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Abstract

Finite element model updating of quadratic eigenvalue problems (QEPs) is
proposed by Friswell, Inman and Pilkey 1998, to incorporate the measured model
data into the finite element model to produce an adjusted finite element model
on the damping and stiffness that closely match the experimental modal data.
In this paper, we mainly develop an efficient numerical method for the finite
element model updating of QEPs which needs only O(nk?) flops and is stored in
a sparse technique, where n is the size of coefficient matrices of the QEP and k

is the number of the measured eigenpairs.
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1 Introduction

Given n X n real matrices M,C and K, the task of finding scalars A € C and nonzero

vectors x € C" satisfying
Q\)x=(NPM+AC+K)x=0 (1.1)

is known as the quadratic eigenvalue problem (QEP), which corresponds to solving the

homogeneous second-order differential equation (see e.g., [10])
Mq(t) + Cq(t) + Kq(t) = 0. (1.2)

The scalar A and the associated vector x in (1.1) are called, respectively, eigenvalues
and eigenvectors of the quadratic pencil Q(\). It is known that the QEP has 2n
finite eigenvalues, provided the leading matrix M is nonsingular. Recently the QEP
has received much attention because its information has repeatedly arisen in many
different discipline, including applied mechanics, electrical oscillation, vibro-acoustics,
fluid mechanics and signal processing. A nice survey paper for the QEP can be found
in [14] by Tisseur and Meerbergen. Vibrating systems, such as automotives, bridges,
highways, buildings are described by distributed parameters. However, due to lack
of viable computational methods to handle distributed parameter systems, a finite
element method is generally used to discretize such systems to an analytical model

(finite element model), namely,
Qa(\) = N> M, + \C, + K,, (1.3)

where M,, C, and K, represent the mass, damping and stiffness, respectively, that all
are real n X n symmetric matrices with M, being symmetric positive definite (Denoted
by M, > 0). See the book [9] by Friswell and Mottershead for details.

In the finite element model (1.3) for structural dynamics, the mass and stiffness are,

in general, clearly defined by physical parameters. However, the damping for precise
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dissipative effects is not well understood because it is a purely dynamics property that
can not be measured statically. A common simplification is to assume proportional or
modal damping, but it seems to be sufficient where damping levels are lower than 10%
of critical [8].

Finite element model updating has emerged in the 1990’s as a significant subject
to the design, construction, and maintenance of mechanical systems [9, 12]. Model
updating, at its ambitious, is used to correct inaccurate analytical models by measured
data, such as natural frequencies, damping ratios, mode shapes and frequency re-
sponse function, which can usually be obtained by vibration test. In the past decade,
Baruch/Bar-Itzak [1, 2], Bermann/Nagy [3, 4] and Wei [15, 17, 16] considered vari-
ant aspects of finite element model updating by using measured data for undamped
structured systems (i.e. C'= C, = 0). In the works by Datta/Elhay/Ram/Sarkissian
5, 6, 7], studies are undertaken toward a feedback design problem for second-order con-
trol system. That consideration eventually leads to a partial eigenstructure assignment
problem for the QEP. Recently, Friswell, Inman and Pilkey [8] proposed to incorporate
the measured model data into the finite element model to produce an adjusted finite
element model on the damping and stiffness with modal properties that closely match
the experimental modal data. That is, with M = M, the penalty function

1, _ 1 _ _
T = SINTHE = KN+ SullNHC - CONY I, (1.42)

is minimized, subject to

M,®A* + CPA+ K& =0, (1.4b)
C'=C, K" =K, (1.4c)

1
where N = Mg, u is a weighting parameter, C' and K are the updated damping and

stiffness matrices, respectively, ® € C"** and A € C¥** are the measured eigenvector



and eigenvalue matrices, respectively. In practice, k is much less than the matrix size

n. The solutions K and C' of (1.4) are given by [8, 13] with,
K =K, —2M,Re(I'y®" + &'} )M, (1.5)
and
C=0C,— %MaRe(FAAQDT + AL )M, (1.6)
where I'y € C™** solves the 2nk linear equations
2M,Re(Dp®" + O\ )M, ® + %MaRe(FAACI)T + ®AT )M, DA
=M,®A* + C, A + K,P. (1.7)

Generally, the size n in a finite element model (1.3) is quite large. It is impractical
to solve a complex matrix I'y for a large and dense 2nk x 2nk linear system in (1.7).
The purpose of this paper is to develop an efficient algorithm for the computation of
the solutions C' and K for (1.4) which is required only O(nk?) flops and is stored is a

sparse technique.

2 Solving a PD-IQEP.

To match the partial measured data of the spectrum information of a QEP, we consider
to solve the partially described inverse quadratic eigenvalue problem (PD-IQEP):

Let (A, ®) € RF*F x R™* (k < n) be a given pair of matrices, where

A = diag\P AP Ao, ) (2.1a)

'lUZth)\?] = |: OZ % :|7 /6_7%07 fOT’jzl,...,g, and
Py

= [P1r: Pi1s- - Pers Pt Pavs1s - Pl (2.1b)



Suppose A has only simple eigenvalues and ® is of full column rank. Find a general
form of symmetric matrices M, C' and K with M being symmetric positive definite

that satisfy the equation
M®A? + CPA 4+ KO = 0. (2.2)

Let ® have the QR-decomposition

R R
¢ = Q = [le QQ] ) (23)
0 0

where ( € R™" is orthogonal with @; € R™* and R € R*¥** is nonsingular. Partition
Q'MQ, QTCQ and Q'KQ by
K Ki

Cll 012
) QTCQ = ) QTKQ = )
M21 M22 C21 022 K21 K22

Mll M12

Q'MQ =

(2.4)
where MH, Cip and Ky € Rka, and M21, Oy and Koy € R(nik)Xk.
A general solution of symmetric M, C, K with M being symmetric positive definite
is given by the theorem in [11].
Theorem 2.1. [11] For a given matriz pair (A, ®) as in (2.1), the general solution of

PD-IQEP is given by

M : arbitrary fived symmetric positive definite matriz, (2.5a)
Cy=—(MiuS+S"Miy+ R "DR™), (2.5b)
Ky =S "M S+ R TDAR™, (2.5¢)
Koy = Ky = — (M5 4+ CnS) | (2.5d)
where S = RAR™! and
peding (| % " | Y " e s (26)
m —& ne —&



in which & and n; are arbitrary real numbers. Furthermore, Moy = M, Cyy = CJ,
Coy = Osz and Koy = K2T2 are chosen arbitrary, and Myy = MQT2 1s chosen so that

Moy — MglMﬁlMlg s symmetric positive definite.

3 Solving the optimization problem (1.4).

In this section we shall develop an efficient algorithm for solving the optimization
problem described in (1.4). We first solve two optimization problems. Let (A, ®) €
R¥*k x Rk bhe given in (2.1), D and R be given in (2.6) and (2.3), respectively. Denote

11T ... Tk

RY'=[r,...,1;] = P (3.1)
0 Tkl

Optimization Problem I. Given A = [a;,...,a;], B = [by,...,b] € R¥* and let

X = (517 My 5@7 Ne,s 52@+17"'7 gk)—r (32)

correspond to the matriz D in (2.6). Minimize
f(x)=pllA+RTDRT% + | B — RTTATDRTY3
k
=> i) (3:32)
j=1

for x, where

fi(x) = pllaj + R~ Drj|l3 + [|b; = R™TAT D3, j=1,....k. (3.3b)

Note that [ ¢ 776 } { ) } = { v } [ ¢ } The vector Dr; in (3.3b) can be rewritten
_—
by

DI‘j = FjX, j = 1, e ,k, (34)



Ty Toj T2s—1,5 T2s,j k
. ’ ’ xk
I'; = diag . ,0,...,0 ] e R**F,
—To; T4 —T2s5 T2s—1,5
(il) j=2s+1, s < ¥,
Ty Ty T2s—1,5  T2s,5 k
. ) ) Xk
Fj :dlag Yoy ,7“25+17j,7“25+1’j,0,...,0 e R s
—T2; T —T2sj  T2s—1,5
(iii) 7> 20,
Ty Ty Tor-1,5 T2y k
. . P B xk
Fj—dlag yee ey ,7"2[+1,j,...,Tj,j,o,...,o eR .
—T2; T4 T2y To—-1,5

Substituting (3.4) into (3.3b) we compute

oo (oY
Vii(x) = (8%"”’8%)

—2ou(R7T,) (a;+ R T;x) —2(RTATT) (b, — R TATTx).  (3.5)
Consequently,

Vf(x) = Z Vfi(x)

k
=23 i (R7TT5) "y + ul ] (RTR)'Tyx — TTAR™ b, + T A (RTR)'ATTx] .
j=1
(3.6)

Setting V f(x) = 0 we derive the linear equation for x



where

k
G =" [ur] (RR)™'T;+TA(RTR) ™ ATT] (3.82)
Jj=1
and
k
b=> (IJAR'b; — uI'[ R 'a) . (3.8b)
j=1

Since the function f(x) in (3.3a) must have an optimum, the linear system of (3.7) is
consistent, and therefore, x is solvable.

Optimization Problem II. Given E, F € R"9*k 4nd S = RAR™'. Minimize
9(X) = pllE = X|% + | F + XS||% (3.9)

for X € R(n—k)xk
Let
x =vec(X), e=vec(E), f=vec(F). (3.10)

Here ¢ vec ” denotes the vectorization of the given matrix columnwisely. By (3.10),

the function g(X) in (3.9) becomes
9(x) = g(X) = plle — x|3 + [If + (S" ® Li_y) x]3. (3.11)

Then
Vy(x) =2[—ple —x) + (S @ Lig) (f+ (ST @ Li_i) x)] . (3.12)

Here ® denotes the Kronecker product of two matrices. The matrix form of (3.12) can

be written by
0

ax’
By setting %g(X) = 0, we then solve

(X)=2[-pE+pX +FST+X5S"]. (3.13)

X = (uE - FST)(ul +SST)™1. (3.14)



We now solves the optimization problem (1.4). Redefine

_1 _1 _1 _1
Coi= My 2CuMy 2, Ky = My K M, 7, (3.152)
C:=MPCOM®, K =M, KM;®, (3.15D)
O = Mz, (3.15¢)

Let Q = [Q1, Q2] be the orthogonal matrix such that ® = Q[R",0]" with R nonsingu-

lar. Then the problem (1.4) becomes

. 1 1
min = Syul|C = Cl + 5 1K — Kl

2 2
Cn C K, K
—ufereo— | T T et letke - | T L sag)

2 C’21 022 r K21 K22 o

where Cj; = Q/CQ; and K;; = Q] KQj, i,j = 1,2, are undetermined. Note that
M = 1,. Set

C'22 - Q;C(IQ27 K22 - Q;KaQ? (317)

Then from (2.5) the optimization problem (3.16) is equivalent to the following two

optimization problems:

min = |Q] CoQ1 = Cui ||, + | QT KaQ1 — K (3.18)
=1 ]|Q] C.Q1 + S+ ST+ R-TDRY|[},
+]|QI KuQ1 — STS — RTDAR™|,

and

min :MHQ;Can _OQIHi7’+ HQ;Kan —Kngi_‘ (319)
=K HQ;Can - 021Hi + HQ;Kan + 0215”?7 .



Hence, the optimal solutions C4; and Kj; of (3.18) are solved by the Optimization
Problem I by setting

A=Q[C.Q+S+ST, B=QK,Q, —S'8S. (3.20)

The optimal solutions Cy; and Ky; of (3.19) are solved by the Optimization Problem
IT by setting

E=0Q,0,Q and F =Q, K,Q,. (3.21)
Reset M = M,,
1 Cy C 1 1 Ky, K. 1
c=mzQ| " TPl oMz, K=Mm2Q | " TR | QT M2 (3.22)
021 022 K21 K22

which solve the optimization problem (1.4). The steps of computation for solving (1.4)
are summarized in the following algorithm.

Algorithm 3.1. Given Q,(\) = \2M, + \C, + K, and (A, ®) € R¥* x R™* a5 in
(2.1). The optimal solutions C' and K of (1.4) are computed by

_1 _1 _1 _1 1
step 1. Set O, := M, 2C M, %, K, = My > KMy 2, & := MZ® ;

step 2. Compute the QR-factorization of P :

R -1
O = [Q1, Q) , and S = RAR™;
0

step 3. Compute Cyy = Qg C,Q2, Ko = Qg K,Qy;

Step 4. Solve Gx = b for x = [5177717 T 75@7772762@&7 T 7£k]T7
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where

k
G=31] [u(RTR) " + A (RTR) " AT| T,
j=1

k
_ T -1, -1,
b= E L (AR v; — R uj),
j=1
. 5 T2 T2e-15 T2t
I'; = diag R yT204+15, 5Tk | s
T2 Tij —T2ej T2-1;5

(g, w] = Q[ CaQi + 5+ 57,
[Vb e 7Vk] = QIKan - STSa

(rig, e ,mhy)| = R tey;

step 5. Compute

Ch=—-(S+S"+R 'DR™),
K, =S"S+R "DAR™!,

where D = diag S s e oot &k |

m —& ne —&
and compute

Co1 = Qy (1CaQr — K,@Q1ST) (ul +SST) 7Y,
Ky = —0215;

cy C 1 1 Ky, K

11 G OTME. K = MZO 11 12
Cy Cy Ky Ky
where Q = [Q1, Q.

1 1
step 6. C' = M7 Q QT M2,

Remark 3.1. (i) In a finite element model, the size of the analytical matrices M,, C,

and K, are very large and sparse. M, 1is, in general, a diagonal or banded matriz,
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and therefore, it is easily invertible. In practice, the number of the measured data of
eigenpairs is much less than the size of the finite element model, i.e., k < n. The
orthogonal matriz Q = [Q1, Q2] in step 2 of Algorithm 3.1 can be computed and stored
in the form of a diagonal matriz plus a low rank updating by Householder transforma-
tions. Suppose the sparse matriz C, or K, times a vector needs O(n) flops. Then, the
computational cost of Algorithm 3.1 can be easily estimated by O(nk?) flops.

(ii) Using Algorithm 3.1 to solve the optimization problem (1.4) is different from
using (1.7) to solve (1.4). The latter needs to solve a large, but possibly dense nk x nk
linear system as in (1.7) which is impractical in a finite element model updating process

when n s sufficiently large.

4 Numerical results.

A set of pseudo simulation data was provided by The Boeing Company for testing
purpose. The dimension of matrices M,, C, and K, are 42 x 42.

Test I. We first test that the Algorithm 3.1 computes the optimal solution of the
optimization problem (1.4). Choosing an eigenmatrix pair (A,, ®,) € RM"*14 x R42x14
of the analytical model Q, = \>M, + \C, + K,, i.e., M,®,\? + C,®,A, + K, P, = 0,
the Algorithm 3.1 should theoretically give the optimal solution C' = C, and K = K.
The numerical result of the relative errors computed by Algorithm 3.1 are estimated
by

C-0C, K—-K,
IC = Cullre _ 1 1K = Kallr

~ 1071,
1Callr. 1 KallF,
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_1 _1
where |- |5, = [|Ma * (-)Ma * |-

Test II. Now we are given the measured eigenvalues

(i 14, = { — 0.60939 + 37.365¢, —0.73496 = 36.707¢, —2.8832 + 31.992,
— 1.8907 + 61.437¢, —1.9112 4 54.181¢, —2.2785 & 39.639,,  (4.1)

— 5.0387, —4.3416}

and the measured mode shapes v; € R®, j =1,...,14. The measured eigenvectors ¢

is estimated by
¢; =D;Dlv;, j=1,...14, (4.2)

where D; is defined by D; = [/\?ana + Am;Ca + K, 7' B, with B, € R™! (¢t < s), and
the matrix 15]- consistent of the first s rows of D; and the superscript “ ¥ 7 denotes the
pseudo inverse. We construct the eigenmatrix pair (A, ®) € R4 x R*#2*14 a5 in (2.1)
associated with (4.1) and (4.2). The Algorithm 3.1 computes the new updated matrices
M = M,, C'and K with ¢ = 0.1, 1.0 and 10, which minimizes the optimization problem
(1.4). We define the relative residual by

|[M®A? + COA + KP||o
res = 5 . (4.3)
[MOA|[y + [[CPA[2 + [[ KDl

The numerical results are shown in Table 4.1.

Table 4.1 relative residuals

[ 0.1 1.0 10
res | 1.4725e-014 | 1.4826e-014 | 1.4859¢-014

5 Conclusions.

We have developed an efficient numerical algorithm for finite element model updating

of quadratic eigenvalue problems. This method can serve as a fast and reliable manner
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for updating the analytical model. It was shown to be insightful in a simple pseudo

test suit provided by The Boring Company.
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