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Abstract

This is a continued study on the solution of convection-diffusion equations with
boundary layers. In our previous work, Part I, the solutions of the homogenenous
singularly perturbed differential equations with Dirichlet boundary conditions are ex-
pressed in a series of particular solutions have been proposed, based on the separation
of variables. In this study we extend our previous results to the homogeneous equations
with anisotropic diffusion coefficients, and to non-homogeneous equations. Moreover,
we will discuss in detail computational aspects of the methods for three different mod-
els of fast convergence. Among them, the model with waterfalls solutions is especially
interesting, because it presents an intrinsic nature of singular boundary layers. A new
convergence analysis for a model of the non-homogeneous equation is also performed
in this work. Numerical results for ε = 10−7 will be presented for all models, where ε
denotes the singular perturbation parameter. The numerical solutions for ε = 0.1 are
also illustrated to give a clear view of the solutions of the singularly perturbed par-
tial differential equations. Finally, we propose a collocation Trefftz method using the
particular solutions obtained in the work. Results from numerical experiments on the
collocation Trefftz methods will be presented.

Keywords: Singularly perturbed equation, particular solutions, separation of vari-
ables, waterfalls solutions, collocation Trefftz method.

1 Introduction

Computational models play an important role in numerical solutions of partial differential
equations (PDEs) because they provide not only solution behaviors (known or unknown),
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but also benchmarks for testing numerical methods. For example, Motz’s problem is an
excellent model of pointwise singularity problems which has been used by many authors
(see [4, 9]). Singularly perturbed partial differential equations cause more difficulties in
computation than Motz’s and other pointwise singularity problems, such as angular singu-
larities, interface singularities and infinities (refer [4]). The main difficulty in the singularly
perturbed PDEs is that the solution exhibits sharp boundary layers when the singularly
perturbed parameter, ε, approaches zero.

Our objectives of this work are to seek suitable computational models of singularly
perturbed convection-diffusion equations with constant coefficients in special domains such
as rectangles or sectors. This work is a sequential study of [5] to focus on computational
aspects. Details of motivation for this study and the related references have been given in
[5] and two recent textbooks [10, 11].

In this work we seek particular solutions in the form of Fourier series to singularly
perturbed PDEs using separation of variables [3]. The unknown coefficients in the particular
solutions are determined by forcing the solutions to satisfy the Dirichlet boundary conditions
exactly. The series solutions with finite terms can be used as numerical models in practical
computations. This is called a boundary method, or the Trefftz method in engineering
terminology. The collocation Trefftz method, the Schwarz alternating method, and their
combinations may be used to seek solutions of high accuracy. In this work we will report
some numerical results by the collocation Trefftz method.

In previous work [5], the properties of convergence and error bounds are addressed, but
only some preliminary numerical results are reported. In what follows we will continue to
use the notation used in [5]. The current work provides the following new aspects.

1. For waterfalls solutions of Model IM , the solutions with two thin boundary layers near
boundaries are given in numerical results for ε = 10−7. Comparing with Model I in
[5] with slow convergence, we here provide an innovative model with fast convergence.
Such an improvement in convergence is important and essential to develop a bench-
mark of boundary layer problem. To distinguish Model I in [5], Model IM is called a
modification of Model I in this work.

2. For spikes solutions of Model II, the solutions with four needle-like towers are given
in numerical results for ε = 10−7. In [5], the algorithms with two towers are given,
but no numerical results were reported.

3. A new model, called Model III, is designed for the non-homogeneous singularly per-
turbed PDEs. Error analysis will be performed, and numerical solutions will also be
reported.

This work is organized as follows. In the next section, we describe basic approaches
to finding particular solutions, which consist of the methods with and without the corner
zero conditions. In Section 3, we present the methods for non-homogeneous equations,
and the homogeneous equations with anisotropic diffusion coefficients. In Sections 4–6, we
explore three computational models with convergence analysis. In Section 7, the collocation
Trefftz method is used to seek an approximate solution for a model. Some conclusions are
summarized in the last section.
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2 Basic Approaches

Consider singularly perturbed partial differential equations with the Dirichlet boundary
condition of the form

Lw = −ε

(
∂2w

∂x2
+

∂2w

∂y2

)
+ α

∂w

∂x
+ β

∂w

∂y
+ cw = f(x, y) in S, (2.1)

w = g(x, y) on Γ, (2.2)

where S is the square S = {(x, y), 0 < x < π, 0 < y < π} and Γ is its boundary. The
parameters ε, α, β and c(≥ 0) are all constants, but ε may be very small: 0 < ε << 1.

In this study, we assume without loss of generality, α, β ≥ 0. There then exists a bound-
ary layer occurring near the boundary segments at x = π and y = π. Since all parameters
ε, α, β and c are constants, we seek analytic solutions to (2.1)-(2.2) by means of the separa-
tion of variables.

We decompose (2.1)-(2.2) into two problems, w = u + v, where u and v satisfy

Lu = 0 in S, u
∣∣∣
Γ

= g(x, y), (2.3)

and

Lv = f(x, y) in S, v
∣∣∣
Γ

= 0, (2.4)

respectively. We will first find the explicit solutions to (2.3) in Sections 2.1 and 2.2, and
then those to (2.4) in Section 3.2.

2.1 Partial Solutions

For (2.3), let the Dirichlet boundary conditions along four edges of S be given by

u(x, 0) = g(x, 0) =: g1(x), u(x, π) = g(x, π) =: g2(x),
u(0, y) = g(0, y) =: g3(y), u(π, y) = g(π, y) =: g4(y),

where the function g is continuous at the four corners so that the following corner continuity
conditions hold:

g1(0) = g3(0), g1(π) = g4(0), g3(π) = g2(0), g2(π) = g4(π).

Suppose that the boundary conditions at the four corners are zero,

gi(0) = gi(π) = 0, i = 1, 2, 3, 4. (2.5)
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In this work we refer (2.5) to as the corner zero conditions. Now we split the problem (2.3)

again into four sub-problems, u =
4∑

i=1

u(i), where u(i) satisfy

Lu(i) = 0, in S, (2.6)

u(i)
∣∣∣
Γi

= gi, u(i)
∣∣∣
Γ\Γi

= 0,

where Γ = ∪4
i=1Γi. Denote

tk =

{
k2 +

α2 + β2 + 4εc

4ε2

} 1
2

. (2.7)

From the separation of variables, we obtain from [5] the following solutions satisfying (2.5),

u(1) = exp
(−α(π − x) + βy

2ε

) ∞∑

k=1

bk sinh(tk(π − y)) sin kx,

u(2) = exp
(−α(π − x) + βy

2ε

) ∞∑

k=1

ak sinh(tky) sin kx,

where the coefficients are defined by

ak =
2
π

1
sinh(tkπ)

∫ π

0
g2(x) exp

(
α(π − x)− βπ

2ε

)
sin kxdx, (2.8)

bk =
2
π

1
sinh(tkπ)

∫ π

0
g1(x) exp

(
α(π − x)

2ε

)
sin kxdx. (2.9)

Also for u(3) and u(4), we have

u(3) = exp
(

αx− β(π − y)
2ε

) ∞∑

k=1

dk sinh(tk(π − x)) sin ky,

u(4) = exp
(

αx− β(π − y)
2ε

) ∞∑

k=1

ck sinh(tkx) sin ky,

where the coefficients are given by (see [5])

ck =
2
π

1
sinh(tkπ)

∫ π

0
g4(y) exp

(−απ + β(π − y)
2ε

)
sin kydy, (2.10)

dk =
2
π

1
sinh(tkπ)

∫ π

0
g3(y) exp

(
β(π − y)

2ε

)
sin kydy. (2.11)
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In summary, we have the solution to (2.6) satisfying the corner zero conditions (2.5) as
shown below.

u =
4∑

i=1

u(i)

= exp
(−α(π − x) + βy

2ε

) ∞∑

k=1

{ak sinh(tky) sin kx + bk sinh(tk(π − y)) sin kx}

+exp
(

αx− β(π − y)
2ε

) ∞∑

k=1

{ck sinh(tkx) sin ky + dk sinh(tk(π − x)) sin ky},

where the coefficients ak, bk, ck and dk are given in (2.8), (2.9), (2.10) and (2.11), respec-
tively.

2.2 The case that the corner zero conditions are not satisfied

Let ū be a transition function satisfying

Lū = 0, in S, (2.12)
ū(0, 0) = g(0, 0), ū(π, 0) = g(π, 0),
ū(0, π) = g(0, π), ū(π, π) = g(π, π). (2.13)

Hence the difference (u− ū) satisfies (2.3) and the corner zero conditions (2.5). In this work
we consider a different particular solution from that in [5] derived in [6]:

ū(x, y) = a0 sinh(tαx) exp
(
−α(π − x)

2ε

)
+ b0 sinh(tβy) exp

(
−β(π − y)

2ε

)

+c0 sinh(sαx) sinh(sβy) exp
(
−α(π − x) + β(π − y)

2ε

)

=: v1(x) + v2(y) + v3(x, y), (2.14)

where

tα =

{
α2 + 4εc

4ε2

} 1
2

, sα =

{
α2 + 2εc

4ε2

} 1
2

, (2.15)

tβ =

{
β2 + 4εc

4ε2

} 1
2

, sβ =

{
β2 + 2εc

4ε2

} 1
2

, (2.16)

and the coefficients in (2.14) are determined to satisfy the boundary conditions (2.13).
Moreover, the explicit solutions to (2.3) are given by

u(x, y) = ū(x, y)
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+exp
(−α(π − x) + βy

2ε

) ∞∑

k=1

{ak sinh(tky) sin kx + bk sinh(tk(π − y)) sin kx}

+exp
(

αx− β(π − y)
2ε

) ∞∑

k=1

{ck sinh(tkx) sin ky + dk sinh(tk(π − x)) sin ky}.

Remark 2.1 In the previous work [5], we derived a similar particular solution, denoted as
Model I, which is computationally very expensive when ε is small. Model I proposed in [5]
has a slow convergence rate. In [6], we improve this model and propose a new particular
solution (2.14) to obtain a better model with fast convergence rate. For the details of this
discussion we defer to [6].

3 Other problems

In this section we extend the approaches in previous section to the homogeneous equations
with anisotropic diffusion coefficients, and to the non-homogeneous equations. In this dis-
cussion we will omit most of the proofs and concentrate on the results, as the proof are very
similar to those in [5] and [6].

3.1 Anisotropic Diffusion Coefficients

Consider

−ε1
∂2u

∂x2
− ε2

∂2u

∂y2
+ α

∂u

∂x
+ β

∂u

∂y
+ cu = 0 in S, (3.1)

u = g(x, y) on Γ,

where ε1 and ε2 are two small positive numbers. When ε1 = ε2, (3.1) leads to (2.3). By
following the approaches in Section 2, we derive the particular solutions to (3.1) below.

Denote

t
(1)
k =

{
1
ε2

(
ε1k

2 +
α2

4ε1
+

β2

4ε2
+ c

)} 1
2

,

t
(2)
k =

{
1
ε1

(
ε2k

2 +
α2

4ε1
+

β2

4ε2
+ c

)} 1
2

.

The explicit solutions to (3.1) can be found as

u(x, y) = ū(x, y)

+ exp
(
−α(π − x)

2ε1
+

βy

2ε2

) ∞∑

k=1

{āk sinh(t(1)
k y) sin kx + b̄k sinh(t(1)

k (π − y)) sin kx}

+exp
(

αx

2ε1
− β(π − y)

2ε2

) ∞∑

k=1

{c̄k sinh(t(2)
k x) sin ky + d̄k sinh(t(2)

k (π − x)) sin ky}.
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The coefficients āk, b̄k, c̄k and d̄k can be obtained, and the particular solution ū(x, y) is given
by

ū(x, y) = ā0 sinh(t̄αx) exp
(
−α(π − x)

2ε1

)
+ b̄0 sinh(t̄βy) exp

(
−β(π − y)

2ε2

)

+c̄0 sinh(s̄αx) sinh(s̄βy) exp
(
−α(π − x)

2ε1
− β(π − y)

2ε2

)
, (3.2)

where

t̄α =

{
α2 + 4ε1c

4ε21

} 1
2

, s̄α =

{
α2 + 2ε1c

4ε21

} 1
2

,

t̄β =

{
β2 + 4ε2c

4ε22

} 1
2

, s̄β =

{
β2 + 2ε2c

4ε22

} 1
2

. (3.3)

Note that (3.2) is slightly different from (2.14).

3.2 Non-homogeneous equations

In this subsection, we consider the non-homogeneous equations (2.4) on S∗ = {(x, y), 0 <
x < 2π, 0 < y < 2π}. Let

v = exp
(

αx + βy

2ε

)
ŵ,

we obtain from (2.4)

−ε

(
∂2

∂x2
+

∂2

∂y2

)
ŵ +

(
α2 + β2

4ε
+ c

)
ŵ = f̄(x, y) in S∗, (3.4)

ŵ = 0 on Γ∗, (3.5)

where Γ∗ is the boundary of S∗, and

f̄(x, y) = exp
(
−αx + βy

2ε

)
f(x, y).

By some algebraic manipulations, the particular solutions w̄ of (3.4) are obtained as

w̄ = a∗0 +
∞∑

k=1

(a∗k sin kx + b∗k sin ky)

+
∞∑

k,`=1

(ak,` cos kx cos `y + bk,` cos kx sin `y + ck,` sin kx cos `y + dk,` sin kx sin `y),
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where the coefficients are given by

a∗0 =
1

4π2p0,0

∫ 2π

0

∫ 2π

0
f̄(x, y)dxdy,

a∗k =
1

2π2pk,0

∫ 2π

0

∫ 2π

0
f̄(x, y) sin kxdxdy,

b∗k =
1

2π2pk,0

∫ 2π

0

∫ 2π

0
f̄(x, y) sin kydxdy,

ak,` =
1

π2pk,`

∫ 2π

0

∫ 2π

0
f̄(x, y) cos kx cos `ydxdy,

bk,` =
1

π2pk,`

∫ 2π

0

∫ 2π

0
f̄(x, y) cos kx sin `ydxdy,

ck,` =
1

π2pk,`

∫ 2π

0

∫ 2π

0
f̄(x, y) sin kx cos `ydxdy,

dk,` =
1

π2pk,`

∫ 2π

0

∫ 2π

0
f̄(x, y) sin kx sin `ydxdy, (3.6)

and

pk,` = ε(k2 + `2) +
α2 + β2

4ε
+ c.

Hence, let w̃ = ŵ − w̄, we have from (3.4) and (3.5)

−ε

(
∂2

∂x2
+

∂2

∂y2

)
w̃ +

(
α2 + β2

4ε
+ c

)
w̃ = 0 in S∗, (3.7)

w̃ = −w̄ on Γ∗. (3.8)

For the homogeneous equation (3.7) with the Dirichlet boundary condition (3.8), we may
obtain the exact solutions from Section 2. If f(x, y) is an elementary function, it is possible
to evaluate exactly the integrals on the right-hand sides in (3.6) and thus to derive explicit
expressions for a∗0, a∗k, b

∗
k, ak,`, etc. (cf. [1, 2]).

Let us consider a special case that

f(x, y) = exp
(

αx + βy

2ε

)
s(x)s(y), (3.9)

where

s(x) =
π4x

90
− π2x3

36
+

πx4

48
− x5

240
=

∞∑

k=1

sin kx

k5
. (3.10)

The equality on the right hand of the above is given in [2]. We obtain the solution of (2.4)

v = exp
(

αx + βy

2ε

) ∞∑

k,`=1

ak,` sin kx sin `y, (3.11)
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where the coefficients are given by

ak,` =
1

π2pk,`

∫ 2π

0

∫ 2π

0
f(x, y) exp

(
−αx + βy

2ε

)
sin kx sin `ydxdy

=
1

pk,`

(
1
π

∫ 2π

0
s(x) sin kxdx

) (
1
π

∫ 2π

0
s(y) sin `ydy

)

=
1

k5`5pk,`
. (3.12)

In summary, we have found the following explicit solutions to (2.1)-(2.2),

w = ū + exp
(

αx + βy

2ε

) ∞∑

k,`=1

ak,` sin kx sin `y

+exp
(−α(2π − x) + βy

2ε

) ∞∑

k=1

{ak sinh(tky) sin kx + bk sinh(tk(2π − y)) sin kx}

+exp
(

αx− β(2π − y)
2ε

) ∞∑

k=1

{ck sinh(tkx) sin ky + dk sinh(tk(2π − x)) sin ky},

where the coefficients ak,` are given in (3.12), ak, bk, ck and dk in (2.8)–(2.11), respectively,
and the solution ū in (2.14).

4 Model IM with waterfalls solutions

In [5], we propose a computational model with waterfalls solutions, called Model I. However,
the convergence rate of its solutions is slow. A modified model with fast convergence
rate is designed, and called Model IM in this study. In this section we will report some
computational aspects for such a modified model.

The Model IM with two boundary layers is designed on the domain S ∪ ∂S = [0, π]2.
We choose the corner conditions as follows

u(0, 0) = 0, u(π, 0) = u(0, π) = u(π, π) = 1, (4.1)

and consider the following particular solution corresponding to (2.14)

ū(x, y) = a0 sinh(tαx) exp
(
−α(π − x)

2ε

)
+ b0 sinh(tβy) exp

(
−β(π − y)

2ε

)

+c0 sinh(sαx) sinh(sβy) exp
(
−α(π − x) + β(π − y)

2ε

)
,

where tα, tβ, sα and sβ are given in (2.15) and (2.16), respectively. Applying (4.1) to ū
defined above gives

a0 =
1

sinh(tαπ)
, b0 =

1
sinh(tβπ)

, c0 =
−1

sinh(sαπ) sinh(sβπ)
.
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Hence, we have the particular solutions

ū(x, y) =
sinh(tαx)
sinh(tαπ)

exp
(
−α(π − x)

2ε

)
+

sinh(tβy)
sinh(tβπ)

exp
(
−β(π − y)

2ε

)
(4.2)

− sinh(sαx) sinh(sβy)
sinh(sαπ) sinh(sβπ)

exp
(
−α(π − x) + β(π − y)

2ε

)
.

4.1 The general case with two regular boundary layers

We design the waterfalls model on S determined by the equation

Lu = −ε

(
∂2u

∂x2
+

∂2u

∂y2

)
+ α

∂u

∂x
+ β

∂u

∂y
+ cu = 0,

and the boundary conditions

u(x, π) = u(π, y) = 1,

u(x, 0) =
sinh(tαx)
sinh(tαπ)

exp
(
−α(π − x)

2ε

)
= ū(x, 0) =: g1(x),

u(0, y) =
sinh(tβy)
sinh(tβπ)

exp
(
−β(π − y)

2ε

)
= ū(0, y) =: g3(y).

The solutions are then found by

u(x, y) = ū(x, y) (4.3)

+ exp
(−α(π − x) + βy

2ε

) ∞∑

k=1

ak
sinh(tky)
sinh(tkπ)

sin kx

+exp
(

αx− β(π − y)
2ε

) ∞∑

k=1

ck
sinh(tkx)
sinh(tkπ)

sin ky,

where ū(x, y) is given in (4.2), tk is given in (2.7), and the coefficients are

ak =
2
π

∫ π

0
(1− ū(x, π)) exp

(
α(π − x)− βπ

2ε

)
sin kx dx,

ck =
2
π

∫ π

0
(1− ū(π, y)) exp

(−απ + β(π − y)
2ε

)
sin ky dy.

Using the integration formula

∫ π

0
sinh(tx) sin kx dx = sinh(tπ)

k(−1)k+1

k2 + t2
,
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the coefficients ak and ck can be expresed as

ak =
2
π

k(−1)k(s2
α − t2α)

(k2 + s2
α)(k2 + t2α)

exp(−βπ

2ε
),

ck =
2
π

k(−1)k(s2
β − t2β)

(k2 + s2
β)(k2 + t2β)

exp(−απ

2ε
).

Furthermore, we rewrite the solutions (4.3) as

u(x, y) = ū(x, y) + exp
(−α(π − x)− β(π − y)

2ε

)
(4.4)

×
∞∑

k=1

{
ãk

sinh(tky)
sinh(tkπ)

sin kx + c̃k
sinh(tkx)
sinh(tkπ)

sin ky

}
,

where the coefficients are

ãk =
c

πε

k(−1)k+1

(
k2 + α2+2εc

4ε2

) (
k2 + α2+4εc

4ε2

) ,

c̃k =
c

πε

k(−1)k+1

(
k2 + β2+2εc

4ε2

) (
k2 + β2+4εc

4ε2

) .

In this case the solutions consist of two regular layers of width O(ε) near the boundary
segments at x = π and y = π. It follows that the solution derivatives ux and uy are both of
order O(1

ε ). We shall discuss the widths of the layers in more details in Section 4.3.

Choosing the first N terms, we have the following approximation to the solutions

uN (x, y) = ū(x, y) + exp
(−α(π − x)− β(π − y)

2ε

)
(4.5)

×
N∑

k=1

{
ãk

sinh(tky)
sinh(tkπ)

sin kx + c̃k
sinh(tkx)
sinh(tkπ)

sin ky

}
.

For the error in uN we cite the following theorem from [6].

Theorem 4.1 Let ε ∈ (0, 1]. For Model IM with α ≥ β > 0 and c > 0, there exist the error
bounds,

|u− uN | ≤ cε

2π

{
1

ε2N2 + α2+2εc
4

+
1

ε2N2 + β2+2εc
4

}
(4.6)

× exp
(
−α(π − x) + β(π − y)

2ε

)
,

|ε(uy − (uN )y)| ≤ 3
1− exp(−(α

2 +
√

c)π)
c

π





1
N

+
ε( β√

2
+
√

c)

ε2N2 + β2+2εc
4



 (4.7)

× exp
(
−α(π − x) + β(π − y)

2ε

)
.
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Computationally, the errors are required to satisfy

|u− uN | ≤ δ, |ε(uy − (uN )y)| ≤ δ, (4.8)

where δ > 0 is a chosen tolerance, then we have the following corollary.

Corollary 4.1 Let the assumptions in Theorem 4.1 hold. To achieve (4.8), we may choose

N =
{

O

(
1√
δε

)
+ O

(
1
δ

)}
× exp

(
−α(π − x) + β(π − y)

2ε

)
(4.9)

for ε ≥ 10−4,

N = O

(
1
δ

)
× exp

(
−α(π − x) + β(π − y)

2ε

)
(4.10)

for ε ≤ 10−4.

Remark 4.1 It is surprising that the term number N needed is small when ε approaches
zero. In fact, to satisfy |u−uN | ≤ δ, we may even choose N = 0, i.e., u0 = ū(x, y) in (4.5).
Such a remarkable result can be seen from (4.6),

max
S
|u− u0| ≤ cε

2π

(
4
α2

+
4
β2

)
≤ 4cε

πβ2
≤ δ,

when ε ≤ πβ2

4c δ. Next, to satisfy |ε(uy − (uN )y)| ≤ δ, which reflects the relative error
of (uN )y, we obtain (4.10) from (4.7) immediately. Note that for the location (x, y) not
near the corner (π, π), the term number N may also be chosen much smaller. In Table
1, we choose only N = 1 for ε = 10−7. Comparing with the original Model I in [5], we
have, indeed, made a great improvement on convergence rates for the models with waterfalls
solutions.

Let α = β = c = 1, and the solutions of Model IM have two regular boundary layers
along x = π and y = π. First, we choose N = 130 for ε = 0.1 and obtain from (4.5) the
solutions and derivatives along y = π− µε where µ = 1− 5. Since the solutions in this case
are symmetric in x and y, we omit the solutions and derivatives along x = π−µε. The level
curves of solutions and derivatives for ε = 0.1 near y = π are plotted in Figure 1. In order
to give a clear view of the solutions behavior, we draw in Figure 2 the profile of solution u.
Next, choose N = 1 for ε = 10−7, the values of solutions and derivatives along y = π − ε
are listed in Table 1. From Figure 1 and Table 1, it is seen that the normal derivatives of
order O(1

ε ) near the boundary segments at x = π and y = π.
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4.2 Problems with a parabolic boundary layer

Following the above discussion, we consider the case with β = 0. The particular solution
ū(x, y) in (4.2) becomes

ū(x, y) =
sinh(tαx)
sinh(tαπ)

exp
(
−α(π − x)

2ε

)
+

sinh(tγy)
sinh(tγπ)

(4.11)

− sinh(sαx)
sinh(sαπ)

sinh(sγy)
sinh(sγπ)

exp
(
−α(π − x)

2ε

)
,

where

tγ =
√

c

ε
, sγ =

√
c

2ε
. (4.12)

In this case the solution consists of a parabolic layer of width O(
√

ε) near the segment at
y = π. It follows that the derivative ux is of order 1

ε , whereas the derivative uy is of order
1√
ε
. Eq. (4.3), together with (4.11), defines the particular solution to the problem defined in

Section 4.1 with β = 0. In practice, we only choose a finite number of terms in the series in
(4.3) to form an approxiation to the series solution. If we denote this approximation by uN ,
where N denotes the numnber of terms, then the truncation error of this approximation is
given in the following theorem.

Theorem 4.2 Let ε ∈ (0, 1]. For Model IM with α > 0, β = 0 and c > 0, there exist the
error bounds,

|u− uN | ≤ cε

2π

{
1

ε2N2 + α2+2εc
4

+
1

ε2N2 + εc
2

}
× exp

(
−α(π − x)

2ε

)
, (4.13)

|√ε(uy − (uN )y)| ≤ 3
1− exp(−√cπ)

c

π

{
1

N
√

ε
+

√
c

ε
√

εN2 + c
2

√
ε

}
(4.14)

× exp
(
−α(π − x)

2ε

)
.

If we request the above errors to satisfy

|u− uN | ≤ δ, |√ε(uy − (uN )y)| ≤ δ, (4.15)

and then N is determined by the following corollary.

Corollary 4.2 Let all the assumptions in Theorem 4.2 hold. To achieve (4.15) we may
choose

N =

{
O

(
1

ε
3
4

√
δ

)
+ O

(
1√
εδ

)}
× exp

(
−α(π − x)

2ε

)
.
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Remark 4.2 From Corollary 4.2 we see that N is of order O(ε−
3
4 ) when δ is fixed, ε → 0

and x is sufficiently close to π. However, when (x, y) is not near the corner (π, π), the
term number N can be chosen much smaller because of the exponential term in the above
estimate. Comparing with the previous case with regular layers, we need much more terms
in this case.

Some numerical experiments have been performed for the case that α = c = 1 and
β = 0. The computed solution for N = 180 and ε = 0.1 is depicted in Figure 3. Comparing
with Figure 2, the width of the parabolic layer near the boundary segment at y = π is
wider than that of the regular layer. For the case ε = 10−7, we choose N = 1 except for
the derivatives at x = π and y = π −√ε for which we choose N ≈ O(104). The computed
values of the solution and derivatives along y = π − √ε are listed in Table 2. Although
the solutions in this case are non-symmetric in x and y, we still omit the solutions along
x-direction because we are only interested in the behavior of the parabolic layer of the
problem. From Table 2 we see that the values of the normal derivative uy are of roughly
O( 1√

ε
). Hence the termination large near the segment at y = π, being O( 1√

ε
). Hence the

termination condition in (4.15) also reflects somehow the relative errors of (uN )y.

4.3 The widths of layers for Model IM

In this subsection we discuss the widths of both regular and parabolic layers. The width
of a boundary layer is an important feature because the solution varies rapidly within
this region. These widths can be used for dividing the solution domain into two either
disjoint or overlapped subdomains so that the solution in one of the subregions is sufficiently
smooth. We may use two different methods in the two different subdomains to solve such a
problem, i.e., the combined or alternating methods (cf., for example, [12]). We now provide
a definition concerning the boundary width of a solution and derivatives to Model IM . It
will be useful in practical computations.

For simplicity, we only consider the layer near boundary y = π and first focus on a
subdomain, denoted as Ŝ, of S far from the corner (π, π). We define the widths, ω0 and ω1,
of a regular layer as

u(x, y) ≥ 10−r, when y ≥ π − ω0,

uy(x, y) ≥ 10−r, when y ≥ π − ω1, (4.16)

and the widths, ω̄0 and ω̄1, of a parabolic layer as

u(x, y) ≥ 10−r, when y ≥ π − ω̄0,

uy(x, y) ≥ 10−r, when y ≥ π − ω̄1, (4.17)

where r is a positive integer greater than 1. We look for the widths in the form

ωi = di ε, i = 0, 1,

ω̄i = d̄i

√
ε, i = 0, 1.
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The coefficients di and d̄i can then be derived by (4.16) and (4.17) as follows

d0 =
r

β
ln 10, d1 = d0 +

1
β

ln
β

ε
, (4.18)

d̄0 =
r√
c

ln 10, d̄1 = d̄0 +
1√
c

ln
√

c√
ε
. (4.19)

Remark 4.3 For all values of ε the lower bound 10−r is selected in order to make both d0

and d̄0 constants. In fact, we may follow the idea in [10] to define the widths of a regular
boundary layer as

u(x, y) ≥ ε, when y ≥ π − ω0,

uy(x, y) ≥ C, when y ≥ π − ω1,

and the widths of a parabolic one as

u(x, y) ≥ √
ε, when y ≥ π − ω̄0,

uy(x, y) ≥ C, when y ≥ π − ω̄1,

where C is a constant (eg unity). The constants d0 and d̄0 are then dependent of ln 1
ε and

ln 1√
ε
, respectively.

Now, let us briefly derive the estimates in (4.18). Consider the following one-dimensional
model

−εu′′(y) + βu′(y) + cu(y) = 0, 0 < y < π,

u(0) = 0, u(π) = 1.

We then have the following approximate solution and its derivative

u(y) =
sinh(tβy)
sinh(tβπ)

exp
(
−β(π − y)

2ε

)
≈ exp

(
−β

ε
(π − y)

)
,

u′(y) ≈ β

ε
exp

(
−β

ε
(π − y)

)
.

Using (4.16), we have

u(π − d0ε) ≈ exp(−βd0) ≥ 10−r,

u′(π − d1ε) ≈ β

ε
exp (−βd1) ≥ 10−r.

Taking the logarithm on both sides, we obtain the desired formulas (4.18) after some ma-
nipulations.
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We now derive the estimates in (4.19). Consider the following one-dimensional model
of the form

−εu′′(y) + cu(y) = 0, 0 < y < π,

u(0) = 0, u(π) = 1.

The approximate solution and its derivative are respectively given by

u(y) =
sinh(

√
c
εy)

sinh(
√

c
επ)

≈ exp
(
−

√
c

ε
(π − y)

)
,

u′(y) ≈
√

c

ε
exp

(
−

√
c

ε
(π − y)

)
.

From (4.17), we have

u(π − d̄0

√
ε) ≈ exp(−√cd̄0) ≥ 10−r,

u′(π − d̄1

√
ε) ≈

√
c

ε
exp

(−√cd̄1
) ≥ 10−r.

Solving these inequalities gives (4.19).

Remark 4.4 Although the estimates in (4.18) and (4.19) are derived from the one-dimensional
problems, they are still valid for the subdomain Ŝ far from the corner (π, π). We see that
there exists a regular layer of width O(ε) near the boundary segment at y = π in Figure 2,
whereas there exists a parabolic layer of width O(

√
ε) near the boundary segment at y = π

in Figure 3.

Finally, let us discuss the widths near the corner (π, π) . We know that there exists a
superposition of two layers along both y = π and x = π. Here, we consider the widths of
the regular layer for α = β > 0. Define the widths, ω∗0 and ω∗1, near (π, π) for the regular
layers by

ω∗i = d∗i ε, i = 0, 1.

We have the following approximations directly from (4.4)

u(π − ω∗0, π − ω∗0) ≈ 2 exp(−αd∗0) ≥ 10−r,

un(π − ω∗1, π − ω∗1) ≈
α

ε
exp(−αd∗1) ≥ 10−r,

where un = ux = uy. After some manipulation, we obtain

d∗0 =
r

α
ln 10 +

1
α

ln 2, d∗1 =
r

α
ln 10 +

1
α

ln
α

ε
. (4.20)
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Comparing this with (4.18), we see that d∗0 is larger than d0 by the quantity 1
α ln 2, whereas

the d∗1 is equal to d1. The derivation of the case of the parabolic layer can be proceed in a
same way.

In what follows we investigate the transition from a regular layer of width O(ε) to a
parabolic layer of width O(

√
ε). We take the case with α, c > 0, and β = 0 as an example.

For simplity, we merely focus on the particular solution ū(x, y) in (4.11)

ū(x, y) ≈ exp
(
−(tα +

α

2ε
)(π − x)

)
+ exp (−tγ(π − y)) (4.21)

− exp
(
−(sα +

α

2ε
)(π − x)− sγ(π − y)

)
,

where tα and sα are given in (2.15) and tγ and sγ given in (4.12). Choosing α = O(1), we
then have the following relations

tα = O(
1
ε
), sα = O(

1
ε
),

α

2ε
= O(

1
ε
).

It follows that there exists a regular layer of O(ε) near the boundary segment at x = π. If
we choose α = O(

√
ε), then the relations become

tα = O(
1√
ε
), sα = O(

1√
ε
),

α

2ε
= O(

1√
ε
).

At this time the boundary layer near x = π becomes a parabolic layer of O(
√

ε). Next, we
choose α = O(εp), 0 < p < 1

2 , then obtain

tα = O(
1√
ε
) + O(

1
ε1−p

) = O(
1

ε1−p
), sα = O(

1
ε1−p

),
α

2ε
= O(

1
ε1−p

).

A transitional layer between the regular and the parabolic boundary layers occurs with the
width of O(ε1−p).

We summarize above results as a corollary.

Corollary 4.3 Let β = 0, c = 1, ε → 0 and

α = O(εp), 0 ≤ p < ∞. (4.22)

For the solutions of Model IM , the parabolic layer is located at y = π, but the type of
boundary layer near the boundary segment at x = π is dependent of the power p in (4.22):

(1) when p = 0, a regular boundary layer of width O(ε).

(2) when p ≥ 1
2 , a parabolic boundary layer of width O(

√
ε).

(3) when p ∈ (0, 1
2), the transitional layers of width O(ε1−p).
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5 Model II with spikes solutions

In this section we derive another computational model with explicit solutions containing
only a few expansion terms. Let us consider the problem Lu = 0 on S = (0, π)2 with the
following Dirichlet conditions (see [5])

u(x, 0) = γ exp(p cosx) sin(p sinx) exp
(
−α(π − x)

2ε

)
=: g1(x), (5.1)

u(x, π) = γ exp(p cosx) sin(p sinx) exp
(
−α(π − x)

2ε

)
=: g2(x),

u(0, y) = γ exp(p cos y) sin(p sin y) exp
(
−β(π − y)

2ε

)
=: g3(y),

u(π, y) = γ exp(p cos y) sin(p sin y) exp
(
−β(π − y)

2ε

)
=: g4(y),

where p2 ≤ 1, and γ is a parameter to adjust the solutions to be O(1). This model is
referred to as Model II, and the solution is given by

u(x, y) =
∞∑

k=1

{akφk(x, y) + bkψk(x, y) + a∗kφ
∗
k(x, y) + b∗kψ

∗
k(x, y)} , (5.2)

where

φk(x, y) = exp
(−α(π − x) + βy

2ε

)
sinh(tk(π − y))

sinh(tkπ)
sin kx, (5.3)

ψk(x, y) = exp
(

αx− β(π − y)
2ε

)
sinh(tk(π − x))

sinh(tkπ)
sin ky,

φ∗k(x, y) = exp
(−α(π − x)− β(π − y)

2ε

)
sinh(tky)
sinh(tkπ)

sin kx,

ψ∗k(x, y) = exp
(−α(π − x)− β(π − y)

2ε

)
sinh(tkx)
sinh(tkπ)

sin ky.

Based on the formula in [2],

∞∑

k=1

pk sin kt

k!
= exp(p cos t) sin(p sin t), p ≤ 1,

we derive from the orthogonality of trigonometric functions

ak = bk = a∗k = b∗k = γ
pk

k!
, (5.4)

where γ is given as

γ =
α

2εp
exp(p + α), or γ =

β

2εp
exp(p + β). (5.5)
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In this model there are four spikes in the solution (5.2), while the model given in [5] similar
to this has two spikes.

For a positive integer N , we define the following approximation to the solution in (5.2)

uN =
N∑

k=1

{akφk(x, y) + bkψk(x, y) + a∗kφ
∗
k(x, y) + b∗kψ

∗
k(x, y)}, (5.6)

Then, we have the following error bounds (see [5]).

Theorem 5.1 For the solutions of Model II with p ≤ 1, there exists the error bound,

max
S
|u− uN | ≤ 4γ

pN+1

N !N
. (5.7)

Moreover, suppose β ≤ α, and N ≤ 1
ε for ε << 1, there exist the bounds,

max
S
|ε(ux − (uN )x)| ≤ C1γ

pN+1

N !N
, (5.8)

max
S
|ε(uy − (uN )y)| ≤ C1γ

pN+1

N !N
,

where C1 = 6(1 + α).

Note that these estimates show very fast convergence in N . Take (5.8) for example.
Supposing that we require the maximal error of the derivative is less than δ > 0, we have

|ε(ux − (uN )x)| ≤ C1γ
pN+1

N !N
≤ δ. (5.9)

When δ = 5× 10−5, and ε << 1, the value of N needed is from 10 to 15 for ε = 0.1− 10−7.

Numerical experiments have been performed for this model. In the numerical compu-
tation, we used (5.6) with p = 1 and α = β = c = 1. Various values of ε and N have
been used in the numerical experiments. The pointwise values of the numerical solutions
and their derivatives for ε = 10−7 and N = 15 along y = π − ε are listed in Table 3. The
profile of solutions for ε = 0.1 is plotted in Figure 4. The solutions have four towers at
(π − 2ε, 0), (π − 2ε, π), (0, π − 2ε) and (π, π − 2ε) with the heights being close to one. It is
observed numerically that the convergence of the solutions (5.6) is very fast for all values
of ε ranging from 10−7 to 0.1.

6 Model III of non-homogeneous equations

In this section we also pursue a new model with fast convergent rates, of which the solutions
satisfy the non-homogeneous equation Lu = f in S∗ = (0, 2π)2 with the homogeneous
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Dirichlet boundary conditions. This model is called Model III. The function f is chosen
to be

f(x, y) = exp
(−α(2π − x)− β(2π − y)

2ε

)
s(x)s(y), (6.1)

where s(x) is given in (3.10). The solution to Lu = f is given by

u(x, y) = ν2 exp
(−α(2π − x)− β(2π − y)

2ε

) ∞∑

k,`=1

ak,` sin kx sin `y (6.2)

= exp
(−α(2π − x)− β(2π − y)

2ε

) ∞∑

k,`=1

āk,` sin kx sin `y,

where ν is a parameter used to control the magnitude of the solution so that it is of order
O(1) and the coefficients are given by

āk,` = ν2ak,` =
ν2

k5`5pk,`
. (6.3)

Let k ≤ 1
ε and ` ≤ 1

ε , we then have k2 + `2 ≤ 2
ε2

, and

pk,` = ε(k2 + `2) +
α2 + β2

4ε
+ c ≈ O(

1
ε
). (6.4)

Hence

|āk,`| ≤ C
εν2

k5`5
. (6.5)

Let us determine the parameter ν. Consider the function

F (x) = ν exp
(
−α(2π − x)

2ε

)
s(x).

Then f(x, y) = F (x)F (y). Since the maximal value of F (x) is located near x = 2π. From
the Taylor formula, we have

s(x) = s(2π) + s′(2π)(x− 2π) + O((x− 2π)2) ≈ π4

90
(x− 2π),

where s(2π) = 0 and s′(2π) = π4

90 . When x → 2π, we define a new function

F̂ (x) = ν
π4

90
(x− 2π) exp

(
−α(2π − x)

2ε

)
,
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and then F (x) ≈ F̂ (x). The maximum of F̂ (x) is located at x = x̄ to satisfy

0 = F̂ ′(x̄) = ν
π4

90
exp

(
−α(2π − x̄)

2ε

) (
1 +

α(x̄− 2π)
2ε

)
.

Solving this gives x̄ = 2π − 2ε
α . Thus, we obtain

|F̂ (x̄)| = ν
π4

90
(x̄− 2π) exp

(
−α(2π − x̄)

2ε

)
= ν

π4

45e

ε

α
.

To achieve |F̂ (x̄)| ≈ O(1), we may choose

ν =
45e
π4

α

ε
= ν0

α

ε
, (6.6)

where

ν0 =
45e

π4
≈ 1.2558.

From (6.5) and (6.6), we obtain

|āk,`| ≤ C
1

εk5`5
. (6.7)

Let uM,N be the partial sum of the solution (6.2) given by

uM,N = exp
(−α(2π − x)− β(2π − y)

2ε

) M∑

k=1

N∑

`=1

āk,` sin kx sin `y. (6.8)

We have the following theorem.

Theorem 6.1 For the solutions of Model III, assume that M and N are positive integers
satisfying M, N ≤ 1

ε , there exist the error bounds,

|u− uM,N | ≤ C(
1

εM4
+

1
εN4

) exp
(

α(x− 2π) + β(y − 2π)
2ε

)
, (6.9)

|ε(ux − (uM,N )x)| ≤ C(
1

εM4
+

1
εN4

+
1

M3
) exp

(
α(x− 2π) + β(y − 2π)

2ε

)
, (6.10)

|ε(uy − (uM,N )y)| ≤ C(
1

εM4
+

1
εN4

+
1

N3
) exp

(
α(x− 2π) + β(y − 2π)

2ε

)
, (6.11)

where C is a positive constant, independent of ε,M and N .

21



Proof : We have from (6.2), (6.7) and (6.8)

|u− uM,N | ≤ exp
(

α(x− 2π) + β(y − 2π)
2ε

) 


∞∑

k=M+1

∞∑

`=1

+
∞∑

k=1

∞∑

`=N+1


 |āk,`|

≤ C exp
(

α(x− 2π) + β(y − 2π)
2ε

) 


∞∑

k=M+1

∞∑

`=1

+
∞∑

k=1

∞∑

`=N+1


 1

εk5`5
.

For the sencond last term in the above, we have

∞∑

k=M+1

∞∑

`=1

1
εk5`5

=
1
ε




∞∑

k=M+1

1
k5




( ∞∑

`=1

1
`5

)

≤ 1
ε

(∫ ∞

M

dt

t5

) (
1 +

∫ ∞

1

dt

t5

)
=

1
ε

1
4M4

(1 +
1
4
) =

5
16

1
εM4

.

Similarly, we have

∞∑

k=1

∞∑

`=N+1

1
εk5`5

≤ 5
16

1
εN4

.

Combining the above three inequalities gives the first result (6.9).

Next, we have

|ux − (uM,N )x| ≤ α

2ε
|u− uM,N | (6.12)

+ exp
(

α(x− 2π) + β(y − 2π)
2ε

) 


∞∑

k=M+1

∞∑

`=1

+
∞∑

k=1

∞∑

`=N+1


 k|āk,`|.

The last two sums of the above can be estimated by

∞∑

k=M+1

∞∑

`=1

k|āk,`| = C

ε




∞∑

k=M+1

1
k4




( ∞∑

`=1

1
`5

)
≤ C

εM3
,

∞∑

k=1

∞∑

`=N+1

k|āk,`| = C

ε

( ∞∑

k=1

1
k4

) 


∞∑

`=N+1

1
`5


 ≤ C

εN4
.

Using these two inequalities, we have from (6.9)

|ε(ux − (uM,N )x)| ≤ C(
1

εM4
+

1
εN4

+
1

M3
+

1
N4

) exp
(

α(x− 2π) + β(y − 2π)
2ε

)
.

This is the second desired result (6.10). The proof for (6.11) is similar to that of the above
and thus is omitted here. This completes the proof of Theorem 6.1.
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In practical computations, we may request the truncation errors to satisfy

|u− uM,N | ≤ δ, |ε(ux − (uM,N )x)| ≤ δ, |ε(uy − (uM,N )y)| ≤ δ. (6.13)

The estimates of M and N for (6.13) to hold are given in the following corollary.

Corollary 6.1 Let the assumptions in Theorem 6.1 hold. To achieve (6.13), we may choose

M,N = O

(
1

(δε)
1
4

)
+ O

(
1

δ
1
3

)
.

We can see from Corollary 6.1 that M and N are of order ε−
1
4 . The values of M and

the N needed in are rather small to achieve the required accuracy. For example, if ε = 10−7

and δ = 5× 10−5, we need M = N = O(103).

We use (6.8) with α = β = c = 1 for numerical computation. Choose ε = 10−7 and
M = N = 200. We list in Table 4 the pointwise values of the solutions and derivatives
along y = 2π − ε, and illustrate in Figure 5 the profile of solutions. The convergence of the
solutions (6.8) for this model is also fast for ε = 0.1− 10−7, as indicated by Theorem 6.1.

7 Collocation Trefftz Method

In this section we consider a boundary-type of numerical method, called the collocation
Trefftz method [7, 8, 9] for the singularly perturbed problem. The main idea of the method
is to use particular solutions as the admissible functions which satisfy the partial differential
equation, so that the numerical efforts will be paid to approximate the boundary conditions.
We then force the residuals to be zero at some collocation points on the boundary. The
optimal convergence rates for such a method can be achieved.

To demonstrate this technique, we take Model II as an example, and express its solution
in the form

v =
m∑

k=1

{
ãkφk(x, y) + b̃kψk(x, y) + ã∗kφ

∗
k(x, y) + b̃∗kψ

∗
k(x, y)

}
, (7.1)

where the basis functions φk(x, y), ψk(x, y), φ∗k(x, y) and ψ∗k(x, y) are given in (5.3). The
coefficients ãk, b̃k, ã∗k and b̃∗k are yet to be determined.

Let Vm be the finite dimensional space of the admissible function v in (7.1). The
collocation Trefftz method is to seek um = um(ãk, b̃k, ã

∗
k, b̃

∗
k) ∈ Vm such that

Î(um) = min
v∈Vm

Î(v), (7.2)
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where

Î(v) =
ˆ∫

Γ1

(v − g1)2 +
ˆ∫

Γ2

(v − g2)2 +
ˆ∫

Γ3

(v − g3)2 +
ˆ∫

Γ4

(v − g4)2.

Here Γi(i = 1, 2, 3, 4) denote the boundary segments of domain S, and the functions gi(i =
1, 2, 3, 4) denote the boundary conditions given in (5.1). Define a B-norm as

‖u− v‖B =
√

Î(v) (7.3)

=

{
ˆ∫

Γ1

(v − g1)2 +
ˆ∫

Γ2

(v − g2)2 +
ˆ∫

Γ3

(v − g3)2 +
ˆ∫

Γ4

(v − g4)2
} 1

2

.

The collocation Trefftz method can also be regarded as a certain kind of the least squares
method involving specific quadrature rules. For the approximation of integrals in (7.2),
we may choose the Newton-Cotes quadrature formulas. The minimization of Î(v) leads to
a linear system, and the details of the algorithms for the method can be found in [7, 9].
In fact, we may also handle the models involving the Neumann and the Robin boundary
conditions well by the same technique.

We divide each boundary segment Γi(i = 1, 2, 3, 4) into Nc equal subintervals. Each
boundary segment contains Nc collocation points from which the Newton-Contes quadrature
points are chosen. Theoretically, the total number of collocation points is chosen to be
larger than that of the unknown coefficients, i.e., 4Nc ≥ 4m. Consequently, we obtain
an overdetermined system which can be solved by the QR decomposition, singular value
decomposition or the least squares method. Numerical results have been obtained using
Mathematica with long working digits for the probloms with m = 15 and Nc = 25. The
exact coefficients have also been calculated using (5.4). The computed coefficients and their
errors for p = 1 and various values of ε are listed in Table 5. We see from the table that
the relative errors of the leading coefficients are very small.

Furthermore, we consider the changes of the relative errors and the B-norms with respect
to Nc and m. The computed results are listed in Tables 6 and 7 respectively. We see from
Table 6 that the number of collocation points, Nc, has very minor effect on the accuracy,
as long as Nc ≥ 25. From Table 7, we have calculated the asymptotic relation between the
B-norm and m as

‖u− v‖B = O ((0.0013)m) . (7.4)

Eq. (7.4) displays an exponential convergence rate for the collocation Trefftz method, in
which the computed error decays rapidly as m grows. The computed convergence rates for
the first four coefficients of ak(k = 1, 2, 3, 4) are given by

∣∣∣∣
a1 − ã1

a1

∣∣∣∣ = O ((0.25)m) ,

∣∣∣∣
a2 − ã2

a2

∣∣∣∣ = O ((0.26)m) ,
∣∣∣∣
a3 − ã3

a3

∣∣∣∣ = O ((0.27)m) ,

∣∣∣∣
a4 − ã4

a4

∣∣∣∣ = O ((0.29)m) ,
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respectively.

Note that we may also divide a solution domain into two disjoint or overlapped subdo-
mains, and then choose a combined or the Schwarz iterative method to solve the problem.
The collocation Trefftz method can be used in the subdomain with layers or singularities,
while other methods, such as standard finite difference or finite element method can be
used in the subdomain where the solution is smooth. The relevant research results will be
reported elsewhere.

8 Concluding remarks

Motivations of this study and relevant works [5, 6] are to derive particular solutions of
singularly perturbed PDEs with constant coefficients in rectangular domains which are
crucial to the Trefftz method. In Section 2, the particular solutions of (2.1) have been
found by the technique of the separation of variables. From the given particular solutions,
we have designed deliberately three computational models. These three models can be used
as benchmarks of boundary layer problems for testing any numerical methods Let us give
a few remarks about these models.

1. The model of waterfalls solutions, called Model I, was first given in [5]. The drawback
of the Model I is its slow convergence rates, and in practice, ε for Model I can only
be chosen such that ε ≥ 10−2. In [6] a modified method, called Model IM , of fast
convergence is proposed. While [5] and [6] focus on convergence analysis, this paper is
concentrated on the computational aspects for Model IM . We have shown numerically
that for small values of ε, the convergence of the approximate solution obtained by
truncating the exact series solution is of very high order. Surprisingly, when ε = 10−7,
the number of terms N in the truncated series can even be chosen to be N = 0 for
Model IM with α = β = c = 1. When ε = 0.1, N = O(102) is sufficient for Model
IM . Numerical results and profiles of solutions supporting these conclusions have been
provided in Tables 1-2 and Figures 1-3, respectively.

2. When α = c = 1 and β = 0 in Model IM , there exist two different boundary layers,
one regular and the other parabolic, as discussed in Section 4.3. For this case, we
have defined the width of both boundary layers and provided the simplified formulas
to evaluate them numerically.

3. For Model II, while the solutions with two spikes were proposed and analyzed in [5],
we have considered, in this paper, the solutions with four spikes. Model II converges
rapidly due to the number of terms N = 10 − 15 is sufficient for ε = 10−1 − 10−7.
Numerical results demonstrating these are given in Table 3 and Figure 4.

4. In this paper, we have also developed a new model of the non-homogeneous equations,
called Model III. New error analysis is given in Theorem 6.1 which shows that the
fast convergence of Model III. Supporting numerical results are given in Table 4 in
Figure 5.
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Apart from the above points, we have also extend the models to the case with anisotropic
diffusion coefficients, as given in Section 3.1. The collocation Trefftz method has also been
proposed using the particular solutions obtained in the paper. Numerical experiments on
the Trefftz method have been performed using one of the particular solutions.
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Table 1.
The computed solution values along y = π − ε of Model IM with α = β = c = 1 and ε = 10−7.

x π − 11ε π − 10ε π − 9ε π − 8ε π − 7ε π − 6ε

u 3.6789(-1) 3.6791(-1) 3.6796(-1) 3.6809(-1) 3.6846(-1) 3.6945(-1)
ux 1.0557(2) 2.8698(2) 7.8010(2) 2.1205(3) 5.7642(3) 1.5669(4)
uy 3.6787(6) 3.6786(6) 3.6783(6) 3.6776(6) 3.6754(6) 3.6697(6)

x π − 5ε π − 4ε π − 3ε π − 2ε π − ε π

u 3.7214(-1) 3.7946(-1) 3.9935(-1) 4.5343(-1) 6.0042(-1) 1.0000
ux 4.2592(4) 1.1578(5) 3.1471(5) 8.5548(5) 2.3254(6) 6.3212(6)
uy 3.6540(6) 3.6114(6) 3.4956(6) 3.1809(6) 2.3254(6) 5.7802(-3)

Table 2.
The computed solution values along y = π−√ε for Model IM with α = c = 1, β = 0 and ε = 10−7.

x π − 11
√

ε π − 10
√

ε π − 9
√

ε π − 8
√

ε π − 7
√

ε π − 6
√

ε

u 3.6788(-1) 3.6788(-1) 3.6788(-1) 3.6788(-1) 3.6788(-1) 3.6788(-1)
ux 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
uy 1.1633(3) 1.1633(3) 1.1633(3) 1.1633(3) 1.1633(3) 1.1633(3)

x π − 5
√

ε π − 4
√

ε π − 3
√

ε π − 2
√

ε π −√ε π

u 3.6788(-1) 3.6788(-1) 3.6788(-1) 3.6788(-1) 3.6788(-1) 1.0000
ux 0.0000 0.0000 0.0000 0.0000 0.0000 5.0693(6) ∗

uy 1.1633(3) 1.1633(3) 1.1633(3) 1.633(3) 1.1633(3) 6.0802(-1) ∗

In the Table, N ≈ O(104) for the data denoted by ∗, and N = 1 for others.
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Table 3.
The computed solution values of near boundary along y = π − ε for Model II with ε = 10−7.

x 0 ε 2ε 3ε 4ε 5ε

u 8.2436(-1) 6.7015(-1) 5.4478(-1) 4.4287(-1) 3.6002(-1) 2.9267(-1)
ux -1.7073(6) -1.3879(6) -1.1282(6) -9.1722(5) -7.4562(5) -6.0615(5)
uy -4.1218(6) -3.3507(6) -2.7239(6) -2.2143(6) -1.8001(6) -1.4633(6)

x π − 5ε π − 4ε π − 3ε π − 2ε π − ε π

u 1.6879(-1) 2.2663(-1) 2.9413(-1) 3.7279(-1) 4.9306(-1) 8.2436(-1)
ux 5.2427(5) 6.2969(5) 7.1963(5) 8.8998(5) 1.7432(6) 5.8862(6)
uy 2.0038(6) 2.6231(6) 3.1741(6) 3.2413(6) 1.7432(6) -4.1218(6)

Table 4.
The computed solution values near boundary along y = 2π − ε for Model III with ε = 10−7.

x 2π − 11ε 2π − 10ε 2π − 9ε 2π − 8ε 2π − 7ε 2π − 6ε

u 5.0368(-2) 7.5493(-2) 1.1202(-1) 1.6417(-1) 2.3683(-1) 3.3469(-1)
ux 2.0605(5) 3.0197(5) 4.3563(5) 6.1563(5) 8.4584(5) 1.1156(6)
uy -2.5184(5) -3.7746(5) -5.6010(5) -8.2085(5) -1.1841(6) -1.6734(6)

x 2π − 5ε 2π − 4ε 2π − 3ε 2π − 2ε 2π − ε 2π

u 4.5984(-1) 6.0653(-1) 7.5000(-1) 8.2436(-1) 6.7957(-1) 0.0000
ux 1.3795(6) 1.5163(6) 1.2500(6) 7.4453(-8) -3.3978(6) -1.1204(7)
uy -2.2992(6) -3.0326(6) -3.7500(6) -4.1218(6) -3.3978(6) 0.0000
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Table 5.
The approximate coefficients and their relative errors for Model II with m = 15 and Nc = 25.

ε ã1 ã2 ã3 ã4

10−1 36.9452 18.4726 6.1575 1.5393
10−2 369.4528 184.7264 61.5754 15.3938
10−3 3694.5280 1847.2640 615.7546 153.9386
10−4 36945.2804 18472.6401 6157.5466 1539.3865

ε
∣∣∣ ã1−a1

a1

∣∣∣
∣∣∣ ã2−a2

a2

∣∣∣
∣∣∣ ã3−a3

a3

∣∣∣
∣∣∣ ã4−a4

a4

∣∣∣
10−1 6.30(-13) 2.52(-12) 1.13(-11) 5.98(-11)
10−2 1.51(-9) 5.40(-9) 2.02(-8) 8.32(-8)
10−3 1.82(-9) 6.50(-9) 2.42(-8) 9.87(-8)
10−4 1.82(-9) 6.50(-9) 2.42(-8) 9.87(-8)

Table 6.
The relative errors and B-norms for Model II with ε = 10−2 when m = 15.

Nc

∣∣∣ ã1−a1
a1

∣∣∣
∣∣∣ ã2−a2

a2

∣∣∣
∣∣∣ ã3−a3

a3

∣∣∣
∣∣∣ ã4−a4

a4

∣∣∣ ‖u− v‖B

25 4.56(-8) 1.60 (-7) 5.80(-7) 2.27(-6) 1.21(-49)
30 1.09(-8) 3.81(-8) 1.37(-7) 5.30(-7) 1.64(-47)
35 2.88(-8) 9.95 (-8) 3.50(-7) 1.32(-6) 7.58(-44)
40 5.20(-8) 1.78 (-7) 6.19(-7) 2.29(-6) 2.04(-41)

Table 7.
The relative errors and B-norms for Model II with ε = 10−2 when Nc = 25.

m
∣∣∣ ã1−a1

a1

∣∣∣
∣∣∣ ã2−a2

a2

∣∣∣
∣∣∣ ã3−a3

a3

∣∣∣
∣∣∣ ã4−a4

a4

∣∣∣ ‖u− v‖B

5 4.42(-2) 1.17(-1) 2.62(-1) 5.11(-1) 7.11(-21)
7 5.45(-3) 1.60(-2) 4.26(-2) 1.07(-1) 2.27(-27)
9 3.75(-4) 1.18(-3) 3.55(-3) 1.06(-2) 9.34(-34)
11 1.36(-5) 4.52(-5) 1.48(-4) 5.04(-4) 3.81(-40)
13 2.40(-7) 8.29 (-7) 2.92(-6) 1.10(-5) 1.23(-46)
15 4.56(-8) 1.60 (-7) 5.80(-7) 2.27(-6) 1.21(-49)
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(a) The computed solution along various segments near the layer y = π for Model IM with α = β = c = 1 and ε = 0.1.
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(b) The curves of derivatives ux near the layer y = π for Model IM with α = β = c = 1 and ε = 0.1.
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Figure 1: (c) The curves of derivatives uy near the layer y = π for Model IM with α = β =
c = 1 and ε = 0.1.
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Figure 2: The profile of solution u on [0, π]2 for Model IM with α = β = c = 1, and ε = 0.1.
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Figure 3: The profile of solution u on [0, π]2 for Model IM with α = c = 1, β = 0, and
ε = 0.1.
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Figure 4: The profile of solution u on [0, π]2 for Model II with ε = 0.1.
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Figure 5: The profile of solution u on [0, 2π]2 for Model III with ε = 0.1.
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