deﬁne unit projective kubes KN U; K N with centre

&' = Py zyo (W)):

Define a tree structure on the collection of all unit projective kubes

Rn = {Kj'v}NZO,jZI

by declaring that KNt is a child of K;V , written KNt € C (K;V ), if the projection
Pyg (w;' ") of the circle w)' " onto the sphere Syy lies in the projective qube
Qév . In the case N = 0, we declare every kube K} to be a child of the root kube
KY.
We will now define a tree structure on the collection of unit kubes
_ [N
7;1 - {Kjfi}NEO and j,i>1

that is compatible with the above tree structure on the collection of projective

. . N N
kubes R,,. To this end, we reindex the qubes {KN-}NZO and jim1 8 {Kj }NZO,jZI

and define an equivalence relation ~ on the reindexed collection {K JN }j by iden-
tifying kubes that lie in the same projective kube: KN ~ K if and only if there
is a projective kube KY¥ such that K, K\ € KYY. Given K}V € T, we denote by
[KN] the equivalence class of K}¥, which can of course be identified with a unit

projective kube in R,. Define the tree structure on 7, by declaring that KN **
is a child of KJN, written KiN+1 eC (KJN), if the projection Py ( N+1) of zN+1
onto the sphere Syy lies in the qube ij . Note that by construction, it follows
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that [KlN +1} is then also a child of [K N } in R,,. In the case N = 0, we declare
every kube K to be a child of the root kube K?. We will typically write a, 3,
etc. to denote elements K JN of the tree 7,, when the correspondence with the unit
ball B,, is immaterial. We will write K, for the kube K jN and ¢, for its center cj-V
when the correspondence matters. Sometimes we will further abuse notation by
using « to denote the center ¢, = cév of the kube K, = K ]N . Motivated by the
above definition K§V = U; K ]]\i, we will often refer to the elements K;V of the tree
R, as rings. Finally, for a € 7,,, we denote by [a] the ring in R,, that corresponds

to the equivalence class of a. The following compatibility relation holds:
f<a=[f]<[a]. (4)

One can think of the ring tree R, as a “quotient tree” of the Bergman tree 7,
by the one-parameter family of slice rotations z — €%z, e** € T.

Remark 1 The set of points in T, is neither a zero set for B, (B,), nor for
Mp,,), and hence the restriction maps from B, (B,,) and M B,(B,) L0 sequences
on T, are one-to-one. Indeed, if a holomorphic function f in the ball vanishes
on 1T,, then the admissible limits f* of f on OB, are zero whenever they exist,
and thus f vanishes identically on the ball if it is in the Nevanlinna class ([30]:
Theorem 5.6.4).

1.1.1 Unitary rotations of 7, and its quotient tree R,

For each w € B, define a(w) € 7, to be the unique tree element such that
w € Kqw). Let U, be the unitary group with Haar measure dU. Recall that
we may identify a with the center ¢, of the Bergman kube K,. If we define
Ky-1a = UKy, then {Ky-10} 4er. = {U Ko} cr, s the Bergman grid rotated
by U™, and we denote by U~'7, the corresponding tree. The same construction
applies to obtain the rotated ring tree U"'R,,, and the compatibility relation (4)
persists between U7, and U~'R,, since [U*a] = Ut a].

1.2 Carleson measures

We show that Carleson measures for the Besov-Sobolev space By (B,,) are char-
acterized by the tree condition

SO () < Clu(a) <o, acT, (5)

B>a

for the two ranges (9) and (10) below:



In the case p = 2, 0 < 0 < 3, where the Hardy and Besov scales coincide,
is in fact the case that Carleson measures for the Hardy-Besov-Sobolev space
H é_a (B,) = BY (B,) are characterized by the tree condition (5) if and only if
0 < o < 1. More generally, if 1 < p <2, 0 > %, then by the results in [17],
there is a positive measure p on the ball that is Carleson for H% _, (By), and

by (1) so also for By (B,), but that is not Carleson for a certain potential space
Ph_ (By), and hence fails to satisfy the tree condition (5). Our positive result,
p
that the Carleson measures for By (B,,) are characterized by the tree condition,
is only valid for 0 < o < ,, leaving the gap o € [p,, p) where we do not know if
the tree condition characterlzes Carleson measures for By (B,,).
Given a positive measure y on the ball we denote by 11 the associated measure
on the Bergman tree 7, given by i (o) = |, K, dp for oo € T,,. We will often write
p () for zi(a) when no confusion Should arise. Let 1 < p < oo and o > 0.
In this section we show that u is a By (B,)-Carleson measure on B, if i is a
BJ (7,)-Carleson measure, i.e. if it satisfies

1/p 1/p
(fo(a)m@) s(J(Z[T”‘“)f(a)]p) , f>0, (6)

a€eT, acT,

where I f (o) =35, f (3). Here we define By (7,) to consist of all sequences F’
on the Bergman tree 7,, satisfying

1F Wy = 1F (O) + > " |F (a) = F(Aa)f? < oo,
acT,

where Aa denotes the immediate predecessor of a. The Carleson embedding
By (7,,) C 7 (p) is easily seen to be equivalent to (6), and the dual of (6) is

1/p 1/q
(Z 279 " gp (a)]p> <C (Z g(a)qlu(a)) . g>=0. (7)

a€eT, acT,
Theorem 3 shows that (6) is equivalent to the tree condition
S Oru@)]” <Cru@) <s, ael,. )
Bza

Conversely, in each of the ranges

— 0
l<p<lt —— O<oxl1 9
pP<ld e, o<1, (9)
and 9 1
— 40
—_— — 1
T <p<2+ 1o 0<a<2, (10)



we show that u is BJ(7,)-Carleson if 41 is a By (B,)-Carleson measure on B,,.
Necessity in the remaining ranges of p and o is left open. Note that the two
ranges above overlap if and only if o < —5.

Theorem 2 Suppose 1 < p < oo, 0 > 0 and that the structural constants X, 60
in the construction of T, (subsection 2.2. of [8]) satisty A =1 and § = B2, Let
u be a positive measure on the unit ball B,,. Then with constants depending only
on o,p,n, conditions 2 and 3 below are equivalent, condition 3 is sufficient for
condition 1, and provided that either p and o satisfy (9), or p and o satisfy (10),
condition 3 is necessary for condition 1:

1. p is a BY (By,)-Carleson measure on B,,.

2. 1= {p(a)}aer, 18 a BY (T,)-Carleson measure on the Bergman tree T,,
i.e. (6) holds with p (o) = [, dp.

3. There is C' < oo such that

SO ru(B)” < CI'u(a) < oo, acT,.

B>a

We begin with the purely tree equivalence of conditions 2 and 3 in Theorem
2.
1.2.1 Unified proofs for trees
Here we will give a short proof that the two weight tree condition,
Y ru@w(@) <CiI'pa)<oo, a€cT, (11)
BeT:L>a
implies the dual Besov-Carleson embedding,
DI (o) (@) w(a) <V g (@) pla), 920, (12)
acT a€eT
for finite positive measures p and w on the tree 7. Note that the Besov-Carleson
embedding is
S I(fw)(@fpla)<CY f(a)fw(a), f=0.
aeT a€eT

Moreover, we will unify this result and the well-known equivalence of the Hardy-
Carleson embedding on the tree,

Z(ﬁ/ﬂ )fdu) o(a) <CP i fPdv,  f>0onGr, (13)

a€eT
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with the simple condition on geodesics,

S o) <CIS()l,. acT, (14)

B>a

where o is a finite positive measure on 7, v is a finite positive measure on the
set Gr of maximal geodesics of 7 starting at the root, and S («) denotes the
collection of all geodesics in Gr passing through « (i.e. that are eventually in
S (a)).

The unification is achieved by viewing each of the measures u, w, o and v as
living in the closure 7* = 7 U G of the tree 7, with p, w and o supported in
7T, and v supported in Gr. If we let S* (a) = S (a) US (a) be the union of the
successor set S (o) with its boundary geodesics, then we can rewrite (12) as

/

p
1 / / , /
—_ gdp S*apdwang/gpd,u, g>0onT*
/T<|S*<a>|u . ) @)y dote) :

(15)
and we can rewrite (13) as
1 p
—_— fdz/) do(a) <CP [ fPdv, f>0onT". 16
| (s L W= 1o

Thus we see that the first inequality (15) has exactly the same form as the second
(16), but with |S* ()|Z/ dw (+) in place of do, u in place of v, and p’ in place of p.
Note that the integrations on the left are over 7, where the averages on S* («)
are defined. Moreover, the tree condition (11) is just the simple condition (14)
for the measures |S* ()|’: dw (+) and pu:

SIS B w(B) < IS ()], aeT.

B>a

In fact, if one permits v in the second inequality (16) above to live in all of
the closure 7*, then we can characterize (16) by a simple condition, and if one
permits o to live in all of 7* as well, then the corresponding maximal inequality is
characterized by a simple condition. The following theorem will play a pivotal role
below in characterizing Carleson measures for the Drury-Arveson Hardy space

B; (B,).
Theorem 3 Let 1 < p < oo. Inequality (16) holds if and only if
1S (@), <CFIS™ (@), a€T. (17)

More generally, if both o and v live in T*, then the maximal inequality

Mf ()P do(¢) <CP |[fIPdv,  forall f on T*, (18)
T*

T*
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where

M[(C) =M(fdv)(()= sup = |f|dV,
aeTaz¢ |7 (), ( ),
holds if and only if
S* ()], <CFIS™ ()], aeT. (19)

Proof. The necessity of (17) for (16), and also (19) for (18), follows upon setting
f = Xs+(a) in the respective inequality. To see that (19) is sufficient for (18), which
includes the assertion that (17) is sufficient for (16), note that the sublinear map
M is bounded with norm 1 from L*> (7*;v) to L™ (7*;0), and is weak type 1 —1
with constant Cj by (19). Indeed,

{CeT  Mf(() >\ CcU{S" (a):aeT and Mf (a) > N},

and if we let A > 0 and denote by I" the minimal elements in {a € 7 : Mf (o) > A},
then

{CeT : MF(Q) >N, <D IS (@), <CEY IS (a)l,

ael ael

<OPZ)\/ |Fldv < CEXTY [ |f|dv.
T*

ael’ S*(a
Marcinkiewicz interpolation now completes the proof.

The proof actually yields the following more general inequality.

Theorem 4 Let 1 < p < oo. Then

Mf)Pdo () <C? | |fIP M(do)dv,  forall f on T*.
T*

T*
1.3 Proof of the Carleson measure theorem

Theorem 3 above yields the equivalence of conditions 2 and 3 in Theorem 2,
and we will consider the necessity and sufficiency of condition 3 for condition 1
separately in the next two subsections. Note that when the structural constants
A, 6 in the construction of the Bergman tree 7,, (see subsection 2.2 of [8]) satisfy
A=1land 6= 1‘;2, we have that the dimension of 7, is n, and

1— |Z|2 ~ e—2ﬂ(0,z) ~ e—29d(a) _ 2—d(a) (20)

for z € K,.



First we dualize the Carleson embedding by computing its adjoint relative to
the pairing

8= (Riapsa  Rigsa ,0) = [ Riapea ,f () Ry s I (2)

= [0 ED T R @ - B R0 bina ),

and then restate the dual inequality as

15790y < Cllallwgy . 9 € L7 (), (21)

where the operator S} is given by

AN

- . 2\ —O — |w

So) = [ (1= puf) <m> 9(2)du(2).
1.3.1 Necessity in the range 1 <p <1+ — 1Jr,0<a<1

Let 0 < o < 1 Suppose that u is a BJ (B,)-Carleson measure on B, where
I<p<l+- Choose o > —1 so that "*Ha = 1 — 0. We then obtain from

(21) that
) < 1520l < 0 ([ 1o i)

/ . / (1 Jul) " Re (%) 9(2)dp(2)

for all g > 0. The tree inequality (6) now follows as in the one-dimensional case
n [7]. Indeed, fix @ € 7, and let g = > . g(a) Xk, . Here g is constant on K,
with value ¢ (). Then since

1—1—0

/

p

1— lwl?
Re(%)zc>0, we Kg,z € 83
for B > a, Re (1 |w| > > 0 otherwise, and 1 — |w|*> ~ 2799 for w € Ky (since

0 = 122), we obtain

p
Cp/|‘2g-dI* () ng'(ﬂ) - Z <2od(a) ZC(QM) (Kg))

aET



/

/

, ?'/q
<C (/ g du)

e (Z \g(a)|q'u(0z)) " = CHgHi’q’(T )

OleTn

which yields (7), the dual of inequality (6), and hence (8).
Unfortunately, this elegant proof breaks down for p > 1+

— 1 =, since we can

no longer choose o > —1 so that 0 = "+;,+O‘ € (0,1] forces Re (1 i ) > 0.

zZw

1.3.2 Sufficiency in the range 1 < p < o0, 0 >0

Suppose that [ satisfies the tree inequality (6). Since 1 < ﬁ, where g is the
discretization of u, we now replace p by i in the dual inequality (21) and consider
ntlta +o

sc9w) = | (1—|w|2)“(%) " g()di(). weB,

We will show that the positive operator 77 given by

n+1/+oz +o

779 (w) = | (1—|w|2)"<1‘—'w'_) © @), weB,,

1 —w-Z|
is bounded from L7 (1) to L (\,), i

(/En |Tf[g(w)|f” dn (w)) < C(/n qdu) . g>0. (22)

With this done, it follows that 1 is a (B, q)-Carleson measure, and hence also
1.

S | b
U

From Lemma 5 below with 7 =0, s=n+1+a, r = p’ and
du
flz)=9(z)— (2) D2 p(Ea) (1= 12°) " i, (),
acT,

we obtain with 7' as in Lemma 5,

) LY (d\y) < CP’ <Z [2ad(a)]* (gﬂ) (a)]p,) p ’

acT,

17291y = |7 (60
where

I ( = Y /K gdji = p (Kg) /K ﬁgd/\n

BeT:B>a ﬁET'ﬂ>a
~ > R®3E) =1 (30) (@,
BETL: B>



and g (o) = |, k., 9dAn. The dual tree inequality (7) holds for 1, and it is an easy
exercise using

I (ga) (@ =390 3w < Y () Cwu(d) < Oxl” (gt) (AV0)

pza d(B,7)<N p>ANa

to show that the dual tree inequality then also holds for ﬁ, but with a larger
constant, i.e.

(Z [2"‘“0‘)[* (ﬁ) (a)r,) . <C (Z /g\(a)q/fl(a)> ! ., g>o.

a€eT, acT,

Finally, since j1 is constant on K, we have

!

3(0)7 7 (a) = 7 (Ka) ( / agdxn)q Sy W

for all a € 7,,, and hence

L 1
7

(Z g(a)q,m)) “<o (/Bngq’dﬁy |

OéETn

Combining these inequalities establishes (22) as required.

Lemma 5 For7> 0,1 <r <oo, s+7r >n and v a positive Borel measure on

B, define i
Tv (w) :/15; Mdv (2).

s+Tr

Dl —we ]

Then we have

207d(a) 7% an
L7 (dAn) =G (Z le I'f(a)] > ’

|71
OleTn

where I'v (@) = 3 5cr 55V (B) and v (B) = fKﬁ dv.

Note that the discretization of g used in the previous argument corresponds
to the discretization of the measure gd\,, defined in the above lemma. We omit
the technical proof of this lemma, and this completes our proof that condition 3
is sufficient for condition 1 in Theorem 2.
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1.3.3 Necessity in the range ﬁ <p<2+ nl__ffa, 0<o< %

We omit the lengthy 7T argument needed to prove this. We note however the
main estimate used in the proof:

1 K d
- (anB) /
Re<1_5.2/> > 2" ., z€K,, 2 € Kg, (23)
for a positive constant c,, provided 0 < n < 1. Note that c, tends to 0 as n — 1,
so that we cannot use n = 1 even though Re 1%%, > 0 on the ball. It is this
limitation on 7 that results in the restriction (10).

1.4 The Drury-Arveson Hardy space BQ% (B,)

1
The above theorem just misses capturing the Drury-Arveson Hardy space B (B,,).
If we take p = 2, 0 = 3 and 17 = 1 in the above proof, then the case n = 1 of (23)
is weakened to the inequality

1 ~ Re(1-%-2)
4 |1—E-z’]2

2 c+ C22d(a/\o¢’)—d([a]/\[a’])7 = KO”Z, c Ka/,

(24)
which does not lead to the tree condition. We will however modify the proof
so as to give a characterization in Theorem 7 below of the Carleson measures

for B (B,,) in terms of the simple condition (31) and “split” tree condition (52)
given below. We will proceed initially via the following three steps:

1
Step 1 If a positive measure p is B (B, )-Carleson, then the bilinear inequality

// (I%M)f(Z’)du(Z’)g(Z)du(Z) < C £l gy 91l 2 » (25)

holds for all f,g € L* (u).

Step 2 If a positive measure p satisfies the Dirichlet tree condition, i.e. (8) for
p=2and o = 0;

Y Irp(B? <Cru(a)<oo, acT, (26)

Bza

1
then p is B (B,,)-Carleson if and only if the bilinear inequality

[ (Rer=is) 76006061 ) < Uiy ol

(27)
holds for all f,g > 0.
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Step 3 Suppose a positive measure p satisfies (26) as well as the following growth
condition on Bergman balls: for each R > 1, there is a positive constant
C'r such that

M (Bﬂ (w7 R)) < CRM (Bﬁ (w> 1)) ) w e By, (28)

where Bg (w,t) = {z € B,, : f(z,w) < t} is the Bergman ball of radius ¢
about w. Then the bilinear inequality (27) is equivalent to the discrete
inequality,

S T (@) p(a) <C Y g(@)f ula), g>0, (29)
acTy a7y,
where T), is the positive linear operator on the tree given by,
Tug(a) =Y 224erD=dllllg (3) u(8), aeT, (30)
BETn

and where 7, ranges over all unitary rotations of a fixed Bergman tree
(and [«] € R,, which ranges over the corresponding unitary rotations of the
associated ring tree).

Using the above three steps we can characterize Carleson measures for the

1
Drury-Arveson Hardy space B (B,,) by the Dirichlet tree conditon (26) together
with either (27) or (29). As an alternative to the Dirichlet tree conditon (26), we
can also use the the simple condition

219 (a) < C, a€T,, (31)

(recall that po = 1 and that § = 22 so that 1 — |w|* ~ 274®) = 27pod@) for
w € K, by (20)), which is far stronger than the Dirichlet tree condition (26) in
general:

Nru@3?=) Y put)= > I+dayA)u@)u@) (32)

B>o Bzayy'>B 7Y Za
=> p()D M+ d(ey Ay u()
Y=o V>
d(e,y) .
<> u() > (L+d(a,y) = §) I p (Aly)
Y>a =0
d(e,y) ’
<> () > (L+d(a,y) — ) C274)
V>a =0

<C27 (o) < CTI'p () .
Recall that 7i (o) = pu(a) = [ dp for a € 7,

14



Theorem 6 Let i be a positive measure on the ball B,,. Then the following
conditions are equivalent:

1
1. w is a Carleson measure on the Drury-Arveson space B3 (B,),

2. 11 satisfies both (31) and (27),
3. 1 satisfies both (31) and (29),
4. 1 satisfies both (26) and (27),
5. 1 satisfies both (26) and (29).

In Theorem 7 of the next subsubsection, we will complete the characterization
of Carleson measures for the Drury-Arveson space by giving a necessary and
sufficient condition, namely (52) below, for (29) in the presence of (31).

Proof. If i is Bzé (B,,)-Carleson, then it is also BJ (B,,)-Carleson for all 0 < ¢ <
5, in particular for ¢ = 0, so that (26) holds. Moreover, (21) with g = xg(a
yields the simple condition (31). Indeed (we drop the™ from 1z when no confusion
should arise):

1 2
2
S Xs(a) L20w)

I*/vb (Oé) >c HXS(a)||i2(M) >c ‘

14a 2

(L= fuwp) d
—|w w
/n /S<a> (1-7-w)™ 7" (1= Jwl*)"

n+l4+a 2

1- |w|2) ’ dw
2 C/ / ( T T (2)| ————7
weUs<aKp [/S(@) (1 —Z - w)—%* +3 (1— wl) 1

2
d
'wEUgSO‘K,g S(a)

(1 . |w|2)n+2

~ (o) (1= Jw?) ™ & I (a)? 29,

Note that we may choose structural constants for the Bergman tree so that
ntl4a | 1
the successor sets S () are sufficiently narrow that Re(1—Z-w) 2 2 =
n+l4+a

1—Z w| 2 3 for 2 € S (a) and w € Ug<o K.
Conversely, suppose that (26) holds. We now define an associated measure y*
that will satisfy (28) as well as (26):

dpf(z) =227y | > p(Ks) | Xk (2)d (2),
N=1 a€T, \d(a,B)<N
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where A > 0 will be chosen large enough that the Dirichlet tree condition (26)
holds for the measure u?. One way to see that such an A exists is to note that
for each N > 1, the measure

duy () = Z Z 1 (Kp) | Xk, (2) dAn (2)

a€T, \d(o,B)<N

is By (B,,)-Carleson with norm at most 2¢™V times that of u. Clearly p satisfies

1
(28) as well. Then if either (27) or (29) holds, we obtain that u° is B (B,)-
Carleson by applying step 2 or 3 respectively to the measure ;% in place of f.
1

Next, we note that (28) implies 7 < pf and so 1 is B (B,)-Carleson, and hence
also p is B (B,,)-Carleson.
Given the three steps, this completes the proof of Theorem 6.

We now turn our attention to proving some parts of the three steps.

Proof. (Step 1) We use the presentation of H?2 given by the kernel function
k(w,z) = ;= on B, as given earlier. Now p is H2-Carleson if and only if the
inclusion map 7' is bounded from H? to L? (i), hence if and only if the adjoint

T* is bounded from L? (1) to H2, i.e.

(T, T e < CIflay,  fFEL(n). (33)

We claim that
T'f (2) = / Fu(2) f (w)dp(w), =€ B, (34)

Indeed, if p is the delta mass 6., then

Tf(2) = (T"fr k) g = (F, Tkz) 1oy = (O k= (Q) = [(Q) ke (2) = /kw (2) f (w) dpp (w) -

This also holds when p is a finite linear combination of points masses, and a
limiting argument shows it holds in general. From (34) we obtain

(017 P = [ W) 0), [ ot ) <w'>>H%
[ [ ) £ ) () £ ) ()
= [ [ ) ) di () £ (@) ()

- [ [t @) dnw) f @) duw).
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which in particular proves (25) if we substitute this in (33).
However, using that (T f,T* f) . is real, we obtain that u is H2-Carleson if
and only if

// (Re ﬁ) fw)dp(w) f(w)dp(w') <C HfH;(u)a f=>0,

which is equivalent to (27). Thus we have also proved step 2 without recourse
0 (26), thus simplifying some of the arguments below.

1
Proof. (Step 2) If i is BF (B,,)-Carleson, then (25) and hence also (27) holds,
and we showed above that (26) holds.
Conversely, suppose that (26) and (27) hold. Given g € L? (1), we compute
1 2
that ‘ z i
at ||Sig 20 is

n+l4+a

// / — )n;a (1_|w|2)ﬁdkn(w) 9(2) g (Z)dp (2) dp (<)

—zZ-w) 2 (1—z2 -w) *

B (1_|w|2)a w 2) g (2)du (2 2
_/”/" {/n [(I—E-w)(l—z/.m)]%d }g( ) g (2")dp (2) dp (2)

:/ Ko (2,2") g (2) g (z')dp () dp ('),

where we have denoted the integral in braces above by K, (z, 2').
A calculation shows that
K, (2,7) = cq

+ ¢, log + by (2,2), (35)

1—-Z2-72 1—-Z2-72

where c,, ¢, are positive and b, (z, 2’) is a bounded function for z, 2’ € B,,.
Suppose now that f,g > 0. Then using the asymptotic estimate (35) with
1 2
a = 0 or 1, together with the fact that HSﬁg

‘ n

is real, we obtain the bound

iz ~ /n/ {Rel_z Z} (2) g (/)dp (2) dpu (<) (36)
/n /n{ T3 T Reba (Z,Z')}Q(Z)Q(Z’)du (2) dp ()

< Cliglizay -

by using (27) on the first term after the equal sign, and using the Dirichlet tree
condition (26) on the second term. Indeed, using inequality (83) in Subsubsection
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5.2.1 of [8] together with the argument used for (41) below, we see that the second
term after the equal sign in (36) is dominated by

" { Z d(aNd) U a) (U’la) g (Uﬁlo/) " (U’lo/) } JU

a,a/ €Ty,
{ZI*W (Ua }dU.
Un acT,

1
We have thus proved (21), and hence that u is a B (B,,)-Carleson measure.

Proof. (Step 3) We first use (26) and (28) to discretize the bilinear inequality
(27) to the following discrete bilinear inequality taken over all unitary rotations
U7, of the Bergman tree 7,,:

Y. el g () p(a) g (o) p(a) (37)

o,/ cU1T,

{g o }

for all f,g > 0 on U7, and for all U € U,. At a crucial point in the argument
below, we need to identify the distance 1 — |Z - 2’| in terms of the tree structure,
and this is what leads to the associated ring tree R,, and the quantity d ([a] A [&]).
Recall that a slice of the ball B,, is the intersection of the ball with a complex
line through the origin. In particular, every point z € B,, \ {0} lies in a unique
slice

Nl
Nl

{ > g(o/)zu(o/)} :

a'cU—17,

S, ={("z,...."z,) : 0 €[0,2m)} .

We define two elements « and o' of the Bergman tree 7, to be slice-related
if a ~ o/ where ~ is the equivalence relation introduced earlier. Now given
a,a €7, let

[0,a] ={0,a1,...,a0, = a} and [o,d'] = {o,a),...,al,, = '}
be the geodesics from the root to «, o’ respectively. We then have from (4) that
a and «f; are slice-related if and only if £ < d([a] A [o/]).

It may help the reader to visualize d ([a] A [@/]) in the following way. Imagine
that each slice S is thickened to a slab S of width one in the Bergman metric.
Thus in the Euclidean metric, a slab S is a lens whose “thickness” at any point is
roughly the square root of the distance the boundary of the ball 9B,,. Moreover,
given z € B,,, we denote by S, the slab corresponding to the slice S,, but trun-
cated by intersecting it with B (0, |z[). The slabs S, and S, , associated with the
unique slices S, and S, through ¢, and cy will intersect in a “disc” of radius
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roughly d ([@] A [¢/]) in the Bergman metric. Note that from this picture that
Qg([a]aja)) 18 the exit point Ey o of the geodesic [0, from the slab S, associated
to the slice S, through c,/, and similarly, a&([a} Alo]) is the exit point E,o’ of the
geodesic [0, /] from the slab S,. Both points have the same distance from the
root. Note that we can also define E, « as the intersection of the geodesic [0, @]
with the ring [a] A [o/], which we will denote by Ejgjajc. Finally, note that since
d([a] N]/]) =d(Eya) =d(E.d) and aAd/ = ay where £ = max {k : oy, = o},
we have that d ([o] A [@]) satisfies

d(aNd) <d([a] A[a']) <min{d(a),d()}. (38)

The key feature of the quantity d ([a] A [@]) is that 274D s essentially
1—[z-2| for z € K,, 2 € K,. More precisely, for each z, 2 € B, there is a
subset ¥ of the unitary group U, with Haar measure |X| > ¢ > 0 and satisfying

o~ [T a@]A U alz)]) <1-[z-2 | < 02~ WENE) ey, (39)

The main inequalities used in establishing the equivalence of (27) and (37)
are (24), i.e
1 ! !
Re———— >c+ c2dlena)=dle]ne)) = e K e K, (40)
—Z-z
for all o,/ € U'T,, U € U,, together with a converse obtained by averaging
over all unitary rotations U 17, of the Bergman tree 7,,,

Re ; < C+C 22d a(Uz)Aa(Uz"))— d([a(Uz)]/\[a(Uz’)])dU' (41)

1—-Z- U,
This latter inequahty is analogous to similar inequalities in Euclidean space used
to control an operator by translations of its dyadic version. These inequalities

follow from N

1 _Re(1-%-2) 1-[2-7
1-z-2  |1-z-2> [1-%-2
With all this, we can complete the proof of the equivalence of (27) and (37) in

the presence of (26) and (28).
Now (37) can be rewritten as

> fla (@} p (@) <Ol 9l ey » (43)

a€cTy,
for all f,g > 0 on 7, and where T}, is given in (30):

T,ug (CY) _ Z 22d(a/\a’)—d([a]/\[a’])g (Oé,) m (Oé,) .

o' €T,

Re (42)

Upon using the Cauchy-Schwartz inequality and taking the supremum over all
f with [[fll2,) = 1 in (43), we obtain the equivalence of (43) and the discrete
inequality (29), where 7,, ranges over all unitary rotations of a fixed Bergman
tree.
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1
1.4.1 A characterization of Carleson measures for B;

The bilinear inequality associated with (29) is

> (@) Tg () ) = 37 2D f 0) g () (49)
= a,6eT,
<C (Z f(a)Qu(Oz)) (Z g(@)%(@)) :
a€T, acT,

We rewrite the left hand side as

D) eI AANE) £y () g () (45)

A,BER, acA
BEB

22d a/\ﬁ

=2 D > i fr(e)n(d).

CERy A,BER,, aEA
ANB=C BEB

Define the projection P from functions A = {h (a)} . on the ring A to functions
Pch on the ring C' (provided C < A) by

Poch =3 h(a)

acA
az>y ~yeC

We also define the “Poisson kernel” Py at scale C' to be the mapping taking
functions h = {h (v')},.cc on C to functions Pch = {Pch (7)}, ¢ on C given by

22d(y\Y')
]Pch: {Z —2d(C) h(’)/) .
’YleA ’YGC

Now if f4 denotes the restriction y 4 f of f to the ring A, we can write (45) as
aproximately

ST N S Pe(Pe(faw) () Pe (gsi) (7)

CERn A BeRn NeC
ANB=

Z Z (Pe (Pc (fap)) , Pe (9814))

CeRn A,BERR
ANB=C

where the inner product (F,G) is given by >
notice that the Poisson kernel

~eC F (v) G (7). At this point we

. 22d(y\Y')
Po (v,7) = 2d(C)
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is a geometric sum of averaging operators A%, with kernel

AE (1,7) = 2% X Gty myy=dc)—y

namely
d(C)

=D 27FAE (1 Y). (46)
k=0
We now consider the bilinear inequality with Pc replaced by AY:

S S (AL (Po (fam) s Po (g810)) o < C Il 9l - (47)

CeRn A,BER,
AANB=C

The left side of (47) is
> 24N (Po(fan), Po(g981)c

CeRn A BE'Rn
ANB=

22‘1 Z Z I* (fap) (v) I* (gB1) () -

CeRn veC A,BER,
ANB=C

For fixed v € C, we dominate the sum ) 4 per, above by

ANB=C
> I (faw) (0 I (gap) (1) <7 (f) (7) (gp) ()
A,BER,
AANB=C

+(fu) (v) I* (gp) ()
+ > T (fu) () I (gp) ().

§,6'eC(y)
[6]#[6"]

The first two terms easily satisfy the bilinear inequality using only the simple
condition (31). Indeed,

> 24N () ( )= 2" (f) () (g) (7)

CEeRy ~veC YET,

=D 1) (Vg )

v€T,
< HI (2dfﬂ) ||[2(“) Hg||€2(u) :

Now the inequality ||/ (2 u) < C || fll2(,y can be rewritten

Hfz(u)

S Ih()p(r) <C Y h(3)?27u(y),

YET, YET,
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which is equivalent to the condition

S rp()?2Ou(y) < Crrp(e), aeT,

Y>>

which in turn is trivially implied by the simple condition I*p () 224 < C2.
It remains then to consider the “split” bilinear inequality

> 2% N (f) (6) I (9) (8) < C 11l oy N9l (48)

’YeTn 6,6,€C(7)
[8]£(6]

or equivalently the corresponding quadratic inequality obtained by setting f = g:
D20 S Fm O I (fm () <C Y f@)fpla).  (49)
’YeTn 6,6,€C(’y) acT,

[8116']

Note that we have the following necessary condition for (49) that is obtained by
taking f = xg(,) in (49):

S7200 ST Pu(s) Fp(8) < C'pa),  a €T (50)
r2a 6,6'€C(y)
[617(6'

We now show that (50) and (31) together imply (49). To see this write the left
side of (49) as

. e oo L) () I (fr) (6)
> 21 N I (8) I (8) — Ay
veT 5,[5]'6([:(?) I (6) I*p (67)

8)#(6'

and using the symmetry in 8, " we bound it by

I (fp) (6)\?
S 20 S rate rue) (FLED)
V€T, 8,6'€C(y) I*u(8)
(8]#[6']
By Theorem 3, this last term is dominated by the right side of (49) provided

S22 ST Pa@) Fu) + 240 3 Fale) e (61)

y2a 6,6'eC(v) §'eC(Aa)
[81#(8'] [a]#[6']

<ClI'p(a), a€T,.

Now the necessary condition (50) shows that the first sum in (51) is at most
CT*11 (o), while the simple condition (31) yields 24A4*) ¥, (§") < C, which shows
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that the second sum in (51) is at most CT*pu («). This completes the proof that
(47) holds when both (50) and (31) hold.

The averaging operators Af, for k > 0 are handled similarly, and we obtain
the following theorem where

G® (v) = {(n, 1) € CP (v) x W () :m AN =, [An] = [An], [n] # [0} -

1
Theorem 7 A positive measure p on the ball B, is B; (B,)-Carleson if and only
if 1 satisfies the simple condition (31) and the following split tree condition,

DY 2k N () I'u(8) < CTl'pla), €Ty, (52)

k20 720 (8,61€9™) ()

taken over all unitary rotations of the Bergman tree 7,,.

1.4.2 Related inequalities

Since

2d(aNd)—d([a] Ad]) =d(a) —d(a, Eud),

where E,a’ denotes the exit point of the geodesic [0, a/] from the slab S, we
may rewrite the operator 7}, as the following variant of a fractional integral:

Tug(a) =Y 2f@-de@Lag o/ ) (a) .

Inequality (38),
dand) <d([a] Ald]) <min{d(a),d(d)},

has the following interpretation relative to the kernel K (o, o) = 22d@re)=d(l]rle’]),
If we replace d ([a] A [@/]) by the lower bound d (o A &) in the kernel K (a, o),
then T}, becomes

Tug(a) =Y 2%g (o) u (o), (53)

o' €T,

whose boundedness on £ (i) is equivalent to p being a Carleson measure for

1
B2 (T,,), which is in turn equivalent to the tree condition (8) with o = 1 and

p = 2 (Alternatively, the above kernel is the discretization of the continuous
kernel ‘ﬁ , whose Carleson measures are characterized by the tree condition).

This observation provides another proof in the case of the Drury-Arveson space

BQ% (B,), of a more general result that shows the tree condition characterizes
Carleson measures supported on a tangential manifold (when d([a] A [o/]) =
d(a Ad) for a,a in the support of the measure). In addition, we can see from
this observation that the simple condition (31) is not sufficient for p to be a
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BQ% (7,,)-Carleson measure. Indeed, let ) be any dyadic subtree of 7, with the
properties that the two children o, and a_ of each o € ) are also children of «
in 7,,, and such that no two tree elements in ) are equivalent. Now let i be any
measure supported on ) that satisfies the simple condition

209 (a) <O, a€),
but not the tree condition

S Oru@)” <Cru(a) <o, ae.
BEY:B>a

For a,a’ € Y, we have d([a] A [¢/]) = d(a A '), and so p is a Bé (7,)-Carleson
measure if and only if the operator T in (53) is bounded on ¢* (u) , which is
equivalent to the above tree condition, which we have chosen to fail. Finally, to
transplant this example to the ball B,,, we take du(2) = >y (@) b, (2) and
show that the above tree condition fails on a positive proportion of the rotated
trees U7, U € U,.
If on the other hand, we replace d ([@] A [@']) by the upper bound min {d («) ,d (&)}

in the kernel K (o, a’), then T}, becomes

Tug (Oé) _ Z 22d(aAa’)—min{d(a),d(a’)}g (a/) M (al) , (54)

o' €Ty,

whose boundedness on £? (1) is shown in Theorem 8 below to be implied by the
simple condition (31). Thus we see that the simple condition (31) characterizes
Carleson measures supported on a slice (when d ([a] A [¢/]) = min {d («),d (/) }
for o, @ in the support of the measure). In particular, this provides a new proof
that the simple condition (31) characterizes Carleson measures for the Hardy
space H? (D) = BQ% (D) in the unit disc.

Finally, when 4 is invariant, the operator 7}, in (30) is bounded on ¢2 (u) if
and only if pu is finite. To see this we need the “Poisson kernel” estimate

Z 22(1(&/\,8) ~ 2d(B)+d([a]/\B), (8% E 7;17 B G Rn (55)
BeB

Using (55) we compute that 7},1 is bounded (and hence a Schur function). Thus
T, is bounded on ¢* () with norm at most ||u||, and by duality also on ¢* (u).
Interpolation now yields that 7}, is bounded on ¢? (1) with norm at most ||u]|.

Theorem 8 A positive measure | satisfies the bilinear inequality

Y, 22Aered)mmintd @A £ (a) (@) g (o) p (@) < C I f ez 19020z, -

a, o €T,
(56)
if u satisfies the simple condition (31).
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Remark 2 Using the argument on pages 538-542 of [31], it can be shown that the
bilinear inequality (56) holds if and only if the following pair of dual conditions
hold:

S22 (xsm) B n(B<CD p(B) <o, a€T,  (57)

B>a B>a
ST127T (xg2 ) (O] w(B) <O 2720 (B), aeT,
B>a B>a

where T is the fractional integral of order one on the Bergman tree given by,

Tv(e) =) 27" (B), acT,. (58)

BeTn

The following simple sufficient condition of Schur type is used for the proof.
Recall that a measure space (Z, p) is o-finite if Z = U¥_, Znx where p (Zy) < o0,
and that a function k on Z x Z is o-bounded if Z = UY_, Zn where k is bounded
on Z, X Zy,.

Lemma 9 (Vinogradov-Senickin Test, pg 1510f [27]) Let (Z, 1) be a o-finite mea-
sure space and k a monnegative o-bounded function on Z X Z satisfying

//Mms,t)k(s,x)dﬁb(s)SM(’f(t,w)—;k(x,t)) e (a1 e 707

(59)

Then the linear map T defined by

Tg(s) = [ K(s.0)9(t)du (0
z
is bounded on L? (1) with norm at most M.

Proof. Let Z = UY_,Zn where p(Zy) < oo and k is bounded on Zy x Zy.
The kernels

kN (S’t) = k (S7t> XZNXZN (Svt)
satisfy (59) uniformly in IV, and the corresponding operators Tyg(s) = [, kn (s,t) g (t) du (t)
are bounded on L? (i) (with norms depending on p (Zy) and the bound for k
on Zy X Zy). However, (59) for ky implies that the integral kernel of the oper-
ator T3 Ty is dominated pointwise by & times that of T% + T, and this gives
TN |1 = (| T5TN|| < 4| T + Tl < M ||Ty||, and hence ||Ty| < M. Now let
N — oo and use the monotone convergence theorem to obtain ||| < M.

Remark 3 If k(x,y) = k(y,x) is symmetric, then (59) ensures that for any
choice of a, k(a,-) can be used as a test function for Schur’s Lemma.
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Taiwan lecture 4

Friday July 8 2005

1 Introduction
We recall our interpolation theorems for Besov spaces.

Theorem 1 Let 1 < p < oo, a > —1 and kP (z) be the reproducing kernel for
B, relative to the pairing (-,-), - Let {z;};2, be a sequence in the unit ball B,.
Then the following conditions are equivalent.

1. {2;}}2, interpolates B,:

f(z)

The map f —
{nk

7 } takes B, boundedly into and onto £F. (1)
B, 1

2. The following norm equivalence holds:

=

oo ka

2y
T, |,

j=1

~ (Z |aj|P’) . e

3. The following separation condition and Carleson embedding hold:

> \

Theorem 2 Let 1 < p < oo, a > —1 and kP (z) be the reproducing kernel for
B, relative to the pairing ,-),,- Let {z;};2, be a sequence in the unit ball B,.
Ifpe(1,2+ —) then each of conditions (4) and (6) below is equivalent to the
three conditions in Theorem 1. In general, for 1 < p < oo, (6) implies (4) implies
(5). Forp > 2n (3) implies (4). If p € (1,1+ =25) U [2,00), we also have that
(5) implies (3):

Ker|

ZJ is a B,-Carleson measure.
/



1. {2;}}2, interpolates Mp,:
The map f — {f (z;)};=, takes Mg, boundedly into and onto £>°.  (4)

J=1

n
2. {k?j’p } s an unconditional basic sequence in By :

j=1
o0 o0
ijk?j’p <C Zajk?j’p . whenever |bj| <la;|. ()
=1 B, =1 B,

8. Az}, = {caj};il where {a;}77, is a sequence in a Bergman tree 7T, sat-
isfying

B(ziao) S Cﬁ (Zia Zj) 7i #] and (6)

Z (1+d(aj,0)"" ba, satisfies the tree condition (77).
j=1

1.1 Multiplier space sufficiency

Here we prove that (6) implies (4) for 1 < p < oo, and also that (3) implies (4)
for p > 2n, beginning with the proof that the multiplier interpolation property
(4) follows from (6). We generalize the main ideas in Boe’s one-dimensional proof
to the unit ball B,,. First we give the following characterization of multipliers in
terms of Carleson measures.

Theorem 3 Let ¢ € H* (B,) N By (B,) and m+ o0 > 2. Then ¢ is a pointwise
multiplier on By (By,), i.e. |l¢fllge < Clfllge for all f € By (By,), if and only if

(1= )™ 0 ()] dan (2)

is a By (B,)-Carleson measure on B,.

Proof. Using

m+o m p
losly = [ |@= 10" ™ @) an @),
together with

(0)™ (2) = ™ (2) f (2) + o+ 0 (2) ) (2)

we see that the last term ¢ (z) f™ (2) can be handled using the boundedness of
©, while the first term is handled by the Carleson embedding. The intermediate
terms are handled by an interpolation argument - see [8].
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For z € B, and 3 < 1, define the region V by
Ve = {w €B,:|l—w- Pz < (1— yz\)f’},

where Pz denotes the radial projection of z onto the sphere dB,,. The intersection
of V” with the complex line Cz through z and the origin is

{wGBnﬂ(Cz:|w—Pz|§(1—|z|)ﬂ},

and the intersection of V/ with the sphere OB, is an “ellipse” with radius

8
(1—]z))” in the radial tangential direction, and radius (1 —|z|)2 in the com-
plex tangential directions. Using arguments in Marshall and Sundberg [24], the
separation condition in (3) implies the following geometric separation conditions.

Lemma 4 Suppose the separation condition in (8) holds. Then there are con-
stants 0 < B <1 < Bn < n such that Zfoﬁszf # ¢ and |z;| > |z, then z; ¢ szf
and

(I =lz) < (@ —lz)", (7)

We now fix constants 3 and 1 as in Lemma 4, and write V, = V.

Lemma 7 below is the key construction in the sufficiency proof and is moti-
vated by the formula ((1.35) in [39])

s—n,n ( 1 ) — 1
(1 —E'Z)IJFS (1 _E_Z)nJrlJrs’

valid for s not a negative integer. The point is that if we define

g (2) E/ g (w) (1~ [wl’) dw (8)

(1—w- Z)HS

for a given (not necessarily holomorphic) function g, then with ¢ (2) = ;g (2),
so that ¢ is essentially an n-fold antiderivative of g, we have

g (w) (1 —Jwl*)"
(1 — - Z)n+1+s

R (z) = R Tsg () = / dw, 9)
Br

and by the reproducing formula valid for Re s > —1, we also have that

Remp (w) (1= fuf?)’

(1 — - Z)n+1+8 dw.

RS—’IZ,TLSO (Z) — Cnﬁ/

n

Thus R*~™"¢p (w) behaves morally like g (w), and this provides flexibility in choos-
ing g so that ¢ has desirable algebraic multiplier properties on the one hand, while
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controlling the multiplier norm of ¢ on the other hand. Indeed, by Theorem 3, the

n p
multiplier norm is equivalent to the Carleson norm of ‘ (1- |z\2) Vp (z)‘ d, (2),

which can in turn be dominated by the “tree condition” norm of ‘ (1- |z]2)n g(2) ‘p d\, (2)
by the lemma in the next subsubsection.

Finally, we note that the construction of an approximate zero-one Dirichlet
multiplier in Lemma 7 below (which results in a holomorphic function that is
close to one on a Carleson tent and close to zero away from it) is a substitute for
Jones’ clever construction of an exact zero-one Hardy multiplier in the disk using
Blaschke products. In the analogous result on the Bergman tree, the Dirichlet
multiplier construction is given simply by defining a sequence b/ = {h’ (@)} o7
to satisfy 4’ (a;) = 1 and to decrease linearly to 0 on a sufficiently small stretch
of the geodesic preceding o, and then “linearly” to 0 off the geodesic as well. See
[7] for such constructions.

Terminology We say that a measure p on B,, satisfies the tree condition if its
discretization p does.

It is here that we first use the tree condition in a significant way.
1.1.1 Transformation of Carleson measures

Lemma 5 (analogue of Lemma 2.4 in [12]) Suppose that g satisfies the following
reverse Holder condition on Bergman kubes,

(/a|9(z)|pd>\n(Z)>% SCO/JQ(Z)M)\”(Z)’ aeT, (10)

and that the measure

du(2) = | (1= 12P)" g ()] doa (2)

satisfies the tree condition with norm Cy. Then for s sufficiently large, both
2\ ps—n,n p
)(1— 22)" BT g (z)‘ d\, (2)

and

(1= 12P)" 9"Tag ()] (2)
satisfy the tree condition with norms at most C (Cy + CY).

Note that it then follows that both measures in the conclusion of the lemma
are B,-Carleson measures. The proof of the lemma uses only Schur’s test and
lengthy calculations involving discretization of functions and measures, and uni-
tary rotations of the Bergman tree. We emphasize again that this is where the
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tree condition is used in a significant way. The multiplier norm of ¢ (2) = I'sg (2)
is the same as the Carleson measure norm of

m-+o p
(1= 12P) "7 9T ()] (2),

and the tree condition norm of this latter expression is estimated by the tree
condition norm of

n »
(1= 12" g ()] (2).
Following Boe [12] one can prove the following alternate version of Lemma 5,

where the tree condition is replaced by the B,-Carleson measure condition, for

the range p > 2n with s > n — i This version will be instrumental in proving

the implication (3) implies (4) for p > 2n below.

Lemma 6 (another analogue of Lemma 2.4 in [B]) Suppose that

sup [ (1= [¢)" 9.(0)] < Co. (11)

¢EB,

and that the measure
n p
du(2) = |(1= 1) " g (2)] dra (2)

is a Carleson measure for B, with norm Cy. Then for p > 2n and s > n — i,
both

(1= )" BT (2)] da (2)

and

n P
’(1 - |z|2) V"Tsg (z)‘ dn, (2)
are also Carleson measures for B, and with norms at most C (Cyp + C4).

The simpler Lemma 6 uses the characterization of B, given by Theorem 6.28
of [39], which states that

I~ [ [ |1'f_(;) _‘Zﬁ(ﬂwdumz)dut(w), (12

1I,n=1
2nn >1
when n > 1, we instead need to use the the tree condition to obtain Lemma 5.

provided ¢ > —1 and p > . In order to obtain the full range 1 < p < oo



1.1.2 Multiplier approximations

The next lemma constructs a holomorphic function that is close to 1 on the
Carleson region associated to a point w € B,, and decays appropriately away
from the Carleson region. We follow Boe’s proof in [12], which adapts a real-
variable argument of Marshall and Sundberg in [24] to produce a holomorphic
multiplier approximation. Given # < p < a < 1, we will use the cutoff function
Cp.o defined by

0 fory<p
Cpa () =q apforpsy<a. (13)
1 fora<y

Lemma 7 (analogue of Lemma 4.1 in [12]) Suppose s > —1. There are p and «
satisfying B < p < a < 1 such that for every w € B,,, we can find a function g,

so that
w(§) (1= 1%’
ol =T = [ S OER
satisfies
P (W) =1
bl = (0N +0 ((lrrt) ) e Ve g
G (z)lSC(logH#)lp, 2 ¢ Va

where 7y, (z) is defined by

=% Puw| = (1—|uw?)™"

and ¢, o s as in (13). Furthermore we have the estimate
o2\ T p 1 1-p
[ la=1e9" @ @ ac <0 (o) T 0)
By, 1 — |w]
The final estimate (15) will lead to the Carleson measure estimate for
n P
‘(1 — 2P} g(z)‘ dh, ().

Remark 1 The proof of Lemma 7 shows that the third estimate in (14) can be

vastly improved, and also holds for a larger range of z; namely there is 8 < 3, < p
such that

1\ (0=B1)(1+)
|g0w (Z)| SC(lOgl_iW> (1—|w|2) P—P1 , Z¢V£1

This fact will be used in the proof of Lemma 8 below.
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Proof. Define g, () by
9w (O (L-1C)" _ (1
(1 . Z ) ’U)) 1+s 0g

when ( lives in the annular sector S centred at Pw given as the intersection of
the annulus

1 ! = —n—1
— W) 1-C-Po|™t, (6)

A=Ay, = {CeIB%n: (1—jwP)* <[1-C-Puw| < (1- |w|2)”} (17)
and the cone
C=Cp={CEBy: m(¢-Pw)| +[¢~ (¢ Pw) Pul’ <c(1- [T Pul) },

where cis a suitably small constant. Define g,, (() = 0 otherwise. The following
observation will be used repeatedly.

Remark 2 The cone C, corresponds to the geodesic in the Bergman tree T,
joining the root to the “boundary point” Pw. To see this, consider the case
w = (t,0,...,0) and ¢ = (reie,g') with re?® = x + iy, so that Im (C m) =,
¢—(¢-Pw)Pw=(0,") and1—|{- Pw|=1—r.

Now choose K so that ¢, (w) =1, i.e.

-1
K= (o) ([ 1= rol )

which satisfies
(18)

since the annular sector

Sa:{CEBn:ag}1—Z-Pw|§2a}ﬂc

is comparable to a Bergman ball of radius one, |1 — ( - Pw|7ni1 d¢ is comparable

to invariant measure d\, (¢) on &,, and S ~ Uj:052j<17|w|2)a where
1 — |w‘2 P
J = log(—2)a = (p—a)log (1 - |w|2) .
(1= Jwl)
Note also that
[1-C-Puw|~[1-C-w|~1-|(, (€S, (19)
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and so g,, satisfies the estimate
1\ - -
19w (€] SC(IOgm) 1-¢-Pw| ", (€B,. (20)

Now fix z € V,, and set
Bi={¢eB,:|1-T- Pul < (1-[uwf)™7},
Ey=B,\ B = {g €B,:[1-C-Pu|>(1- \wﬁ)”"z)}.

Thus the common boundary of E; and Es passes through z. The main contribu-
tion to ¢, (z) will come from integration over Es. Thus we write

¢w<z):/Egw<<)(1_K|)dC+/Egw(O(l_K‘)dC:I"‘II-

(1_6‘2)1“ (1_2_2)1“

By (19), (20) and the definition of v,, (2), term I is dominated by C' (log T1w|2>

times s
/ L) a0
{(1=Iw?)*<|1-¢-Pw|<[1-7-Pw|}nC }1 —(- z‘ " ’

which is at most a constant C since

1-C-z|~|1l-%-Pw|, (€CNE;.

1 1
I <cC (logﬁ> .
1 — [wl
We now write

g0 (©) (1= ICP)°
S d
/E'QQS (1_62)14—8 C

:/ {gw@) 1= ¢ gw(©) (1—|<\2)5}dc

mrs | (1-C-2)""" (1-C-w)™
9w<<)

+/Ezm$ (1—

1- ¢’
=JIT+1V.

Thus we have

~—

NN

)1+s dC

N

W

The point of isolating term IV is that the variable z occurs there only in the
exponent 7, (z), and this leads to the following exact calculation. Using (18),

9



—1
and that g, is supported in S, we calculate that term IV is <log ! ) times

1—|w|?

_ e _ 1
1T P " g = 2B =Py, .
nc a—p 1 —|w|

in the case p < v, (2) < a. We also have IV = 0 in the case 7, (z) < p, and
1V =log ﬁ in the case @ < 7, (z). This gives the estimate

1 1
IV =c,0 (7, (2)) + O ((logiz) ) ., z€V,.
1 — |w|

Using
1 1

— <

= 1+s = 1+s| —
(1-¢C-2) (1-¢-w)
together with (19) and (20), we obtain that

|2 = wl

C 2+s
(1—1¢P)™"

111]<C /E 19 (O (= 1¢7) |z g

1 - _
<Clz —w| <log 1_7’10’2) /Ems (1-1¢?) Yd\, (€)

1 -1
<C <log 2) :
1 — fuwl

as required. This completes the proof of the second estimate in (14). 3
We now turn to the third estimate in (14). For z ¢ V,,, we have [1— (- z| >

c(1- |w|2)ﬁ for ¢ € S, and thus

ool < (e ) | (%) N
C

1\ o\ (0—B)(1+5)
log—— ) (1—|w
( g1—rw|2> (1= Jwl)

Finally, the estimate (15) is a calculation using (19), (20) the definition of the
support of g,,. Indeed, the left side of (15) is at most

1 —-p 1 1-p
C/ (log —2> d\, () < C (log —2> :
S 1—|w| 1 —|w|
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The next lemma uses Lemma 5 to construct inductively a holomorphic func-
tion whose restriction to the sequence {z; };‘;1 approximates an arbitrarily pre-

scribed bounded sequence {f j};il

Lemma 8 (analogue of Lemma 4.2 in [12]) Suppose s > —1, that {é’j};; SN
and let 0 < 6 < 1. Let ¥j: 9i and y; correspond to z; as in Lemma 7 and with
the same s. Then there is {a;};-, € {>° such that ¢ =Y .2, a;ip; satisfies

[{6—e@}|,. <6 (e, (21)
and
Haiks e Il o,y < € H{sj};“;l @ (22)

Remark 3 The series Y .-, a;p; in Lemma 8 converges absolutely for each z €
B,. In fact, the proof below will show that (using #G, < C( (0, 2;))

1
Zm |<C(1+1og7), z € B,.
1—1z

Remark 4 The construction in the proof below shows that both the sequence
{a;};2, and the function ¢ depend linearly on the data {f ; };’il

Proof. We follow the proof of Lemma 4.2 in [12]. Let H{fj }j‘;l
first choose J so large that

1 - 1-p
sup (log 1——|zj|) + Z (log ] J|) <, (23)

j=>J

=1. We
goo

where € > 0 will be determined later. Note that the series above converges by the
Carleson embeddmg By standard arguments in [24], we may discard the finitely
many points {zj} . Thus we may assume that J =1 in (23).

Order the pomts {zj} °, sothat 1 —|zj41] < 1—|z] for j > 1. We now define
a “forest structure” on the index set N by declaring that j is a child of ¢ (or that
i is a parent of j) provided that

i<, (24)
V., CVa,
V, GV, fori<k<j

Note that a child j chooses the “nearest” parent ¢ if we have competing indices ¢
and 7 with V, CcV,NV,,. We define a partial order associated with this parent-
child relationship by declaring that j is a successor of i (or that 7 is a predecessor

11



of 7) if there is a “chain” of indices {i = ky, k2, ..., km, = j} C N such that ke ; is
a child of k;, for 1 < ¢ < m. Under this partial ordering, N decomposes into a
disjoint union of trees. Thus associated to each index ¢ € N, there is a unique
tree containing ¢ and, unless ¢ is the root of the tree, a unique parent P (¢) of
¢ in that tree. Denote by G, the unique geodesic joining the root of the tree to
¢. We will now define the coefficients {a;},>, of ¢ = > "7, a;p;, where @, is the
function ¢, in Lemma 7 with w there replaced by z;, by considering separately
the indices in each tree of the forest N.

Let Y be a tree in the forest N with root k. For each k € Y\ {ko}, define
Bk S [07 1] by

B =c (VP(k) (Zk)) )

where the functions ¢ = ¢,, and V; = 7., are defined as in the statement of
Lemma 7 with w there replaced by z;. Note that by Lemma 7 with w = zp,,
we have the estimate

-1
1
Pp(k) (z1)=c (WP(k) (Zk)) +0 (10g —2>
L= [z2pg0|

-1
=06+ 0 (log %) ,
1~ |zp@)|

which can serve as motivation for the definition of the coefficients given below in
(26). Indeed, with gross oversimplification, what we want is

§pe =0 (2x) = arpy, (21) + apw)Ppu) (25) + -
R ag + app)fy + -
which leads to (26).

We will now define numbers {ax},,, by induction on the linear ordering in )
induced from the natural ordering of N, so that

> SQ (25)
25
‘Ziegk\{ko} Biape| <1

holds for all £ € Y. First define a, = . Now fix £ € Y\ {ko} and assume that
ay has been defined for all k € ) for which k£ < ¢ so that (25) holds for all k € Y
for which k < ¢. We now define a, by

ap =&, — Z 5iaP(i)~ (26)

1€Go\{ko}

Of crucial importance is the observation that the geodesics G, and Gp(y) are related
by
Grwy = Ge \ {¢},

12



ie. if Go = [ko, k1, ..., km—1, ki) with k,, = £, then k,,_; = P ({) and Gpy) =
[ko, K1y -y km—1]. At this point the reader should draw a picture. The region
Vzkj = Vzi is essentially a Carleson tent with vertex not at z;,, but rather at
the point z,fj lying on the ray through z;, and having distance (1 — |zkj |)ﬁ to the
boundary, much larger than the distance 1 — ‘zkj ‘ from z;, to the boundary. Note
that z;, can have infinitely many children in the tree ), one of which is the point
2k;,, having Vzkj+1 - Vzkj with 1 — ‘ij+1| <1- ‘zk]‘ Finally, note that ;4
equals 1 if 2, , lies within the smaller Carleson tent Vzi]_, Bj41 equals 0 if zy,
lies outside the Carleson tent VZ’;j, and (3, is defined linearly in (0,1) for z,,,
within the annulus of Carleson tents Vzij \ V;;ak] By the induction assumption

and the fact that P (¢) € Y and P (¢) < £, we have
Z Biapu| < 1.

i€Gp(e)\{ko}

We have from (26) and the above that

> Biapw| = o Bare) | 8 | Ep— D, Biarn

i€Go\{ko} 1€Gpe)\{ko} i€Gp(e)\{ko}

=1Bpwy + (1= By) Z Biapq)

i€Gpoy\{ko}

<pB, }fp(z)‘ + (1= 8,) Z Biapam| < 1.

i€Gp(e)\{ko}

From this and (26) once more it immediately follows that |a,| < 2, which shows
that (25) holds for & = ¢ as well. This completes the inductive definition of
the sequence {ax},., satisfying (25) on the tree ), and hence defines the entire
sequence {a;};- ;.

We omit the proof that both (21) and (22) hold for the function ¢ = > 2, a;;.
1.1.3 The proof of multiplier interpolation
Using Lemma 8, we first complete the proof that (6) implies (4) for 1 < p < oc.

Fix s > 1,0 < 6 < Land {&}7, with |[{¢,}7| _
8 there is f1 = 3%, alp; € H* (B,) such that |[{¢; = fi ()}, |
[y | 1 fill groe s,y < C where C'is as in (22). Now apply Lemma 8 to the
sequence {&; — fi (z])};)il to obtain the existence of fo =Y o0 afp, € H* (B,)

= 1. Then by Lemma

< 6 and
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such that | {€; — fi () = o ()} 2, ., < 8" and {212 |ows ol < 5
where C' is as in (22). Contmumg inductively, we obtain f,, = > o0, al"p; €
H*> (B,,) such that

fj - Zfi (zj)} <o,

Y2l » 1 fonll oo e,y < €™

If we now take ¢ = > 7 f,, we have

§=v(z), 1<j<oo (27)
HSOHHw(]Bn) <Cs,

as well as ¢ = > °, a;p; with [[{a;}° ||, < Cs. Recall that the series ¢ =
> 2, aip; converges absolutely by Remark 3, and depends linearly on the data
{§ j };il by Remark 4 and the linear construction in this paragraph. Thus ¢ €

H*> (B,,) linearly interpolates the values {5 j };)O , on the sequence {7 }] 1
it remains to prove that ¢ € Mp,. Recall that our function ¢ depends on our

choice of s > —1.
By Theorem 3, ¢ € Mp, will follow if we show that

and

<. (28)

Carleson

H)(1 — |2?)" Ve (z)‘pd)\n (z)’

Since - -
=Y ap; =Y alyg =Ty
=1 =1

where g = 7%, a;9; with sup;s; |a;| < Cs, (28) will follow from Theorem 7?7 and
Lemma 5 for s sufficiently large provided we show that (10) holds and that

(1=12P)" 9 ()] dx (2)

satisfies the tree condition. From the definition of g; in (16), and the fact that
the supports of the g; are pairwise disjoint by the separation condition, we may
assume that the reverse Holder condition on Bergman balls in (10) holds. The
tree condition estimate will follow from the next lemma.

Lemma 9 With s > n — z% and g =Y~ a;g; as above, we have

<C. (29)

tree condition

|| =12P)" g 2)] ara (2)
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Proof. Inequality (29) follows from the estimate (15) as follows. If we discretize
(15), we obtain with w = z; and S (a) = V,,

Y, (-l g0 <0 (10g - : ,2) - (30)

BeT, B>a — |z

Denote the Carleson tent at cg by S (5) =T = U,>pK,. We are assuming that
oy fe'e) 1_p .
the tree condition holds for the measure v = ) i1 <log ﬁ) b2, 1.e.

> (X <log — _LF) (31)

BET,:B>a \ 2;€Ts

= Y rvEy

BETn:fza

1-p
<C"TI'v(a) =C” Z (log ;> <oo, aeT,.

2
ngTa 1 - |Z]|
If we now also discretize (29), we see that we must prove

ST ru@” <C'ru(e) <o, acT,

BETw: B>

where

p
)

(B == leal®)" 9.(8)
g(5) = / gl dAn,
Fp(e)= > u(d),

BETn:f>a

p
for all g = >, a;g; as above. Since v = 777, <log ﬁ) 6., satisfies the
1%
tree condition, it suffices to prove

Yo ru <c’rv(e), act,. (32)

BETh: B>

Indeed, (32) shows that p+v satisfies the tree condition , and now the equivalence
with the Carleson embedding on the tree shows that  satisfies the tree condition
as well (since the Carleson embedding is preserved for smaller measures).
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Now g = Y2, a;g; where the supports of the g; = g,, are pairwise disjoint by
the separation condition on {zl}fil Fix o € 7,,. Then we have

Soorur= > > m))

BeTh:B>a BE€Tn:f>a \v€Tn:y>0
1 - |CW| (Z a192>

- > | X
DN D DRI RN (RPN RAC)

BETn:B>a \y€Tn:v>p
BETw:B>a \i:2;€Tg YETn >0

Now we use (30) to dominate the last sum above by

Y DI u)l_p

BETh:B>a \i:2i€Tp

00 / 1 o
<C|{ai}is [ Z Z (bgm)

BeTn:f>a \i:2;€Tg
1-p
<C ) <1og1 2) — CI'v(a),

Jizj €Tn
where the final inequality follows from (31). This establishes (32), and completes
the proof of Lemma 9.
With this done, we have completed the proof that (6) implies (4) for 1 < p <
0.

— |24

We now prove that (3) implies (4) for p > 2n. For this we will argue as above
but with Lemma 5 replaced by Lemma 6, and with Lemma 9 replaced by the
following analogue.

Lemma 10 Suppose (3) holds. With p > 2n, s > n — z% and g = Y 2, a;g; as

above, we have

l[a=12P)" g )] dnn (2)]

<. (33)

Carleson

Proof. Inequality (33) follows from estimate (15),

/ =16 g @f oy dc < € (1og ﬁ) (34)

16



as follows. Fix an index ¢. From Remark 2 we see that the support of g,, is
essentially the union of a geodesic segment of Bergman kubes K, K3, ..., K},
where

1
M; ~ (o — p)log 5
1— |Zz|
Indeed, recall that the support g, is contained in the intersection of the cone C.,
and the annulus A,,. Now for ¢ in the cone C,,, we have ‘1 —(- Pzi‘ ~1—|¢,

and thus for ¢ in the annulus A,, as well, we have approximately

1 ! € ( 1 L 1 L )
0og —— € ( plog ———, alog———= |.

1= (] 1 — [z 1 — [z
Thus ¢ € supp g., lies in the union of those kubes in 7,, along the geodesic joining
the root to the “boundary point” Pz;, and having tree distance from the root lying
roughly between pg (0, z;) and af (0, z;). Moreover, this segment can be contin-
ued to a longer sequence of adjacent Bergman kubes K}, K3, ..., K, , .. K} = K.,
connecting the support of g,, to the kube K, containing z;, and where

J; ~ log (35)

1—|z[*

Choose w; € K; for 1 < j < J;. Then we have for z € K, 1 < m < M;, and
f € BP (Bn)a

) = f )] + 37 0F ) = f o)+ [F (s £ ]+ £ (2
SIF ) F )+ P YD1 () = F (wgn) P
15 (ws) ~ P+ 1F P

sO(J»“X( max *|f(z1)—f(z2)|> FOIf P

If )" =

=1 \#1z2€(Kj)

Using this together with (34), (35) and the fact that the supports of the g, are
pairwise disjoint, we obtain

/Bnlf(z)\”

gczjj ( max | (z1) —f<z2>\)

zl,zg€<K;)
1 1=p
+C D)1 :
S15 ) (ogl_w)

17
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Since the kubes {KJ’} are pairwise disjoint by Lemma 4, the first term on the
right is dominated by

> (a1 G = Fal) < CUl

21,290€K,
OLETn ’ “

by Theorem 6.30 of [Zhu]. The second term is dominated by C'[|f|[ g, since

p
we are assuming in (3) that ) . (10g ﬁ) 6., is a B, (B,,)-Carleson measure.
This completes the proof of Lemma 10.

Arguing as above, the proof that (3) implies (4) will follow from the char-
acterization of Carleson measures on trees, together with Lemma 6 provided we
show that (11) holds and that

(L= 1) g (2)] dr ()

is a B, (B,)-Carleson measure. From the definition of g; in (16), and the fact
that the supports of the g; are pairwise disjoint by the separation condition, we

have that (11) holds. Lemma 10 above shows that ‘(1 — \z|2)ng (z)‘p d\, (z) is

a B, (B,)-Carleson measure for p > 2n, and this completes the proof that (3)
implies (4) for p > 2n.
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Taiwan lecture 5

Monday July 10 2005

1 Introduction

Definition 1 For 1 < p < oo and m > 0, define the Besov space By, (T) on a
tree T to consist of all sequences f = {f ()}, o7 such that

g, ={ D }(Q’d)m(2dA)mf(a)\p + Y (@<

a€T:d(a)>m d(a)<m-—1

Note that in comparing this definition to the standard definition of Besov
spaces in the unit ball of C", the term 2~¢ plays the role of (1 — |z|2), and 2¢ A
plays the role of gradient.

Remark 1 The restrictions of linear functions on the ball fail to belong to B, (7,

for p < 2n, n > 2 (on the other hand, the analogous linear functions f(a) =
274 on the tree belong to Byo (7y,) for all 1 < p < 0o). Indeed, if f(2) = 21,
then for most a € T,,, in particular for those o at a distance at least ¢ > 0 from
the complex line C (1,0, ...,0), we have

Z FB) = f@l= Y 18 —an| m e,

BeC(a BeC(a)
where C (a) denotes the set of children of a.. By property 4 of Lemma 7?7, we have
#{a €T, d(a)= N}~ N,
and thus
115 oy = 1N,y = €D Z 1f (B a)l

a7, \pBelC(a

2



e D M

€T, N=1 aeT,:d(a
~ § 2nN0 —pN6’ — 0

if 2n —p > 0. In fact, the restricion of this f fails to belong to B, (7y,)for any
m>1andp<2n,n > 2.

What is needed now is a definition of Besov space on a tree that involves
complex structure sufficient for higher order differences, or “derivatives”, to be
properly defined. This is introduced in the following subsection.

1.1 Structured trees

In this subsection we introduce an alternative definition of B, ; (7,) that is bet-
ter adapted for generalization to those higher order differences that reflect the
underlying complex structure of the Bergman tree. We must first interpret the
fact that for a holomorphic function F' in B, (B, ), the differences F' (3) — F («)
are related as [3 ranges over the children of a fixed a; namely they are close to
F'(a) (B — «). Thus we wish to define in a natural way the notion of a complex
derivative f’ of a complex-valued function f on the Bergman tree 7,,. It is con-
venient at this point to consider trees more general than 7,,, namely those with
a complex structure.

An n-dimensional complex structure ¥V on a tree 7 is a collection of n-vectors
V = {Va}aer> Va € C*. We can “immerse” the structured tree (7,V) in C* by
identifying o € T with the point ¢ (a) = v, + ), 5., Vs € C". For example,
the standard embedding of the Bergman tree 7, in the ball arises in this way
from the complex structure V = {c, — CAa}aeTn on 7,. In general however, the
map a — c¢(a) need not be one-to-one, hence the term “immerse”. Additional
properties of V will be required below.

Define the (backward) difference operator A on functions f mapping the tree
T to C by

A fla)=f(a)=f(Aa), a€T,
where Aa denotes the predecessor, or immediate Ancestor, of a (we reserve P
for projection). We denote the set of children of @« € 7 by C(a). We now

assume that dim (7) is finite, so that in particular, there is an upper bound N
for the branching number of the tree, i.e. #C(a) < N for all @ € 7,,. Let

{a? };%:Cl(a) = C («) be an enumeration of the children of a. Then for o € 7 we
define the linear map L, : C* — CV by

Lq (W) - (W *Vai )jvzl )



with the convention that o/ = o and v,; = 0 if #C (a) < j < N. We now make
the assumption that L, is one-to-one for all « € 7. Then given a complex-valued
function f on 7 we can define its complezr derivative f'(a) € C™ as follows. Let
P,, denote orthogonal projection of CV onto the range of L, and let Q, = [ —P,.
Denote by D, f the N-vector of (forward) differences of f:

N

Duf = (£ (?) = f (@)}, = (& f (o)), €CV,

where A f (o) = f(a) — f(a) =0 if #C (a) < j < N by our convention. Then
we define
f'(a) = Ly'"Pa (Daf)
so that
(F(0?) = £ (@)L, = (f' (@) Var)}y + Qo (Daf). (1)

In the case of the natural complex structure introduced above on the Bergman
tree 7,,, we have v,; = o/ — a and (1) is thus an analogue of Taylor’s formula
of degree one on 7,,. We now make this more precise in the special case of the
Bergman tree 7,.

We also define the difference

ANa=a— Ao, a€T,

where we identify o with the center ¢, of the Bergman kube K,. We view the
set of differences

Daf = (5 f (o))},

as a vector of complex numbers of length N, i.e. D,f € C¥, choosing N larger
than the branching number at any element of the tree. This is simply a matter
of convenience and we could just as well have worked with C replaced replaced
by C#¢(@ at each element a, but at the expense of more complicated notation.
We also consider the corresponding family of differences

N

(8a%),,

as a vector of points in C” of length N, i.e. in (C")".
The linear map L, defined above sends v € C" to the point

L,v= (V~ (a’ — O‘))j=1 e C".
Note that for the Bergman tree, the map L, is one-to-one since the collection of
n-vectors (af — a)jv:l has rank n if 6 > 1 is chosen large enough. Recall that P,

is the orthogonal projection of CV onto the range of L, (which has dimension n



since L, is one-to-one) and Q, = I — P,. The complex derivative f’ (a) of f at
the point « is then the unique vector v such that

Lov =Py (Dof).

Thus we have
; N
Laf/ (Oé) = Pa (Daf) = (f, ((1/) : (Oé] - a))j:1 :

Now denote the radial and tangential components of f’(«) by f’ («) P, and
f' () Q4 respectively, where P,z = ﬁa, and Q, = I — P,. Here we are viewing
[’ (a) as belonging to the space £ (C",C) of linear maps from C" to C, and
P, Qu as belonging to the corresponding space of linear maps £ (C", £ (C"*, C)).
Thus we have decomposed the difference set D, f as

Dof=(sf (oﬂ'))jil (2)
— (f' () Py - (o — a))j.il
+ (F(@) Qa- (oF =),
+Qs (Do f) .

In our alternative definition of the Besov space B, (7,,), we weight the various
components of this decomposition in accordance with the complex structure the
Bergman tree 7,, inherits from its embedding in the unit ball B

Definition 2 For 1 < p < oo, define the holomorphic Besov space HB,; (7y,)
on T, to consist of all complex-valued sequences f = {f (@)}, such that

1 o, sz =1 O + D e @0 f' (@) Po + e~ £ (@) Qal”

a€eT,

+ 3 [QaDafl” < o0.

a€T,

Remark 2 The expression
‘e—2d(a)0VPa + e—d(a)era‘
1s the tree analogue of

— P,v Quov _
B(a)v) -v= v,
mo (5

1 82 1 . . . .
where B (z) = 1 550%; log R 1s the Bergman Riemannian metric on tan-

gent vectors v at the point z in B, that leads to the Bergman distance 3 - see
Chapter 1.5 of [39].



The equivalence of the norms ||-[|5 (7, and ||| zp (7, for 1 <p < oo and ¢
sufficiently large follows from the next result.

Definition 3 For a vector v € C" and o € 7T, let
v], = |e‘2d(a)9vPa + e_d(a)nga‘ =+ (B(a)v)- V.

Lemma 4 For 6 sufficiently large in the construction of the Bergman tree 7T,
and for all 1 < p < oo, we have

(Zmaﬂp) ~ (Z |f’<a>|§> + (Z |Qa1>af|p>
a€eT, a€eT, acT,

Proof. Since P, and Q,, (respectively P, and Q,) are orthogonal projections on
CN (respectively C"), we have

[Dafl* = [PaDafl’ +|QuDafl’
= |Lof' (@)* +QuDa fI*
~ |e—2d(a)0f/ (a) Pa‘2 X }e‘d(a)(’f' (a) Qa‘2 +|QuDofI
=|f (@)% +1QaDafI”,

where the third line follows from
PaDafI*=|Laf (@)

:‘{f’(a)Pa 'Pa (Oéj —CY> +f,(Oé)Qa 'ch (aj _a)};'vzl
~ ‘ede(a)Gf/ (a) Pa}Q I |€7d(a)9f/ (a) QQ}Q '

To see this last equivalence, we note that both

2

Z |P. (o —a)| > ce —2d(e)0, (3)

Z|Qa '~ }>ce d(e)f,

The first inequality is obvious. The second inequality follows if # > 1 is chosen
sufficiently large, since the set of projections onto the sphere Sy(a9 of the children
C(a) is e 2 (Cy-dense in the qube Q?(a) = K, N Sya)p corresponding to K.
Indeed, there are roughly 62"9 children of o whose projections onto the Bergman
sphere Syq)e all lie in Q . Since the Bergman distance (3 is preserved by
automorphisms, we see upon mapping matters to the origin that these projections
are roughly e~?’-dense in the Bergman distance. With this established for e=2¢
sufficiently small, we now see that the vectors {Q, (af — oz)}jyzl are sufficiently
well distributed that (3) holds uniformly in .
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1.1.1 An abstract approach

The purpose of this short subsubsection is to illustrate the flexibility of defining
spaces via “derivatives” on trees, by including a variety of classical spaces within
a generalization of this framework.

Given a tree 7 with branching number bounded by N, we can more generally
than above, suppose that we are given an m-dimensional complex vector space W,
and for each o € 7, Hilbert space norms [-], and {-}, on W and C* respectively,
and a one-to-one linear map L, from W to CV. Then we can define a derivative
f'(@) € W by

F(@) = L;'Pu (Daf)

where D,, f is the (forward) difference set defined as above, and P, is orthogonal
projection onto the range of L,. With Q, = I — P,, define a norm on CV by

w2 = [LPa (w)]2 + {Qa (W)}

Then we define a Besov space norm | f{|5 7 by

1,y = 1 F + D If (@)l

a€eT

In the case 7 = 7,, and W = C", with L, defined as above and

[V]a = |V‘a — ‘€*2d(a)evpa + e*d(a)era‘ , v € (Cn’

{who=Iwl, weC",

we obtain that B, (7) is the holomorphic Besov space HB,; (7,,) defined above.
If however we take W = CV, L, = I and the norms [-], and {-}, to be the
Euclidean norm on C¥, then B, (7) is the abstract space B, (7) defined earlier.

For another example, suppose that 7 is a homogeneous tree with branch-
ing number N. Take W to be the orthogonal complement in CV of the one-
dimensional subspace C (1,1, ...,1) generated by (1,1,...,1), and let [-], be the
restriction of the Euclidean norm to W. Let L, be the natural inclusion of W
into CV. Finally, let {-}, be the trivial norm on C" that is infinite on all nonzero
vectors and vanishes on the zero vector. Then B, (7)) is the martingale of all /?
functions on the tree 7 satisfying

fo)=5 Y 1), acT
BeC(a)

We will now construct holomorphic Besov spaces on Bergman trees 7, that
model the Besov spaces B, (B,,) on the ball.



2 Holomorphic Besov spaces on Bergman trees

Our goal here is to obtain a definition of a holomorphic Besov space H B, (7,,)
on the Bergman tree 7,, so that the restriction map is bounded from B, (B,,) to
HB,,,(7,) in the range p > 22, while retaining as many of the properties of
the abstract Besov space B, , (7,) as possible. One essential property we wish
to retain is that Carleson measures for HB,,, (7,) be characterized by the tree
condition , as that is the condition needed to prove the sufficiency implication for
multiplier interpolation on the ball. Another essential property is an appropriate
positivity of “derivatives” of reproducing kernels for H B, ,, (7,,), as that is needed
to prove the necessity of the tree condition for multiplier interpolation on the ball
in the difficult range 1 + ﬁ <p<2
Recall that the restriction map is bounded from B, (B,,) to B,; (7,) in the
range p > n = 2. Of course the Carleson measures for B, (7,,) are characterized
by the tree condition, and the first order difference of the reproducing kernel for
B, 1 (7,) is nonnegative (the analogues of these latter two properties actually hold
for all B, (7,)). This demonstrates that the abstract Besov space B, (7,,) has
the properties desired of our holomorphic Besov space for p > 2n, and in view of
Lemma 4, we have
HB, (T,) = Bya (T,). (4)

However, the abstract Besov spaces B, ., (7,,) on trees do not capture the higher
order derivatives of holomorphic functions in the ball. Indeed, higher order tree
differences vanish on appropriate polynomial functions of »~4®) on the tree, but
not on the restrictions to the tree of polynomials on the ball, even though the
corresponding derivatives are identically zero on the ball. In particular, recall
from Remark 1 that linear functions on the ball do not restrict to B, , (7,,) for
p < 2n for any m > 1.

We begin with the holomorphic Besov space HB,; (7,,) already defined, and
derive its reproducing kernels relative to the duality pairing induced by the norm
|-l HB, . (T,) along with their positivity properties. In preparation for an induc-
tive definition of the higher order Besov spaces HB,,, (7,), we must also derive
the analogous theory of the Besov spaces H Bl(fl) (7,,) of k-tensors defined on 7,
as we will view higher order complex tree derivatives f*) (o) as tensor-valued
functions on the tree. To expedite this process, it is advantageous to consider
first the order zero case, and develop the required tensor apparatus for /P spaces,
the order zero analogue of a holomorphic Besov space. Then we proceed to de-
fine HB,, (7,) inductively for m > 2 and establish the appropriate positivity
properties of their reproducing kernels, which will require a careful choice of the
structural constants A and 6 in the construction of the Bergman tree 7, along
with an additional modification of the centers of the Bergman balls. Finally,
we establish for these spaces the Carleson measure theorem and the restriction
theorem, and then complete the proof of the multiplier interpolation loop for



1 <p <2+ ==, that was previously left open.

2.1 The order zero and order one holomorphic Besov spaces

Recall that for 1 < p < oo we defined the order 1 holomorphic Besov space
HB,1(7,) on 7, in Definition 2 to consist of all complex-valued sequences f =

{f (@)} ez, such that

1 W, sy =1 @F + D [ (@) Pu 75 £ (@) Qu|
acT,
+ Z |QaDaf|p < o0,
a€T,

where we have written

r= e (5)
for convenience, so that,

1— |(1/’2 o e—2ﬁ(0,o¢) ~ 6—20d(o¢) _ ,r,—d(a). (6)

In comparing this definition with that for the real Besov space B, 1 (7,) on the
Bergman tree 7,,,

||fHBp1(T £ (o) + Z Do fIP < o0,

a€eT,

recall that the set of differences D, f can be written as the linear sum of the two
pieces P, D, f and Q,D,f; the first piece P,D,f lying in the range of L, (the
holomorphic part), and the second piece Q,D, f orthogonal to the range of L,.
The first piece P,D,f can be further decomposed using the identities

Laf, (a) ="PaDaf,
f/ (Oé) = chlpozpafa
where the second one follows since L,, is one-to-one and P, is orthogonal projec-

tion onto the range of L,. We then decompose f’ () as f' (a) Pa+f' (o) Qo Now
Ly has the N xn matrix representation [oy, — where o/ = (ak) b1

=J =4V v >

and a = (o4);_,, and so resembles the nomsotroplc linear operator

R4 = pdp 4 T_ﬂnga,

whose action on a vector v € £(C" C) is given by R~y = r~dyp, +
_d(e)

2 v(Q),. Thus we formally have that

Daf = Laf/ (a) + QaDaf
~R™ [ (a) + QuDaf.

9



We actually proved that |Do f| ~ [R™4) ' (a)| + | Q4D f| above.
Thus locally we measure the holomorphic parts P, D, f of the differences D, f
by the Bergman Riemannian metric, where the radial directions f’(«) P, are

weighted by r~%®) and the tangential directions f’ (a) Q, weighted by v/r—d(e) =
r—*5% . This is analogous to the definition of the almost invariant holomorphic

derivative D, given in the ball by

Duf () =1 () {(1~laf) P+ (1= [o)? Qu}, acB,

We then take the 7 (7,) norm of these local measures. We measure the anti-
holomorphic parts Q,D, f of the differences Df («) by the ¢ (7 )-norm. We now
consider reproducing kernels associated to these norms.

2.1.1 Reproducing kernels
The reproducing kernel &, for the space (7 (7,) is trivial: k, (7) = X{a} (7), the

delta function at a. We must work harder to obtain the reproducing kernel for
HB,: (7,). We first observe that we can recover a function f € HB,; (7,) from
its differences
Daf:PaDaf + QaDaf
=Lof' (a) + QuDaf
and hence also from its derivatives and antiholomorphic differences Q,D,f. In
order to give an explicit formula, we write

PoDaf = {PaDaf (?)}], and QuDaf = {QuDaf (o)}

J

so that A f (a?) = PaDuf (a?)+ QuDyf (a?), where a = Aa?. Thus P, D, f (o)
is the j* component of the N-vector PoDuf = Lof' (a), i.e.

PasDasf (B) = [ (AB) - (B — AB),

and we have the tree version of the Taylor expansion of order 1 at the point AfS;

f(B) = f(AB) + f (AB) - (B — AB) + QusDasf (B) -

N
j=17

An explicit formula for f («), when o € 7, has geodesic |0, o] = {0, a1, ag, ..., ap, }

(note the different use of the terminology a; here), is now given by
f<a>=f<am>:§Af<ak>+f<o> @
—fo)+ i Py Do 1 ) + i Qoe Doy 1 f ()
—f(o)+ i P (o) (06— 01 ) + 3 Qur Du 1 f ().

k=0

10



We can rewrite this as
)+ F () (a=N+D_2Df (1a) (8)
<o <o

where v, denotes the child of v lying on the geodesic [0, a], so that v, = ay if
v = ag—1. Note that an immediate consequence of (8) is the inequality

[f (@) < Clifllus,. () d (@)
We have the following Proposition.

1
Y

Proposition 5 Let 1 < p < oo. Then the dual space of HB,1(7,) can be
identified with HByy 1 (7,,) under the pairing ((-,-)), given in

((f.9) =1 (0)g(0) (10)
+Z{ " f (@) Pa g (@) Pa+ 17 f (0) Qu - (@) Qu )
+ Z QDo f - QaDag.-

and the reproducing kernel I () for this pairing is the unique function I
satisfying

Wy (PP =) + G =) i =
kS () = {O ” ” i [O’jal] . (1)
Q, DKV (v) = {OQ”% % ; % g (12)
and
kY (0) =1 (13)
and given explicitly by
ke (ﬁ) (14)
=k (0) + ) KL =)+ 9Dk (v5)
v<p v<B
=1+ Z { 2d(y 7) + rd(7 Q’Y (704 7)} ’ (7,8 - 7) + Z Q’ye'ya (7,6)
v<B v<B

where Q. e, (75) denotes the 7z-coordinate of the N-vector Qye,,. If B # «
is at distance exactly one from the geodesic [o0,a), then AS € [o,«) and the

formula for kY (B) is identical to that above except that the final term in the sum
> s Qe (v5) is now Qageag, (8) instead of Qageas, (AB,). The function
kY s then determined for all remaining B by the requirement that kY be constant

on all successor sets S (7y) with vertex v at distance exactly one from the geodesic
[0, ).

11



The corresponding formula for A k!, the difference operator applied to the
reproducing kernel &} for the abstract Besov space B, (7,), consists entirely of
nonnegative entries, a feature that plays prominently in deriving the Carleson
embedding property from multiplier interpolation using Boe’s “curious lemma’”.
The terms kS’ (0), kS () and QvakS arising in the above formula do not
consist entirely of nonnegative entries, but the following two properties will serve
as a suitable substitute:

()
R () Py R () @
~r MO Re {7-1*P, (7, =) +7 - r"7Q, (va =)}
~ =9 Re (v - K (7)) ~ 1
19, D,k(M| < 1.

(15)

Analogues of these properties will be used later to complete the proof of equiv-
alence of multiplier interpolation with the separation and tree conditions when
1<p<2+ 2.

An example We close this subsubsection by computing kY for the simple case
of the Bergman tree 77 in terms of the geometric embedding of 7; in the unit
disk, and then verifying (15) in this case. The branching number for the tree 7;
is 2. Fix a € T; with geodesic [0, a] = {0, a1, as, ..., a,, = a} as above, and let
v = a1 with children v; = a4 and ~,. Then

AYi=71—7
AYy=72—7,
EM)={b 71,07},
and for v € C,
Lyv={vA7v,vA7}.
Thus

My={v Ay,v Ay :v€CH=C{A 7,47},
MWL:C{_A Y2, A1}

since if V- =v{A v, A vy} € My and W = w{—=A7;, 8 7,} € M, then
(VW) =vw {(& 71) (= & 72) + (& 72) (A 71)} =0.

We now have

A 7y, S
Q. Dk = A, B
e e AR

_ A 72|2 —A Y Ay,
- 2 29 2 2 :
e I o VAN Y i VAN 2 I S VAN 2

12




Since the projection P, is the identity in dimension n = 1, we also have

kS () = r2 00 (v, — ),

and since it is geometrically evident that Revy - v, —v =~ |v| |7, — 7|, we now
have
Re (7 k" (1)) =r* P Req -7, =7 = 110 = [k (7))
18 9" + 14 1P |8
(18 71 2 7l)°
which is (15) for the Bergman tree 7;.

Using (14), we give an explicit formula for &, (3), o, 3 € 7T;. When 3 € [0, ]
we have

QD k|* < <1,

1 2
O (3) = 1+ SO0 =) (=) + 3
> e R (R s el

1
«

where 5 is the child of v not lying in [0, 5]. The formula for kY (8%), where

3 € [0, ) and B is the child of 8 not lying in [0, a], is given by

KO (80 =1+ 3 = (s )

o<y<p
R N L (et
sl =+ - 18- 8P +185 -8

_|_

The values of k{) remain constant on the successor sets S (o) and S (ﬂi) for
B € [o,a), and this completes the evaluation of | (B) for all 5 € 7.

Remark 3 An important property of the reproducing kernel kY s that its first
order differences are supported within distance 1 of the geodesic [o, a.

2.1.2 Tensor-valued functions

In order to extend our definitions to tensor-valued functions on the Bergman tree,
it is convenient to consider first the simplest case of order zero.

Definition 6 Let 1 < p < co. For a C-valued function f («) defined for a € 7T,
define

|=

||f||HBP,O(Tn) = ||f||zp(7n) = (Z |f (a)|p> :

acT,

13



Define an operator R~ on C™-valued functions v on the tree T,, by

(R) (@) = 1@y (a) Py + 15V (@) Qu.

For vectors v € C" | let

v, =|R) ()] = ‘e’m ‘vP, + e’d(a)era} ~+(B(a)v) -V,

and for a C"-valued function v («) defined for o € T, define

1
p
¥ 537y = M¥lalngry = <§ j |v|§>

acT,

Remark 4 Recall from (4) that we have HB, 1 (7,,) = B,1 (7). Let QDf () =
O.D.f. Then using Definitions 6 and 2, we have the following observation that
will provide the basis for extending the definition of HB,(7,) to HB,,, (7,,) for
larger m:

1 W5,z = 1f @ + 11 ()F + D 1 (@)ls + D 1QaDaf

a€T, a€T,
—|f(0)|p Hf/Hp
H

sy T 19y
In Definition 6 above, we defined the order zero holomorphic Besov space
H B;lg (7,,) on 7, for C"-valued functions v («) using the nonisotropic norm

d(a)
V|, = |r VP, 4+ vQa,

and where v («) was interpreted as a covariant tensor of order 1 acting on the
“tangent space” C™ at a. We now wish to extend this definition to order zero
holomorphic Besov spaces H ng (7,,) of symmetric covariant tensors of order t,
or t-tensors, on 7,,.

We consider the Hilbert space gD of symmetric (s, t)-tensors that are covari-
ant of order s and contravariant of order t (see for example chapter 4 of Spivak
[36]). Then gV = £ and we will stop referring to tensors as covariant or con-
travariant. We define the tensor product of a (s1, t1)-tensor B and a (s2, t2)-tensor
A to be the (s1 + s2,t1 + t2)-tensor B ® A in the usual way,

1 S1 1 t1 1 S2 1 to

B®A[U,...,U LW, L wt LTy Ly ]

_ 1 S1 1 t1 1 S2 1 to
—B[v,...,v JW ey W }xA[m,...,a: T ],

as well as the Euclidean contraction B A A of an (s,t)-tensor B and a ¢-tensor
A (see immediately below for this definition). We will see later that reproducing

14



kernels for Besov spaces of ¢-tensor-valued functions can be interpreted as (¢, t)-
tensor-valued functions on 7,,.
We define the a-contraction B A, A of an (s, t)-tensor

B= ) it .0 e, .06,

J17"'?jt/
1<i <..<ie<n

and a t-tensor
A = E a2l el ) ) et

1<in<...<it<n
to be the s-tensor given by

_ S WO PR LI . . . . i1 %
BN, A= E i a I ey egy) ) X X (€5 €5,) €7 ® L@ e

1<41 <. <y <n

:Zbéajnj (@)e" ®...®e",

where by the summation convention, we also sum over the repeated upper and
lower indices ji, ..., j;. The Euclidean contraction B A A is given by ), b;dj e ®
... ® e’ without the n;. Thus B A A [, ...,v,] is the contraction (trace if ¢t = 1)
of the linear map A given by

AWy ey Wy Uy ey ) = B ® A (V1 00y Ugy W1y ey Wy Uy ey Uy)

(see page 4-27 in [36]). Note that if we interpret v7 as a (0, 1)-tensor (contravariant
of order 1), then we have

Ao, o] =AA (V@ .. ®0"). (16)

Definition 7 We define the “inner product” <A,B)g) of a t-tensor A and a
(t,t)-tensor B to be the t-tensor given by

(A,B)) =B A, A, (17)
so that _ . .
(A,B)Y = "bialn; (a)e" @ .. @ €. (18)

We also define an “inner product” ((A, B>)(()t), for a t-tensor-valued function A
and a (t,t)-tensor-valued function B on the tree Ty, by

(AB)Y =D (A(y),.B()Y. (19)

yET,

15



Order zero spaces of t-tensors We now define the order zero holomorphic
Besov spaces H B](gf()) (7,,) of t-tensors on 7,.

Definition 8 For 1 < p < oo andt € N, let HBZ% (7,,) consist of all t-tensor-
valued functions A («) defined for a € T,, such that the norm

1
1Al 5y = 1ALy = (Z |A<a>|z>

OLGTn
s finite.

The inner product for the Hilbert space H Bg[)) (7,,) is given by (?7), and the
dual space of H Bz(ft)) (7,) can be identified with H B;()f?o (7,) under the pairing

(N

Lemma 9 Forl <p < oo andt € N, we have

(A, B))

< ||A||HBI(;2)(’TH) ||B||HBS),O(T") )

((A,B))]-

B = su
1Bz, 2.y W
HB((Tn) ™

Al

AV A = A () [v", ... V']

is a continuous linear functional on H Bg% (7,,) for o € 7, and every choice of

<<A, KV ”t>>:) = Ay A=A () [0, 0] (20)

By this uniqueness, the function that sends v', ..., v* to the ¢-tensor k2 " (v) is

1 (0,)

multi-conjugate linear in v*, ..., v*, and so there is a unique (¢, t)-tensor ke~ such

that

K2 () [w!, . wf] = KO (y) [“’1, ---,wt,vlv--'ﬁ] ’

which by (16) is
k'gtl,.“,'ut (,y) — k(o»t) ('y) A m

«

We refer to this (t, t)-tensor-valued function k") as the reproducing kernel for the

holomorphic Besov space of t-tensors H Bz(:()) (7,,) relative to the pairing ((-, -)>(()t).

16



The reproducing kernel k" is in fact given by the (t,t)-tensor

Zn’t( - Zl® ®6“®621® ®€zt

times the delta function at «, i.e.

k(Ot X{a} Zm l{eil ®...®€it} ®{€i1 ®---®€it} (21)

= X{a} Z {Rd(a)en R...® Rd zt} ® {Rd €, ®...0 Rd 6%} .

Order one spaces of t-tensors We next turn to defining the order one holo-
morphic Besov spaces H Bz(fi (7,) of t-tensors on 7,,. In Remark 4, we have already
defined the scalar case HB,; (7,,) using the norm (to the p'* power)

p /1|P p
115,20 = 1 @F 181 et + 19D Wiz

In order to replace f with a tensor, we first need to define the complex derivative
A’ (a) of a t-tensor-valued function A («) on the tree 7,,. The derivative A’ will
be a (t + 1)-tensor-valued function on the tree defined in the same spirit as f’.

Definition 10 For 1 <p<oo and 0 <t < M —1, let HB](ﬁ (7,,) consist of all
t-tensor-valued functions A on the tree T,, such that the norm (to the p* power)

A ) = A OF + 1A o + [ QODAIL

is finite.

As in Proposition 5, we can obtain the duality of H Bg% (7,) and H Bl(f,?l (7.,)
relative to the inner product (-, ‘)>§t) for the Hilbert space H Bg (7,,):

(AB)=A(0)B(0)+ Y (A B+ 3" 0,D,A- QDB (22)

a€Ty, a€Ty,
—A(0)B(0)+ (A, B){™ + " Q.D.A- QDB
aETn

Lemma 11 For1 <p < oo andt € N, we have

(A, B

Tn) HBHHB“) (Tn)”
swp [((A,B)

t <1
w8 (Tn)

B =
I ”HBS)J(Tn) 1]

17



Combining the arguments for the order one space HB,,; (7,,) in Subsubsection
8.1.1 with the arguments above for the order zero space H B(t (7,,) of t-tensors,

we can show there is a unique reproducing kernel k Y for the holomorphlc Besov
space of t-tensors H BI(,,) (7,,) relative to this pairing. Again, k(" is a (t,t)-tensor-
valued function on the tree satisfying

Aa) = ({(AKN | aeT,

for Ac H Bz(ﬁ (7,,), where just as in Definition 7, the notation ((A, B))gt) repre-
sents a scalar if B is a t-tensor, and a t-tensor if B is a (¢, t)-tensor.

2.2 The order m holomorphic Besov space

We cannot simply define the m** order holomorphic Besov space H Bptm (7,,) of t-
tensor-valued functions inductively to consist of all f such that f’ € HB, tH) (7).

Besides the question of how to handle the error term {Q(of) (DQA)} o the re-
ac

striction theorem from B, (B,) to HB, 2 (7,) will fail because || f'|| HB(T) (z,y Will
p, 1\

not in general be controlled by ||F'[| 5 ) when f is the restriction of F' € B, (By)
to the Bergman tree 7,,. The problem arises when we minimize the distance from
D.f to M, by letting f’' (o) = L' P,D,f. The resulting vector f’ () is within
order 2, but not within order 3, of the restriction F” («) of F’ to the tree. In order
to circumvent this difficulty, we will simultaneously define the first, second and
through to the m** order derivatives f’ (o), f” (c), ..., f™ () at « using a single
orthogonal projection onto the range of an appropriate generalization of the oper-
ator L,. We will also need to define holomorphic Besov spaces of t-tensor-valued
functions as well, in order to implement an inductive definition. Recall that we
defined a variant LY of L, =Ly 9 in order to define the complex derivative of a
t-tensor-valued function on the Bergman tree. We Wlll now use the notation L5
to denote these operators, and use the notation L to define a corresponding
linear operator that will allow us to simultaneously define first through m!”* order
complex derivatives of a t-tensor-valued function on the Bergman tree.

Definition 12 Forl <p <oo and0 <m-+t < M, let HBg?n (7,,) consist of all
t-tensor-valued functions A on the tree T,, such that the norm (to the p'* power)

I 0, ) = A @F + DI DLAlG o ) + |97 DAl 1

is finite. We write simply HB,, ., (7,,) for the scalar case t = 0.

2.2.1 Higher order reproducing kernels for tensors and the positivity
property

In this subsubsection we establish the key positivity property of reproducing ker-
nels that will permit us to use the technique of Boe’s “curious lemma”. It is this

18



property that yields the fruit of our labour in developing the theory of holomor-
phic Besov spaces on trees. Let p = 2. Then the inner product corresponding to

the Hilbert space norm [|A[[ BY) (7o) defined on t-tensor-valued functions A on

the tree 7, is defined by mductlon on m by
(A B))) = A (0) - Blo] + Z (DLA.DLB))

+> (9" (DaA), Q4™ (D.B)),

a€eT,

where the cases m = 0 and m = 1 are already defined. We have the following
duality relation.

Proposition 13 For1 <p < oo andt € N, we have

(A, B)) iz
||BHHB($)m(Tn) = sup <<A B>>$7t7, :
P ”AMHB“%(ﬁ”SI
Denote by k™ the reproducing kernel for a € 7, relative to this inner

product, which exists by a modification of the argument in the case m = 0
immediately following Lemma 9. We have the recursion formula

DLKED = 3 %km LA (@'B=AB), 1<t<m, (23)

o<fB<La

as well as
A (0)=A (0) - k™" (o),
> QU DasA(B)= Y (Q (DaA), Q) (Dak (™))

o<fBLa a€T,
Note that the left side (23) is a tensor of order 2t + ¢, while that of the right side
has order 2 (t 4 ¢) — ¢, the same order. We now use the recursion formula in (23)
to establish by 1nduct10n the following positivity property for derivatives of the
reproducing kernels K{"

o

Lemma 14 Let 0 < m+t < M. Then provided we choose A small enough and 6
large enough in the construction of the Bergman tree, we have for all o,y € T,,,

7m0 Re (DR (7) A{&m9}) ~1 24
C for y<a

£ 1.(m,t) m,t) (m,t)
‘D o ) ‘ +‘Q t(Dk t)} <{ otherwise’

where Dk&™ (v) A{@™7} = DikS™ (7) [y, ... 7).
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2.3 Carleson measures
Here we characterize Carleson measures on the holomorphic Besov space H By, ., (7,,).
Theorem 15 Let 1 <p < oo and 1 < m < M. Then there are A and 0 in the

construction of the Bergman tree, sufficiently small and large respectively, such
that p is a HBy,, (1,)-Carleson measure, i.e.

3 =

(Z If(a)!pﬂ(a)> < Cllf sy i) » (25)

acT,

if and only if the tree condition holds, i.e.

Z(Zu(v)) <CY n(P)<oo, acT, (26)

B>a \v=>0 B>a

Remark 5 It is crucial that the Carleson measures are characterized by the tree
condition which is independent of m.

2.4 The holomorphic restriction map

In the special case where f arises as the restriction f = TF = {F (ca)},er,
of a holomorphic function F € B, (B,), m > 2, then Dy f (a) ~ F® (c,) for

1 < ¢ < m, and using Taylor’s formula we will see that ng’O)Da f is controlled
by FmH . Similarly, DY, f (a) = F® (o) + {D.,f (@) — F® (@)}, and we will
show that each term in this sum is also controlled by F(™+1_ In this way we will
obtain the following Besov space restriction theorem, as well as the corresponding
multiplier space restriction theorem:

Theorem 16 Let m > 22. Then provided 6 is chosen large enough in the con-
struction of the Bergman tree 7T,,, the restriction map

TF ={F(a)} where TF (a) = F (¢a) ,

OLETn ’

is bounded from B, (B,) to HBym, (1), and if in addition p < 2+ =, then T
is also bounded from Mp,(s,) to Mup,.(1,)-

3 Completing the multiplier interpolation loop

We can now complete the proof of the loop of implications for Mp, (g, ) interpo-
lation on the ball for all 1 < p < 2+ -, As we will see, the following three

n—1

properties of H B, (7,) essentially suffice to prove that Mp (s, interpolation im-
plies the tree condition:
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1. The restriction map is bounded from Mg, (s,) to Mup,(1,)-

2. The positivity property (24) holds for the reproducing kernels kim0 of
HBpm (1) = HB, (1), m > %n-

3. Carleson measures for HB, (7,) are characterized by the tree condition.

Indeed, property 1 will show that Mp (s,) interpolation on the ball implies
Mpyp,(1,) interpolation on the Bergman tree. Then property 2 will show that
the atomic measure p associated with the interpolation sequence is a Carleson
measure for HB, (7,). Finally, property 3 will then show that u satisfies the
tree condition. This will complete the multiplier interpolation loop since we have
already shown in Section 5, that if 4 satisfies the tree condition, then Mp, (,)
interpolation holds on the ball.

Before giving the details, we point out that property 1 follows from Theorem
16 if m > 22 and the structural constant @ is large enough; property 2 follows
from Lemma 14 if in addition the structural constant A is small enough; and
finally, property 3 follows from Theorem 15 if both A is small enough and € is
large enough.

We now give the details. If {zj};’il C B, interpolates Mg, s,), i-e.

The map f — {f (z)};2, takes Mp,,) boundedly into and onto £*°,  (27)

and if we construct the Bergman tree 7, so that {c,},c, contains {z;}77,, say
with z; = ¢,;, then it follows easily from Theorem 16 that {aj};il interpolates
MHBP(Tn), i.e.

The map f — {f (a;)};2; takes Myp,(z,) boundedly into and onto £°. (28)

Indeed, to see that (28) holds, suppose that {fj}]o.il € (. Using (27) we can
find ¢ € Mp, (s, satistying

(P(Zj)zfj, 1§j<OO,
191y, <C {612,
Now define f on the tree 7,, by

fla)=¢lc), acT.

(e o]

Then we have
flaj) =9 (ca,) =0 (z) =¢;
and Theorem 16 shows that

15ty S C gy
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thus establishing (28).
We can now use soft arguments, together with the positivity property (24)
of the reproducing kernels k&m’o), with m > 2?” in Lemma 14, to show that the

measure
o @]
=3
j=1

is a HB,, (7,)-Carleson measure. Theorem 15 then shows that u satisfies the tree
condition. Finally then, to obtain that

% 1 1-p
v= log —— O
Z( g1—|04j|2> ’

j=1

kGO ]

-p
O,
HB/(Tn)

satisfies the tree condition, we use

/ 1
linltys, i~ Y 1= (@)~ (logr—=s )

v€lo,a]

by (24).
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